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ABSTRACT. The core Ga is the subgraph of G induced by the
vertices of maximum degree. If A(G) is a forest then Fournier
[8] showed that G is Class 1. Therefore if G is Class 2, Ga
must contain cycles. A natural question is this: what is the
chromatic index of G if G4 is a union of vertex disjoint cycles?
In this paper we give further information about this question.

1 Introduction

In this paper, we consider simple graphs (that is graphs which have no loops
or multiple edges). An edge-colouring of a graph G is a map ¢ : E(G) — ¢,
where ¢ is a set of colours and E(G) is the set of edges of G, such that
no two incident edges receive the same colour. The chromatic indez, x '(G)
of G is the least value of || for which an edge-colouring of G exists. A
well-known theorem of Vizing [16] states that, for a simple graph G,

A(G) £ X (6) S A(G) +1,

where A(G) denotes the maximum degree of G. Graphs for which X G) =
A(G) are said to be Class 1, and otherwise they are Class 2. A graph G is
critical if it is Class 2, connected and for each edge e of G, x (G\¢) < X (G)
The core G4 is the subgraph of G induced by the vertices of maxi-
mum degree. A graph G is said to be overfull if it satisfies |E(G)| 2
A(G)||V(G)|/2] +1. If there is equality here then G is called just overfull.
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It is easy to see that if G is overfull, then G is Class 2. A cycle C' is a
2-regular connected graph. Let §(G) and A(G) denote the minimum and
maximum degrees of G. For H a subgraph of G, N(H) denotes the set of
vertices of G which are adjacent to at least one vertex of H.

It is well-known that bipartite graphs are of Class 1, that the complete
graph K,, is of Class 1 if and only if » is even, and that any regular graph
of odd order is of Class 2. However, the problem of determining which
graphs belong to which class is extremely difficult and very important. If
A(G) > 3|V(G)|, the following conjecture may describe the situation.

Conjecture A [6] (Chetwynd and Hilton): Let G be a simple graph
with A(G) > §|V(G)|. Then G is Class 2 if and only if G contains an
overfull subgraph H with A(G) = A(H).

By P* we denote the Petersen graph with one vertex removed. The ex-
ample of P* shows that the figure -;- in the Conjecture A cannot be lowered.

This conjecture has aroused some interest. The evidence for Conjecture A
includes:

1. It is true if A(G) > |V(G)| — 3. (see [3]).

2. Itis trueif |[E(G)| = A(G)|1|V(G)|) and A(G) = 4(VEI-1)(IV(G)|+
1)+ 1. (see [10]).

3. It is true if G is a complete s-partite graph for some s (see [13]).

If Ga is a forest then Fournier [8] showed that G is Class 1. This also
follows easily by Vizing’s original colouring argument [16] or from Vizing’s
Adjacency Lemma [15]. Therefore if G is Class 2, its core must contain
cycles. The simplest non-trivial case when Ga contains cycles is when Ga
consists of the union of vertex-disjoint cycles. We would like to propose the
following conjecture about this case:

Conjecture B1: Let G be a connected simple graph with A(Ga) < 2 and
G # P*. Then G is Class 2 if and only if G is overfull.

Note that P* is Class 2, and PJ is a 6-cycle.

We have by now a considerable body of evidence to support this conjec-
ture. The evidence includes:

Theorem 1 [11]. Let G be a connected Class 2 graph with A(Ga) < 2.
Then

(i) G is critical.
(ii) 6(Ga) =2.
(iii) 6(G) = A(G) — 1 unless G is an odd circuit, and
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(iv) N(Ga)=V(G).

Theorem 2 [11]. Let G be a simple connected graph, let Ga be a col-
lection of vertex disjoint cycles, and let A(G) > 3(IV(G)| +3). Then G is
Class 2 if and only if G is overfull.

Theorem 3 [12]. Let G be a simple connected graph, let A(Ga) < 2, and
let A(G) 2 |V(G)| — [V(Ga)l- Let G # P*. Then G is Class 2 if and only
if G is overfull.

At this point let us mention the following Lemma 1.

Lemma 1. Let G be a simple connected graph, let A(Ga) < 2, let G be
overfull and let G not be an odd cycle. Then

AG) 2 3IV(G)I+3).

