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ABSTRACT. Let G be a connected graph and let u and v be two
vertices of G such that dg(u,v) = 2. We define their divergence
to be: a*(u,v) = max.{|S| | for each w € No(u) N Ng(v), S is
a maximum independent set in Ng(w) containing u and v}. It
is proved that if for each pair of vertices u and v of G such that
dc(u,v) = 2, |Ng(u) N Ne(v)| 2 a*(u,v) and if ¥(G) > 3, then
G is pancyclic unless G is K, 3,./2. Several previously known
sufficient conditions for pancyclicity follow as corollaries.

1 Introduction and terminology

All graphs considered are finite, undirected, connected and simple.

Let G be a connected graph. For a pair of vertices u and v of G, we use
I(u,v) to denote |Ng(u) N Ng(v)|. Let u and v be two vertices of G such
that dg(u,v) = 2. We define divergence a*(u,v) as follows:

a*(u,v) = max,{|S] | for each w € Ng(u) N Ng(v), S is a maximum
independent set in Ng(w) containing u and v}.
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A graph G is said to be pancyclic if G has a cycle of length n for each n
such that 3 < n < v(G).

Let C be a cycle of G. Let u be a vertex in V(C). We give C an
orientation. Then u' denotes the successor of u on C in the orientation
and u~ denotes the predecessor of u on C in the orientation. Let S C V(C).
Then ST = {z+ | z € S} and S~ = {z~ | z € §}. Thoughout the whole
paper, if C has length m, we always assume that C = apai1az...am-100
and we give C an orientation such that a.‘-" = @441, Where all subscripts
are reduced modulo m. Let v be a vertex in V(G)\V(C). N¢(v) denotes
N(w)NV(C). Suppose Nc(v) # 8. An A-structure on Ng(v) is a pair
of vertices z and y such that z,y € Ng(v) and z+ = y. Let S C V(C).
A suc-J-structure on S is an edge zty* such that z,y € S, z* # y and
y* # z. A pre-J-structure on S is an edge z~y~ such that z,y € S,
z~ #y and y~ # z. Both suc-J-structures and pre-J-structures are called
J-structures. Because of the obvious similarity between suc-J-structures
and pre-J-structures, for ease of notation and presentation, we frequently
give proofs only using suc-J-structures (or pre-J-structures). Let C be an
oriented cycle and let u,v € V(C). We denote by C*[u,v] the path on C
from u to v in the orientation and by C~[u, v] the path on C from u to v
in the reverse orientation. Two J-structures uv and zy on a set S are said
to be independent if {u, v} N {z,y} = 0. Two independent J-structures uv
and zy on a set S are said to be em crossed if u is on C*[z,y] and v is
on Ctly,z]. If two independent J-structures xy and uv on a set are not
crossed, we say they are noncrossed.

Let G and H be two graphs such that E(G)NE(H) = 0. We use G+ H to
denote the graph with vertex set V(G) UV (H) and edge set E(G)U E(H).
Let S C V(G). We use G[S] to denote the induced subgraph of G on S.
And we use a(G) to denote the independence number of G.

For terminology and notation not defined in this paper, the reader is
referred to [2].

In 1984, Fan [3] introduced a condition for Hamiltonian graphs which
concerns a property of two vertices a distance 2 apart. Fan’s condition sug-
gests considering local properties of a graph for Hamiltonicity. Hasratian
and Khachatrian [4] gave the first local condition for Hamiltonian graphs.
Motivated by his research in other subjects, Lou [6] found a local den-
sity condition for pancyclic graphs. Holton and Lou [5] proved that some
locally dense planar graphs are pancyclic and Hamiltonian connected. Re-
cently Shi (7] introduced the concept of divergence and gave a condition for
Hamiltonian graphs using the concept of divergence. Shi’s condition turns
out to be very strong. In this paper, we extend Shi’s result to prove that
under Shi’s condition, a graph is either pancyclic or complete bipartite.
As a consequence, we show that under some other conditions, a graph is
either pancyclic or complete bipartite. Some known results are proved as
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corollaries of our result, one of which is due to Bondy [1].

