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ABSTRACT. A graph P3, n > 3, is the graph obtained from a
path P, by adding edges that join all vertices u and v with
d(u,v) = 2. A graph C*t, n > 3 and 1 < ¢ < n, is formed by
adding a single pendent edge to ¢ vertices of a cycle of length
n. A Web graph W(2,n) is obtained by joining the pendent
vertices of a Helm graph (i.e. a Wheel graph with a pendent
edge at each cycle vertex) to form a cycle and then adding a
single pendent edge to each vertex of this outer cycle. In this
paper, we find the gracefulness of P2 for any n, of C}* for
n>3and 1 <t < n, and of W(2,n) for n > 3. Therefore,
three conjectures about labeling graphs — Grace’s, Koh’s and
Gallian’s — are confirmed.

1 Introduction

Let G = (V, E) be a simple graph and g: V — {0, 1,...,|E|} be an injective
map. Define an induced map g*: E — {1,2,...,|E|} by setting g*(zy)
equal to |g(z) — g(y)| for zy € E. If ¢* maps FE onto {1,2,...,|E|}, then
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g is said to be a graceful labeling (or S-labeling) of G, and the graph G is
said to be graceful

A graph P2 is the graph obtained from a path P, by adding edges that
join all vertices u and v with d(u,v) = 2, where the minimum distance
between two vertices u and v of the graph G, d(u,v), is the length of the
shortest path joining u and v. In 1983, T. Grace first posed the conjecture:
all graphs P2 are graceful for positive integer n. Later, D. Ropp, J.A.
Gallian, J. Huang and S. Skiena verified this conjecture for n < 32 (see [2],
[3], [4]) But, so far, the general question is still open. A. Gallian restated
the conjecture in his recent survey [3]. In Section 2 of this paper we prove
this conjecture completely.

For n >3 and 1 <t < n, let C;* denote the class of graphs formed by
adding a single pendent edge to t vertices of a cycle of length n. In 1986,
Joseph A. Gallian conjectured that for every n and ¢ the class C}* contains
a graceful graph. This conjecture was proved by Daniel Ropp [7]. Ropp
and Gallian further conjectured that for all » and ¢, all members of C}*
are graceful. In Section 3 of this paper, we prove this conjecture.

K.M. Koh et al. [8] define a Web graph as one obtained by joining the
pendent vertices of a Helm graph (i.e. a Wheel graph with a pendent edge
at each cycle vertex) to form a cycle and then adding a single pendent
edge to each vertex of this outer cycle. They ask whether such graphs are
graceful. In Section 4 of this paper we will give a complete affirmative
answer to this question. For n > 3 we denote by W(2,n) the Web graph.

In what follows, the notations (a,b € Z):

[a,b] = {x € Z;a <z < b} and

[2,b)s ={z € Z;a < z < b,z =a (mod k)} for a =b (mod k)

are used frequently.

2 The gracefulness of graph P2
Theorem 1. All graphs P? are graceful for any positive integer n > 3.

Construction: We denote the n vertices of graph P2 by z;,z,,...,z,,
successively. Its 2n—3 edges are z1x9, T213,. .., Tn—1Zn and z1x3, z224,. ..,
ZTp—2Zyn. For 3 < n < 16, the labels of the n vertices in each P,? are listed
succesively as follows:
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:0, 1, 3;

:3,0,1,5

:6,1,0,3,7;

:9,0,1,7,5, 2

:0,11,10,2, 7,9, 3;
:13,1,0,11,8,2, 4, 9;

1 15,0, 6, 14, 1, 3, 13, 10, 9;
:15,0, 1,17, 14, 7, 2, 11, 13, §;
Pi:
P%:
P%:
P%:
P%:
P%:

2, 18, 19, 0, 4, 14, 17, 5, 10, 16, 8;

11, 21, 0, 7, 20, 1, 4, 19, 2, 14, 6, 15;

12,0,23,9, 1, 22, 6, 2, 21, 4, 3, 10, 13;

13, 25, 0, 10, 24, 1, 7, 23, 2, 4, 22, 15, 14, 18;
13,0, 27, 11, 1, 26, 8, 2, 25, 5, 3, 24, 15, 16, 20;
14, 29, 28, 0, 11, 27, 1, 20, 26, 2, 5, 25, 3, 16, 8, 4;

For n > 16, we consider the following 6 cases according to the residue of

n (mod 6).