Lemma 1 is proved in Section 2.

From Theorem 2 we know that Conjecture Bl is true if A(G) > 1(IV(G)|+
3). So it remains to consider the case when A(G) < 1(|V(G)| +3). In that
case, by Lemma 1, it follows that G is not overfull. So Conjecture Bl is
equivalent to the following Conjecture B2.

Conjecture B2: Let G be a simple connected graph, let A(Ga) < 2, let
A(G) < 3(IV(G)| +3) and let G # P*. Then G is Class 1.
. The object of this paper is to extend Theorem 3. Let k = k(G) be defined
Yy
k=|V(G)|-IV(Ga)| - A(G)
[k need not be positive], and let us state the following easy lemma.
Lemma 2. Let |[V(G)| be odd. Then

IB(G)| < AG)I5VO)] - k.

Lemma 2 is also proved in Section 2. It follows from Lemma 2 that if k
is non-negative then G cannot be overfull, and that the value of k when k
is positive is a measure of how far G is from being overfull. In particular
it is natural to suppose that the larger k is, the less likely it is that G is
critical.

The graphs which we focus on in this paper, namely those satisfying
A(G) < 2, are, by Theorem 1, either Class 1 or critical. We show in
Lemma 7 below that they also satisfy k > —2. The extension to Theorem
3 we shall prove is:
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Theorem 4(1). Let A(Ga) <2 (so that k > —2). For k > 0 let

2k2+ R2k+ % if|[V(G)| is even,

2
V(G)I 2 {3k2 +12k+16 if |V(G)) is odd.

Let G # P* and let A(G) = |V(G)| - |V(Ga)|~k 2 k+5. ThenG is
Class 2 if and only if G is overfull.

From Theorem 3 we know that Theorem 4(1) is true if A(G) 2 |V(G)| -
[V(Ga)), ie. if k < 0. We may therefore assume that k > 1. In the light

of Theorem 2 and Lemma 1, Theorem 4(1) is equivalent to the following
Theorem 4(2).

Theorem 4(2). Let A(Ga) <2, let k > 1, let

2k + 2k + 4 if|V(G)) is even,

2
V(&) 2 {31:2 +12k+16 if |V(G)| is odd,

and let 1|V(G)|+3 > A(G) = |V(G)| - [V(Ga)| -k 2 k+5. Then G is
Class 1.

As an alternative formulation of Theorem 4(2), we have Theorem 4(3).

Theorem 4(3). Let A(Ga) < 2, let k = [V(G)| - [V(Ga)| - A(G) 2 1,
and, for some positive integer p, let

20%+Zp+4  if|V(G)] is even,

V(G)| 2
IV( )I—{3p2+12p+16 if|[V(G)| is odd,

and let %lV(G)I +3> A(G) 2 maz{|V(G)| - |V(Ga)|-p,p+5}. Then G
is Class 1.

Theorems 4(1), 4(2) and 4(3) provide substantial additional evidence for
Conjectures Bl and B2. Finally we remark that if Conjecture A is true,
then yet further additional evidence for Conjectures B1 and B2 is provided
by the following theorem.

Theorem 5 [11]. Let G be a simple Class 2 connected graph, let A(Ga) <
2, and let A(G) > maz(3|V(G)|,2). If Conjecture A is true, then in fact
A(G) 2 3(IV(G)] +3).

2 Preliminary results

The first of these is Vizing’s Adjacency Lemma [15]. For v € V(G), let
d*(v) denote the number of vertices of V(G4a) to which v is adjacent in G.

Lemma 8. Let G be a critical simple graph, let wv = e € E(G). Then
d*(u) + d(v) > A(G) + 1 if d(v) < A(G); and d*(u) > 2 if d(v) = A(G).
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The following lemmas are consequences of Lemma 3.
Lemma 4. If G is a simple graph and G, is a forest, then G is Class 1.

Lemma 5. For a graph G, let e = uv € E(G) be such that d(v) <
A(G)—d*(u). Then, if A(G—e) = A(G), it follows that x'(G—e) = x (G).

Lemma 8. Let G be a simple graph and d"(w) < 1. If A(G) = A(G-w),
then x'(G) = x (G - w).