2 Preliminary results

In this section, we give some lemmas which will be used in the proof of our
main theorem. We also give an alternative proof to Shi’s theorem.

Lemma 1. Let G be a connected graph with v(G) > 3. Suppose for each
pair of vertices u and v of G such that dg(u,v) = 2, that I(u,v) > a*(u,v).
Then G has a triangle unless G is K,/2,,72. If v(G) 2> 4, then G has a
4-cycle.

Proof; If G is a complete graph, this lemma holds. So suppose G is not a
complete graph. Let u and v be two vertices of G such that dg(u,v) = 2.
Let w € N(u) N N(v) and let S be an independent vertex set in N(w)
which contains v and v. As |S| > 2, by the hypothesis of this lemma,
[N(u) N N(v)| = 2. So |V(G)] 2 4, and there is a 4-cycle in G.

Let C = wzyzz be a 4-cycle in G. Suppose there is no triangle in G.
If G = C, then G is Kz3. Now suppose G # C. As G is connected,
we may assume that N(w)\{z, z} # @ without loss of generality. N(w) is
an independent set since G has no triangle. And dg(z,2) = 2. By the
hypothesis of this lemma, |N(z) N N(z)| 2 |[N(w)|. So |[N(z)| = |[N(w)
and [N(z)| 2> |[N(w)|. By a symmetric argument, |[N(w) N N(y)| > |[N(z)|,
|N(z)NN(2)| > [N(y)| and |[N(w)N(y)| > |N(2)|. Then [N(w)| 2 |N(z)|,
IN@)| > IN(z)|, IN(z)| = IN@)|, IN(2)| 2 |N(»)|, IN(w)| 2 |N(2) and
IN(v)| 2 |N(2)|- So we have the following statements.

1) IN(w)| = |N(=)| = IN(y)| = N (2)[;
(2) N(z)N N(y) = N(w) = N(y) and N(z) N N(z) = N(z) = N(2).

Now for each u in N(w), zwuyz is a 4-cycle. By symmetry, N(u) = N(z).
Similarly for each v in N(z), N(v) = N(w). Thus G is K, /2,/2. a

Corollary 2. Let G be a connected graph with v(G) > 3. Suppose for each
pair of vertices u and v of G such that dg(u,v) = 2, that I(u,v) > a*(u,v).
If G is a bipartite graph, then G is K, /2 /2.

Lemma 8. Let G be a connected graph, let C be a cycle of G and let u
be a vertex in V(G)BV(C). If there is an A-structure on N¢(u) or there is
a J-structure on N¢(u), then there is a cycle C’ in G of length |V (C)| +1
such that V(C') =V (C) U {u}.

Lemma 4. Let G be a connected graph, let C be a cycle of G and
let u and v be two different vertices in V(G)\V(C). Suppose there is
no A-structure on Nc(u) and no A-structure on Ng(v). If there are two
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noncrossed independent J-structures J; and J; on Nc(u) N Ng(v), then G
has a cycle C’ of length |V(C)| + 2, where V(C’) = V(C) U {u, v}.

Lemma 8. Let G be a connected graph, let C be a cycle of G and let u
and v be two different vertices in V(G)\V(C). If there are two independent
suc-J-structures (pre-J-structures) on No(u) N N¢(v), then there is a cycle
C’ of length |V(C)| + 2, where V(C') = V(C) U {u,v}.

Lemma 6. Let G be a connected graph, let C be a cycle of G and let w
be a vertex in V(G)\V(C) such that Nc(w) # 0. Suppose for each pair of
vertices u and v of G such that dg(u,v) = 2, that I(u,v) > o*(u,v). If
there is no suc-J-structure on Nc(w) (pre-J- structure on N¢(w)) and no
A-structure on Nc(w), then there are at least |N)C(w)| edges from N (w)
(Ng(w)) to N(w©\V(C).

Proof: We prove the result for suc-J-structures only.

By the hypothesis that there is no suc-J-structure on N¢(w) and no
A-structure on N¢(w), we have

(1) d(z,z*) =2 for all z € No(w).
(2) M = {w} U NZ(w) is an independent set.