Case: n=6m (m > 3)

ém—-1  (i=0)
4m+1-3i (1<i<m) (#)

g(zsit1) = dm—-1+4i (Mm+1<i<2m-2)
2m +2 (i=2m-1)
(5a02) = 12m-3—-i (0<i<2m—2)
9(@sit2) =g _o (i=2m-1)
i 0<i<m-1)
g(@sirs) =4 o fmeistmod)

10m—2 (i=2m-2)
6m+1 i=2m-1).

When m = 2 (mod 3), the row () has to be replaced with

8m—4+3i (1<igml
4m+1-3i (22 <i<m).
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Case: n=6m+ 1 (m > 3)

(6m (i=0)
8m—1 (i=1)
_Jam+1-3i 2<i<m) (¥

9(z3i+1) = ¢ dn i (m+1<i<2m—2)

om (i=2m-1)

10m (i =2m)
(zia) = | 12— 14 (0<i<2m-2)
9\Z3i+2) = 6m + 2 (g=2m—1)

i (0<i<m-1)
9(®%43) =\ 9, 41 (i=2m-2)

0m-3  (i=2m-—1).
When m = 0 (mod 3), the row (x) will be replaced with

4m+1-3i (2<i<mandi#ZP)
10m — 2 (i=2Zm).

When m =1 (mod 3), the row () will be replaced with

8m—2+3i (2<i< s
4m+1-3i (222 <i<mandi# 25
10m -1 (i = 2mil).

Case: n=6m+ 2 (m > 3)

6m+1 (i=0)

) = I HE =3 (Si<mt)) ()
IEHHU = V414§ (m+2<i<2m—1)
6m + 2 (i = 2m)

(z3i42) = 12m+1-¢ (0<i<2m-1)
93142/ =1 6m + 5 (i = 2m)

i (0<i<m)

g(z3i43) ={8m —-3i (m+1<i<2m—2)
10m+1 (i=2m-1).
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When m = 2 (mod 3), the row (x) has to be replaced with

8m—4+3i (1<i<mt2)
im+5-3 (IE<i<m+1).

Case: n=6m+ 3 (m > 3)

9(zsi+1) =

6bm+2
12m+3—1¢
2m+1

4

0
i+1

9(z3i42) =< 8m+1-3i

9(z3iy3) =

4

10m+1

 10m
(12m + 3

dm+3—3i
4m+1+14

L 6m + 4

(i=0)
1<i<2m-1)

(i =2m)

(i=0)

(1<ism)
(m+1<i<2m-2)
(i=2m-1)

(i =2m)

(i=0)

(1<ism) ()
(m+1<i<2m-1)
(i=2m).

When m = 2 (mod 3), the row (x) will be replaced with

8m+1+3i (1<i< 254 andi= 2mi2)
4m+3-3i (M <i<mandi=

Case: n=6m+4 (m > 3)

9(-"—'3.‘-;-1) =

9(z3i42) =

g(z3i43) =

{

ém+3
8m+1

4m 46 — 3¢
dm+1+4+4
6m+5

i
8m+5-3¢
2m+4

12m+5—14
2m+5
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(i=0)

(i=1)
2<i<m+1) (¥
(m+2<i<2m)
i=2m+1)
0<i<m+1)
(m+2<i<2m—1)
(i=2m)
0<i<2m-1)

(i =2m).