Lemma 7. Let G be an overfull graph with A(Ga) < 2. Then |V(G)) is
odd, G is the union of disjoint cycles, A(G) = |V(G)| — |[V(Ga)| + 2 (so
that k = —2) and

1
|E(G)| = AG)|5IV(O] +1.
Proof: Since G is overfull, |V(G)| is odd. Let |V(G)| = 2n + 1 and
r = |[V(Ga)|. Since G is overfull, we also have that
|E(G)| 2 nA(G) + 1.

Since the maximum degree amongst the vertices not in Ga is A(G) -1, we
have that

21E(G)} < (IV(G)| - 7)(A(G) - 1) +rA(G)
=2mA(G)+ (A(G) —2n—1+T).

Consequently
2nA(G) + (A(G) — 2n — 1+ 1) 2 2|E(G)| = 2nA(G) + 2, (1)

so that
AG)—2n—-1+47r22,

and so
A(G) 2 [V(G)| - [V(Ga)l +2. 2

If there were a vertex v in G4 with degree at most one in G4 then
A(G) =dg(v) <1+ |V(G)| - [V(Ga)l,

which contradicts (2). Therefore G is the union of disjoint cycles. In that
case we have that

A(G) £2+|V(G) - |V(Ga)l.
It then follows from (1) that
A(G) =2+|V(G)| - |V(Ga)l-
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Using this in inequality (1), it follows that
1
IE©@)| = AG)5IV(G)I] +1.

o

Proof of Lemma 1: Let r = |V(Ga)|. By Lemma 7, G4 is the union
of disjoint cycles, so between V(Ga) and V(G) \ V(Ga) there are exactly
r(A(G) — 2) edges. But since each vertex in V(G) \ V(Ga) has degree at
most A(G) — 1, there are at most (A(G) — 1)(|V(G)| — r) edges between
V(Ga) and V(G) \ V(Ga). Therefore

r(A(G)-2) < (IV(G)| - )(A(G) - 1).
But from Lemma 7, |V(G)| = A(G) +r — 2, so it follows that
m(A(G) -2) < (A(G) -2)(A(G) - 1),

so
r<AG)-1,

since A(G) > 2. Therefore
V(G)=A(G)+r-2<2A(G)-3.
Consequently 1
A(G) 2 5(IV(G)] +3).
a
Proof of Lemma 2: Let »r = [V(Ga)|. The vertices of V(G) \ V(Ga)
have degree at most A(G) - 1, so
2E(G) < (IV(G)| - r)(A(G) - 1) +rA(G)
= (V@) - DA(G) +r + A(G) - [V(G)|
= (IV(G)| -1A(G) - &.
Therefore 1 k
|E@G)l < A@G)5IV(G] - 5-

O

In the proof of our main result, Hall’s theorem [9] plays a very important
role. We shall use the following form of Hall’s thorem:
Hall’s Theorem. (A;li € I) has a transversal if and only if | U, Ai] 2
|I'| forall I C 1.
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8 Proof of Theorem 4(2)

Proof: Since k > 1 we have |V(G)| 2 [V(Ga)| + A(G) + 1. We wish to
show that G is Class 1. Assume to the contrary that G is Class 2. Then,
by Theorem 1 we know that G is critical, that §(G) = A —1, and that G5
is the union of disjoint cycles. Let |V(Ga)| =r.

Denote the subgraph induced by the vertices of degree A(G) —1 byB.
Counting the number of edges between G and B, we have

(A-2r <(V|-r)(Aa-1),

S0
(A-2)r<(A+Kk)(A-1).
Therefore
_ (A+k)(A—1)_ k+2
Vl-A-k=r< N _A+k+1+A_2.
It follows that k+2
_—— %> -2k —1.
2A+A—2-'V| 2k—-1

Since A(G) > k + 4, therefore 2A(G) 2 |V| — 2k — 1. Let V(Ga) =
{a1, ..., ar}, where ajas is an edge of G, and let V(B) = {b, ..., blVI_,.}.