Now for each z in Ng(w), |N(zt) N N(w)| > |N(z) N Nt (w)| + 1 by
the hypothesis of this lemma. And we have 3, v, (w) [N (2) N N (w)| =

Y zeNo(w) IN(ENNNo(W)] 2 X, enoqw)(IN @) NNE ()| +1) - e now)
IN(z) N NZ (w)] = |No(w)] edges from NZ () to N(w)\V(C). O

Corollary 7. Let G be a connected graph. Suppose for each pair of vertices
u and v of G such that dg(u,v) = 2, that I(u,v) > o*(u,v). If G has
a cycle C of length m < v, then G has a cycle of length m + 1 or m + 2
containing V(C).

Proof: Let C be a cycle of length m in G and let v be a vertex in
V(G)\V(C) such that N¢(v) # 0.

If there is a suc-J-structure on N¢(v) or an A-structure on Ng(v), then,
by Lemma 3, there is a cycle C’ in G of length m+ such that V(C') =
V(C)u {v}.

Now suppose that there s no suc-J-structure on Ng(v) and no A-structure
on Ng(v). Thus, by Lemma 6, there are at least |[Ng(v)| > 1 edges from
NZ(v) to N(@)\V(C).

In particular, assume that there is an edge z*v;, where z+ € NJ (v) and
vj € N(v)\V(C). Then C’' = C*[z*, z]+ zvv;z? is a cycle of length m +4-2
containing V' (C). O

The following corollary is due to Shi [7] though the proof is different from
his.
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Corollary 8. Let G be a connected graph with v(G) > 3. If for each pair
of vertices u and v of G such that dg(u,v) = 2, I(u,v) > o*(u,v), then G
is Hamiltonian.

Proof: Suppose G is not a Hamiltonian graph. Let C be a longest cycle
of G. By Corollary 7, G has a cycle of length |V(C)| + 1 or |V(C)| + 2,
contradicting the assumption on C. 0

Lemma 9. Let G be a connected graph, let C be a cycle of G and let u and
v be two different vertices in V(G)\V(C) such that uv ¢ E(G), Nc(v) # 0
and there is no edge from Nj(u) U Ng(u) to N(u)\V(C) and no edge
from NZ(v) U N5 (v) to N(v)\V(C). Suppose for each pair of vertices z
and y of G such that dg(z,y) = 2, that I(z,y) > a*(z,y). If there is
a suc-J-structure z*y* on N¢(u) (pre-J-structure z—y~ on N¢(u)) such
that |{z,y} N (Nc(u) N Nc(v))| < 1, then there is a cycle in G of length
[V(C)| +2.

Proof: Let C be a cycle of length m as in Section 1.

In the following, we discuss the cases for suc-J-structures only.

Suppose rty* is a suc-J-structure on Ng(u) such that |{z, y}N(Ng(u)N
No(v)| <1.

By Lemma 3, there is a cycle C’ in G of length |V(C)| + 1 such that
V(C) =V(C)U {u}.

If there is an A or J structure on Ng-(v), then, by Lemma 3, there is a
cycle C” in G of length |V(C)|+2, where V(C"”) = V(C")U{v}. So suppose
otherwise. By Lemma 6, there is an edge from each of NZ,(v) and Ng,(v)
to N(v)\V(C"). Since u and v are not adjacent and there is no edge from
N(@)\V(C) to N} (v)UNZ(v), then v is adjacent to z or z+ with an edge
from N(v)\V(C’) to u or y* respectively and v is adjacent to y or y* with
an edge from N(v)\V(C’) to u or z* respectively. All four combinations
give an immediate contradiction. a

8 The main result

In this section, we give the main theorem of this paper which extends Shi’s
result for Hamiltonian graphs.

Theorem 10. Let G be a connected graph with v(G) > 3. If for each pair
of vertices u and v of G such that dg(u,v) = 2, I(u,v) > o*(u,v), then G
is pancyclic unless G is K, /3 ,/2-

Proof: Suppose G is not pancyclic and G is not K,/ ,/2. Assume that
m is the minimum number such that 3 < m < v — 2 and G has a cycle of
length m, but G does not have any cycle of length m + 2. By Lemma 1,
such an m exists.
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Let C be a cycle of length m as in Section 1.