When m # 0 (mod 3), the row () will be respectively replaced with

8m—1+3i (2<i<[%p])
4m+6-3i ([]+1<i<m+1),

where the notation [z] denotes the smallest integer not less than x.
Case: n=6m +5 (m > 2)

9(zsit1) = {6m+4 (=0)
12m+7—-1 (1<i<2m+1)
0 (i=0)

9(z3iv2) = 1 (1si<m+l)
8m+5-3i (m+2<i<2m)
6m+5 (i=2m+1)

12m+7 (:=0)
9(z3i43) = {4m+5-3i (1<i<m) (%)
dm+3+i (m+1<i<2m).

When m = 0 (mod 3), the row (*) will be respectively replaced with

8m+3+3i (1<i<®)
dm+5-3i (W <i<m).

The fundamental idea to label the graph P2 is as follows:

The edges of the graph P2 can be partitioned into the following three
paths:

(1) zi,z2,Z4,%5,T7,Z8, £10, T11, - - -
(2) X2, 23, %5, %6, T8 Ty T11yT12y -+
(3) T1,T3,T4,T6,%7,T9,T10,T125 -

Assigning appropriate labels to vertices z3;41, Z3i+2 and 343 respectively,
we can obtain such edge-labels that the labels of most edges in every path
as above-mentioned form sets of consecutive integers.

As an example, let us analyze the labels for P%. The labels of vertices
Z3i4+1 are:

Ty Ty T7 T10 T13 T16 19 22 T25 T28 T31 T34 I37
37262320 17 14 11 8 31 32 33 34, 38
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The labels of vertices zg; 2 are:

T2 T Tg T11 T14 T17 T20 T28 T26 T29 T32 T35 T38
737271 70 69 68 67 66 65 64 63 62 41

The labels of vertices zg;3 are:

T3 Te T9 T12 T15 T18 T21 T24 T27 T30 T33 T36
0123 4 5 6 27242118 61

For path (1) consisting of vertices zs;;; and Zg;;2,

B—ab Ur—20 f—H# —3 & 3263-<_|4J

3 12y i gy 68—y eop—33 623
the edge-label are {36} U [46, 59] U [28, 35) U {24, 3}.

For path (2) consisting of vertices z3;+2 and z3;.3,

»m I 33 5727W——4|
Ml& w4 jp—62

the edge-labels are [60, 73] U [38,45] U {1, 20}.
For path (3) consisting of vertices z3:43 and z3;41,

24—\ 2 3 B 8 1 2 | 6l

37013231 4 6 2| —hy 3R

the edge-labels are {37} U [5,25]4 U [6, 26]4 U {2,19,4} U [7,15],U
[8,16]4 U {27, 23}.
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For case n = 6m the induced labels of the edges are as follows:

(6m-2  (i=0) 6m —2
. Sm—4+2 (1<i<m) [8m - 2,10m — 4]z (1)
I En1TH)= g 9 2 (m+1<i<2m—2) d4m+2,6m—4)
4m—-4  (i=2m-1) dm -4

(12m—-3-2i (0<i<m-—1) [10m—1,12m—3];
Am+1+2 (M<i<2m—3) [6m+1,8m—5)
1 (i=2m-2) 1
(3 (i=2m-1) 3

4m—-2-4i (0<i<m-—1) [2,4m—2 (2)
9" (23i43%3i+4) = {4i +4—4m (m<i<2m-3) [4,4m -8}

9" (z3i4+2%3i43) = ¢

8m—4 i=2m-2) 8m-4

(6m —1 (i=0) 6m—1

dm+4+1-4i 1<i<m-1) [5,4m — 3]s (3)
9" (zai+1Z3s43) =4 4m =5 (i = m) 4m =5

4i+3—-dm (m+1<i<2m—3) [7,4m -9

4m+1 (i=2m—2) 4m+1

(4m -1 i=2m-1) 4m -1

8m-1+2i (0<i<m-1) [8m—1,10m-3]2 (4)
g'(z35+223.'+4)= 8m-3-2i (m<i<2m-3) [4m+3, 6m — 3]2
8m-3 (i=2m-2) 8m-3