Case 1. |[V(G)| = 2n. Then A(G) 2 n—k. Since £(|JV(G)|+3) > A(G)
we have n+ 1 > A(G). Let A(G) =n -k +14; then 0 < i < k+ 1. Since
V| ~r = A 4k, we have r = n —i. Then V(Ga) = {ay,...,an—¢} and
V(B) = {b1, ..., bn+i}. We also have

1
IEB)| = 5{(IV]-r)(Aa -1) = (A -2)r}
1 . . . .
= 5{(n+:)(n—k+t—1) ~(n—-i)n-k+i-2)}
= %{(2:' + 1)n — (2ik + 3 — 2i2)}.

By Lemma 3, each b-vertex is adjacent to at least two a-vertices, and so
A(B) <n—k+i—3. By Vizing’s theorem, B has an edge-colouring with
A(B)+1 colours. Since
i(A(B)+1) S i(n — k+1i-2) < 3{(2i+ 1)n— (2ik + 3 — 2%)} = E(B),
in any edge colouring of B with A(B) + 1 colours, at least one colour class

contains at least ¢ + 1 edges, so B has a matching of size i + 1.

Now let g denote the number of vertices of B whose degree is at least
n—2k+i—4. Then we claim that ¢ < i+1. For if ¢ > i+2, then the number
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of edges of B incident with these q vertices is at least Z;'f_’_},(n—2k+i—4 -3)-
But this number is greater than %l{(2i + 1)n — (2ik + 3i — 2i2)} = |E(B)|
since 2n = |V(G)| = 2k% + £k + 4, a contradiction.

We next show that we can find a matching of size ¢ + 1 in B, say bybs,
and bpibn+i—1, bnti—2bnti—3,.. .y bn—i+2bn—i+1 such that each b-vertex of
{bs,...,bn—i} is adjacent to at least k + 4 a-vertices. The case when ¢ =10
is proved. Now consider the case when 1 < ¢ < i+1. As we saw just above,
one of the edge-colouring classes of B must have size at least i + 1. Let M
denote a matching of size i + 1 in B such that M saturates as many of the
vertices of B whose degree is at least n—2k+i—4 in B as possible. Then in
fact M saturates all the vertices of B whose degree is at least n —2k+{—4
in B, for if some vertex u of B having degree at least n —2k+i—4in B
is not saturated by M, then since

diu) >n—2k+i—4>20i+1)=V(M),

we can replace some edge in this matching by an edge which is incident
with u. This contradicts our choice of the matching M.

We consider the bipartite graph J of G whose vertex sets are {bg, ..., bn—i}
and {a3, ...,an—i}, and whose edges are all the edges of G joining a vertex
of {bs,...,bn—s} to a vertex {as, ..., an—¢}.

For a € {a3, ..., an-i}, let f(a) denote the set of b € {bs, ..., by} Which
are adjacent to a. Then |f(a)| > (n—k+1)—2—2(i+1) = n—k—i—4 for each
a. Since each of {bs,...,bn—;} is joined to at least k + 2 of {as, ..., Gn—i},
we can apply Hall’s theorem to show that J has a 1-factor. Let I be a
non-empty subset of {ag,- - ,@n—i}. Thenif |I| <n—k—i—4, then

U fas)l 2 111,

jer
Moreover if |I| > n—k —i—3, then since each b-vertex of J is joined in J to
at least k+2 a-vertices, and since (n—k—i—3)+(k+2) = n—i—1 > n—i-2,
{b3,+ ,bn—i} = Uicrf(a), it follows that

IU fe)l=n—i-2211|.

jer
Therefore J has a 1-factor, and so G has a 1-factor F containing aja2, b1b2,
and bp—42ibn—it2j—1 for 1 < j <d.

Let G* = G\ F. We shall show that G* is connected. Clearly a; is joined
in G* to A —2=mn— k+ { — 2 vertices in {b1,--- ,bn+i}, and an arbitrary
vertex a € {az,*-*an—i} is joined in G* to at least n — k + ¢ — 3 vertices in
{b1,++ ,bnss}. Since 2n = |V(G)| > 2k% + 3k + &, it follows that

R—k+i-2)+(n—k+i-3)>n+i=|V(B)|.
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Therefore for a € {az2,: -+ ,an-i},
(Ngs+(a1) N Ng+(a)) NV (B) # ¢.