Claim 1. For all u in V(G)\V(C) that are adjacent to some vertex in C,
there is no edge from N} (u)U N (u) to N(u)\V(C).

By Corollary 8, G is 2-connected, hence there are two different vertices
u and v in V(G)\V(C) each adjacent to vertices in C.

Case 1. There is an A-structure zy on No(u) and there is an A-structure
wz on Ng(v).

If at least three of z, y, w, z are distinct, then we have a cycle of length
m + 2 containing V(C), u and v, a contradiction. So we may assume that
each of N¢(u) and N¢(v) has just one common A-structure, zy say, and
no other A-structures.

Then for all z in N¢(u) other than z, u is not adjacent to z+ otherwise
N¢(u) has two A-structures, and v is not adjacent to z+ otherwise there
is a cycle of length m + 2 contalnlng V(C), u and v. Moreover, u and v
are not adjacent and there is no suc-J-structure on N¢(u)\{z} otherwise
again V(C), u and v form a cycle of length m + 2.

Let T = Ng(u)\{z}. Then T* U {u,v} is an independent set. By the
hypothesis of this theorem, we have

INWGH)NN()| 2 IN@)NTH +2
and
INY)NN@)| 2 |NE@NTH +1

for all z € No(u)\{z,y}.
Then
Y INGEHNN@) 2 Y IN(2) NTH| + [No(u)l.
zeT z€T
But

S INGEH)NNo@) = Y IN@)NTY
€T 2ENg(u)

< ¥ ING) N T + |No(w)| - 1.

2€T

So there are at least Y-, [N(2*) N N(u)| — 3,7 IN(2t) N Ne(u)| >
[Seer NG NTH + [No(w)l] = [Saer ING) N TH + [No(@)] -1] = 1
edges from Tt to N(u)\V(C), contradicting Claim 1.

Case 2. There is an A-structure zy on N¢(u) but no A-structure on Ng(v).
Then y = w or z otherwise V(C), u» and v form a cycle of length m + 2.
By Lemma 6 and Claim 1, there is a pre-J-structure w’z’ on N¢(v). Then
z = o/ or 2’ otherwise V(C), u and v form a cycle of length m 4+ 2. But
this means N¢(v) has an A-structure, a contradiction.
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Case 3. Neither N¢(u) nor No(v) have an A-structure.

By Claim 1 and Lemma 6, there is a suc-J-structure and a pre-J-structure
on N¢g(u) and Ng(v).

Case 3.1. u and v are not adjacent.

By Lemma 9, all J-structures on N¢(u) and on Ng(v) are on Ne(u) N
N¢(v).

By Lemma 5, no two suc-J-structures on N¢(u) N Ng(v) and no two
pre-J-structures on N¢(u) N No(v) are independent.

Suppose there is a triangle zty*z*tzt on N (u) with z followed by y
which is followed by z. Let a~b~ be a pre-J-structure on Ng(u). By
Lemma 4, a~b~ shares a vertex with or crosses each of z*ty™*, y*t2+, 2tz .
Without loss of generality, assume that a~ = z* and a=b~ crosses y*z+.
Then C' = C~ [z, 2*] + ztztyt + zvy + C [y, a] + auz is a cycle of length
m + 2, a contradiction. Thus for each R C N (u), a(G|R]) > |R| - 1.

Let S = Nc(u) N No(v) and let T = Ng(u)\N¢(v). By the hypothesis
of this theorem,

for each w € S, |[N(wt)NN(u)| 2 (IN(w) " NE(u)] - 1) +2,
foreach z€ T, IN(z*) N N(u)| 2 (IN(2) N N& (u)| — 1) +1.

80 3 .eno) INEY)NN()] 2 e no) IN(2) N N (u)] + 1]

Note that |S| > 2 as there is a suc-J-structure on S. But
Y zenow) "NE W) = X,enoq) IN(z1) N No(u)|. Hence there are at least
EzENc(u) |N(z"‘)nN(u.)| - EzENo(u) lN(z+)nNC(u)' 2 EzeNc(u) IN(Z)
NNE (6)| + S]] - e noq) IN(2) N NE (u)] = |S| > 2 edges from N (u) to
N(u)\V(C). This contradicts Claim 1.

Case 3.2. uv € E(G).

By Claim 1 and Lemma 6, there is a suc-J-structure zty* on Ng(u).

Then vz, vz~, vz, vy, vy~, vy* € E(G) otherwise either there is a
cycle of length m 42 or it contradicts Claim 1. Let C' = Ct[y*, z] + zuy +
C~[y,z*)+ztyt. We give C’ an orientation such that C’ and C have the
same orientation on C*[y*, z].

As G has no cycle of length m + 2, by Lemma 6, there are some edges
from NZ(v) to N(v)\V(C’). By Claim 1, these edges must be from u* to
N@)\V(C"), where u* =y,

Suppose that yz € E(G) for a vertex z in N(v)\V(C’). But zu ¢ E(G),
otherwise there is a cycle C” of length |V(C)| + 2 such that V(C") =
V(C) U {u, 2}. Now we have Case 3.1 as uz ¢ E(G) and then we have a
contradiction.

This final contradiction completes the proof. a
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4 Some consequential results

In this section, we show some results which follow as a consequence of
Theorem 10. Our first corollary was originally due to Bondy [1].

Corollary 11. If for each pair of nonadjacent vertices u and v of a graph
G, d(u) + d(v) 2 v(G), then G is either pancyclic or K, ;3 /2.

Proof: We shall prove that if G satisfies the hypothesis of Corollary 11,
then G satisfies the hypothesis of Theorem 10.

If G is a complete graph, then G is pancyclic. Suppose G is not a complete
graph. Let u and v be any two vertices such that d(u,v) = 2. By the
hypothesis of this corollary, d(u)+d(v) > v. Let m = |[N(u)NN(v)| and let
n = |[V(G)\(N(u)UN(v))|. Since for each w € N(u)NN(v), an independent
set S in N(w) containing u and v is a subset of V(G)\(V(u) U N(v)),
a*(u,v) < n. Now we have d(u) +d(v) =2m+ (v -m —-n) 2 v. So
m > n > a*(u,v). Hence the hypothesis of Theorem 10 holds. a

Now we extend the result of Hasratian and Khachatrian [4]. Let N3(u) =
{v | de(u,v) < 3 and v € V(G)}.

Corollary 12. Let G be a connected graph with v(G) > 3. If for each
vertex v € V(G), d(v) > |Ns(v)|/2, then G is either pancyclic or K, /2, 2.

Proof: In the following, we shall prove that if G satisfies the hypothesis of
Corollary 12, then G satisfies the hypothesis of Theorem 10.

If G is a complete graph, then G is pancyclic. Suppose G is not a complete
graph. Let u and v be any two vertices of G such that d(u,v) = 2. Let T be
an independent set containing u and v in N(w) for some w € N(u) N N(v)
such that |T'] = a*(u,v). Suppose I(u,v) < a*(u,v) = |T|.

For each z € T\{u}, d(u,z) = 2. For each y € N(v)\N(u), 2 < d(u,y) <
3. And TN (N(v)\N(u)) = 0. By the hypothesis of this corollary,

IN(u)] 2 |Ns(u)l/2
2 (IN(u)| + IT] + IN(@\N (w)])/2.

Then |N(u)| 2 |T| + |N(v)\N(u)|. By the supposition,
INW\N(@)| = IN(u)] - IN(w) N\ N(®)| 2 |T| - [n(u) " N(v)|
+ [N@\N(u)| > |[N(@)\N(u)].
By symmetry, exchanging « and v in the above argument, we have

IN(w)\N(u)| > |N(u)\N(v)|, which is a contradiction. Hence I(u,v) >
a*(u,v) = |T. a

Shi [8] defined local Ore-type graphs and investigated their pancyclicity.
His result is a corollary of Theorem 10.
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Corollary 18. Let G be a connected graph with v(G) > 3. If for each
w € V(G), G’ = G[{w} U N(w)] and for each pair of nonadjacent vertices
u and v in V(G’), dg(v) > dg(w)+1, then G is pancyclic. In other words,
every local Ore-type graph G with v(G) > 3 is pancyclic.