By Lemma 3, in G every b-vertex is adjacent to at least two a-vertices, so
in G\ F every b-vertex is adjacent to at least one a-vertex. Therefore G*
is connected, as required.

If G* is Class 1, so was G, a contradiction. Therefore G* is Class 2.
By Theroem]1, G is the union of vertex disjoint cycles. However, by the
choice of F,a; has degree 1 in G . This is a contradiction. It follows that
G is Class 1, a contradiction.

Case 2. [V(G)| = 2n+1. Then n+1 > A(G) > n — k. Suppose that
A(G) =n—k+1i, where k+1 > i > 0. Since |V(G)| -r=A(G)+kit
follows that r = n+1 —{ and |V(G)| —r = n +1i. Therefore V(Ga) =
{alaa2v aan—i+l} and V(B) {bls n+6} Then

IB(B)] = 3{(V] - r)(A 1) - (A= 2)r)
= %{(n+i)(n—k+i—1)—(n—i+1)(n—k+i-2)}

=m'+i2—ik—2i+1+-;-k.

By renumbering the a’s and b’s we may assume that ajaz,azas € E(G)
and a;b; & E(G). Lemma 3 implies that A(B) < n — k + i — 3. Since

{A(B)+1) < i(n—k+i—2) <ni+i®—ik— 21+1+lk =@,

in any edge colouring of B with A(G)+ 1 colours, at least one colour class
contains at least i + 1 edges, so it is possible for us to find a matching of
size ¢+ 1.

Now let ¢ be the number of the vertices of B whose degree is at least
n—2k+i—4. Since 2n+1 = |V(G)| > 3k®+12k+186, it follows that g < 4, for
if ¢ > i+1, then the number of edges of B incident with these g vertices is at
least EJ_O(n—2k+z—4—_1) But since 2n+1 = |V(G)| > 3k2+12k+16, this
number is greater than ni + i2 — ik — 2i+ 1+ 1k = |E(B)|, a contradiction.

It follows that B contains a matching of size 1, 8ay bp+ibn+i—1,0n+i-2
b,..|.i_3, oo ,b,._,'+zbn_,'+1 such that each vertex in {bg, (RN bn_i} is &dj&-
cent to at least k + 4 a-vertices. The argument which demonstrates this
is the same as in Case 1, with very minor changes of detail. With this
matching, we obtain a near 1-factor F of G containing the edge a;az and
not containing b;. Again, the argument showing this is the same as in Case
1. We shall show that G =G\ F is Class 1. Assume that G’ is Class 2.
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Clearly a is joined in G’ to A—2 = n—k+i—2 vertices in {82, ,bnsihs
and an arbitrary vertex @ € {ag,* - ,@n—i+1} i8 joined in G to at least
n—k+i—4 vertices in {by, -+ ,bnss}. Since 2n +1 > 3k2 + 12k + 16, it
follows that

m—-k+i-2)+(n—k+i—-4)>n+i—1=|{bg, - ,bpsi}l-
Therefore, for a € {a2,--- ,@n-i+1},

(Ng(a1) N Ng(a)) N (V(B)\ {b1}) # ¢

Therefore, for 2 < i < r we can find edges z;a; such that z; € (Ng/(a1) N
(V(B)\ {t1}) and z;a; € E(G)\ F (2<i <)

Suppose that there is a cycle of Ga such that b, is non-adjacent to one
vertex of the cycle and is adjacent to some other vertex of the cycle. We
can label the vertices of Ga so that bia; & E(G) and bjaz € E(G). We
still assume that ajaz € E(Ga). Then clearly, A(G' \ a;) = A —1. So,
by Lemma 6, G’ \ @, is also Class 2. Let G; = G'\al. In G, we have
dg,(a2) <2 and dg,(x2) = A(G) —3 = A(G2) — 2. Therefore by Lemma 5,
the edge zza3 is not critical. Let G3 = G2\ z2a2. Then A(Gs) = A(G) -1
and Gj is also Class 2. In G3 we have dg;,(a3) < 2 and dg,(z3) = A - 3.
Let G4 = G3\ z3a3. Using the same argument again, G4 is Class 2. In G4,
we have dg, (a2) = 1.

If G4 \ a2 had maximum degree A(G) — 2, then G4 would be a Class 2
graph with only one vertex (b;) of maximum degree, which is impossible.
Therefore, G; \ az has maximum degree A(G) — 1, and so, by Lemma 6,
G4\ a2 is Class 2. In G4\ a2 the vertex by has degree A(G)—2. Thus G4\ a2
has a core consisting of the union of vertex disjoint paths and cycles.

Now consider the graph led \ a2. This has maximum degree A — 1 and
contains Gy \ az, so it follows that G \ a2 is Class 2. Since azb; € E(G),
its core has maximum degree 2. Since for a € V(Ga),

(Ng(a1) N Ngr(a)) N(V(B)\ {b1)} # ¢,

and since each b-vertex of B is adjacent to at least one a-vertex in G’ \ az,
it follows that G’ \ a2 is connected. By Theorem 1, therefore, the core of
(el \ a2 is the union of vertex disjoint cycles. But by the construction, a;
has degree 1 in the core of led \ a2, a contradiction. Therefore this case
cannot occur.

Next suppose that we were not able to choose a € V(Ga) and by € V(B)
such that ab; € E(G) and b, is adjacent to some vertex of the cycle of Ga
containing a. Assume that b;a; ¢ E(G) and that e;...a,2; is a cycle of Ga.
We may assume that a,41, as42, a5+3 are consecutive vertices of a cycle of
Ga and that they are all adjacent to b;.
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Consider the vertices zy41, Z54+2, Zs+3. They are adjacent to a;. There-
fore they must be adjacent to all of a;,...,a,; for if there were a vertex
a € {a1,...,as} to which z,, for example were not adjacent, then we
could have taken z,;; instead of b; and a instead of a, against our present
supposition.

It follows as before that G’ \ a; is Class 2. Let G2 = G’ \ a;. Then for
i=1,2,3, dg,(z,+i) = A—3 and di;, (a2) = 1. By Lemma 6, G2\ a2 is also
Class 2. Let G3 = G2 \ a2. Then dc,(bl) =A-1and dG;(z'H-i) =A-4,
In G3, d*(a;4+1) < 3 so, by Lemma 5, the edge z,,1a,41 is not critical. Let
G4 = G3\ z5+185+1. Then Gy is Class 2. In G4 the edge z,+2a,+2 is not
critical. Let G5 = G4 \ Z,42a5+2. In G5 the edge 2,430,543 is not critical.
Let Gs = Gs \ z,+3a5+3. Then Gg is Class 2. In Gs, a,+2 is joined to only
one vertex of maximum degree, namely b;. Since Gg is Class 2, by Lemma
6, A(Gs \ as42) = A(G) — 1 = A(Gg). So by Lemma 6, Gg \ a,42 is Class
2. But in Gg \ as4-2,b1 does not have maximum degree. Therefore the core
of Gg \ as+2 is a set of vertex disjoint paths and cycles.

Now consider the graph G’ \ a,+2. This contains Gg \ a,+2 and has the
same maximum degree, and so is Class 2. Moreover the core of ¢ \ G542
consists of vertex disjoint paths and cycles. Usmg the same argument as
was used for G \ az above, it follows that G \ a,42 is connected. So by
Theorem 1, the core of G’ \ a,+2 consists of vertex disjoint cycles. But this
contradicts the fact that a; has degree 1 in the core of G’ \ as42. Therefore
this case cannot arise either.

This proves the theorem. O

4 Proof of Theorem 4(3)

Proof: Since k > 1and |[V(G)|-|V(Ga)l-k = A(G) > [V(G)|-|V(Ga)l-
p it follows that p > k > 1. Since A(G) > p + 5 we have |V(G)| —
IV(Ga)l -k = A(G) > p+5 > k+5, and so 1(IV(G)| +3) > A(G) =
[V(G)| - |V(Ga)| =k 2 k+5. Since

V@)l 202+ 32p+ 4 > 22+ 2k + 4L if |V(G)| is even,
=132+ 12p+ 16 >3k2+12k+16 if [V(G)| is odd,

by Theorem 4(2), we see that G is Class 1 .This proves the theorem. O
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