Proof: First, we prove that G has a triangle and hence G is not K, 2,/2.
Then we prove that if G satisfies the hypothesis of this corollary, G also
satisfies the hypothesis of Theorem 10. Corollary 13 follows.

If G is a complete graph, then G has a triangle and G is pancyclic.
Now suppose u and v are two vertices of G such that d(u,v) = 2. Let
w € N(u) N N(v). Then u and v are two nonadjacent vertices in G’ =
G[{w} U N(w)]. As dg/(u)+ der(v) 2 de(w) + 1, u is adjacent to another
vertex z in G’ besides w. So uzwu is a triangle in G.

Let Ig/(u,v) = |Ng(u) N No/(v)|. Let agr(u,v) be the order of a maxi-
mum independent vertex set in G’ which contains u and v.

There are at most (dg(w)+1-2)—(agr(u, v)—2) vertices adjacent to u or
vin G- So I(u,) > Io(t,v) = |No+(u)] + Na ()| - [Ne» (w) U Now (0)] 2
[do(w) +1] - [de(w) +1 - 2) - (ag'(v,v) — 2)] = ac:(x4,v)

But w can be any vertex in Ng(u) N Ng(v). Hence I(u,v) > a*(u,v). O

The next corollary is due to Lou [6]. He gave a different proof in [6].

Corollary 14. Let G be a connected graph. If for each vertex w € V(G),
€(G[{w} U Ng(w)]) > (d(w) - 1)(d(w) — 2)/2 + d(w), then G is pancyclic.
Proof: In the following, we shall prove that if a graph G satisfies the
hypothesis of this corollary, then G satisfies the hypothesis of Corollary 13.
Hence Corollary 14 follows.

Suppose G satisfies the hypothesis of this corollary but G does not satisfy
the hypothesis of Corollary 13. Then there is a vertex w € V(G) and there
are two nonadjacent vertices u and v in Ng(w) such that der(u)+der(v) <
de(w), where G’ = G[{w} U N(w)}.

If G’ were a complete graph, there would be 2(dg(w) — 1) + 1 edges
incident with {u,v}. Now G’ is a graph obtained from a complete graph
by deleting at least 2(dg(w) — 1) + 1 — (dg/(u) + dgr(v)) edges. So

(G') < (d(w) +1)d(w)/2 - [2(d(w) — 1) +1 ~ (dg+ (u) + dg(v))]
< (d(w) + 1)d(w)/2 - 2d(w) — 1-1 + d{w)
= (d(w) - 1)(d(w) — 1)/2 + d(w).
This contradicts the hypothesis that e(G[{w}UN (w)]) > [(d(w)—l)(d(w)—
2)]/2 + d(w).
In conclusion, we indicate the sharpness of Theorem 10 with the followmg
remarks.
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Remark 1. Theorem 10 is sharp in the sense that we cannot replace the
hypothesis by I(u,v) > a*(u,v) — 1. K3 is a graph which satisfies that
I(u,v) > a*(u,v) —1 for each pair of vertices u and v such that d(u,v) = 2.
However, K33 is not even Hamiltonian. This is true more generally for
Km.m+1-

Remark 2. A graph G satisfying the hypothesis of Theorem 10 does not
necessarily have the properties that each edge of G lies on a cycle of length
n for all n such that 3 < n < ¥(G) and that each vertex of G lies on a cycle
of length n for all n such that 3 < n < ¥(G). Figure 1 shows a graph which
satisfies the hypothesis of Theorem 10. But the edge e does not lie on any
triangle. Figure 2 shows a graph which satisfies the hypothesis of Theorem
10. But the vertex v does not lie on any triangle. Each example belongs to
an obvious infinite family.

v
e

Figure 1 Figure 2

Remark 3. The hypothesis of Theorem 10 is not necessary for G to be
pancyclic. For example the join of K; to P, is pancyclic, but for the two
end vertices u and v of Py, I(u,v) =1 and a*(u,v) = [n/2].
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