12m-4-2 (0<i<m-1) [10m-2,12m—4];
9" (Z3itaTaits)=1¢ 4m +2i (m<i<2m-3) [6m,8m —6]2
4m i=2m-2) 4dm

When m = 2 (mod 3), by (%), the rows (1)-(4) will be respectively re-
placed with

) 4m+1-4i (1<i<imly [4mdl 4m - 3),
8m—4+2i (22 <i<m) (22=8,10m — 4],

8m—1+2i (0<i< 24 [8m —1, Zm-Ll),
4m-2-4i (Bl <i<m-1) [2,%472),
— : <'<2m—1
(3) 8m 4+2t' (i,:;__s_- ) [8,47:;.— 52 Bm-1d),
am+1-4 (BE<i<m-1) [543,
(@) {4m—2-4 (0<i< 2mce) [4m310, 4m - 2)
8m—-1+2 (IMl<i<m-1) [23=510m-3,
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It is not difficult to verify that the induced map g* is a bijection from
the set {z;z;11;1 < i < 6m — 1} U {Z;zz42;1 < i < 6m — 2} to the set
(1,12m — 3], whether m =2 (mod 3) or not.

For other cases the proofs are similar.

8 The gracefulness of graphs C}t
Theorem 2. The graph C}* is graceful forany n >3 and 1 <t < n.

Construction: When ¢ = n the graph C}* is just the Crown graph, which
has been proved to be graceful [6]. Thus, our discussion will be only for
1<t<n-1.

All vertices on the cycle C,, are denoted by Ay,...,An~1 successively
such that there is a pendent edge adjoined to Ay and there is no pendent
edge adjoined to A,_;. The pendent vertex of C;}*, which adjoins the
cycle vertex A;, is denoted by B;. Note that the subscripts of all A; run
over interval [0,n — 1], but the subscripts of all B; run only over a subset
of [0,n — 1], with size £. All vertices in C}*, except By and A,_;, are
partitioned into two types as follows

M-type: Agi and Baiy1;

N-type: Azk+1 and Bay.

For each type, ordering vertices according the natural order of the sub-
scripts, we get the M-sequence and the N-sequence, respectively. The first
vertex in the M-sequence is Ag, and in the N-sequence the first vertex is
A;. For the edge AgAgy1, call Ag its beginning and Ag+1 its end. For
the edge AxBy, call Ag its beginning and By its end. For all edges ex-
cept AgBy, An—2An—1 and A,-.1Ap we define the order “<"as follows:
Ak_1Ax < AgAgyr for 1 <k <n -2, and Ax_1Ax < AxBx < AxAr
if there is a pendent edge AxBx (1 < k < n —2). The edge ApA; is
called the first edge in the edge-sequence numbered. Suppose there are
| pendent edges Asgii1Baii1. Let m = [251| + 1, where the notation
|z] denotes the greatest integer not greater than z. The end of the m-th
edge in the edge-sequence is called jump vertez. For example, the following
graph is a Cg“, where n = 8, t = 5, l = 2 and m = 5. Its M-sequence
is Ag, By, Az, A4, Bs, As, N-sequence is A;, Bs, A3, As, Bg, and the other
vertices are By and A7. The edge-sequence is AgA;, A1 B, A1A2, A2Bs,
AzAs, AsA4, AsAs, AsBs, AsAs, AsBs, and the other edges are AgBy,
AgA7 and A7Ap. Thus the m-th edge is A2 A3 and the jump vertex is As.

Bo 82 B‘
l Ar l A3 As ! A
Ao A A Ay | As
0 85
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Now, let us give the graceful labeling f on all vertices Ax, and By as
follows. -

For the vertices in the M-sequence, the first vertex Ay is labeled as
f(Ao) = 0, and the labeling of the k-th vertex is 1 more than that of the
(k — 1)-th vertex except when the k-th vertex is the jump vertex (then it
increases by 2). For the vertices in the N-sequence, the first vertex A; is
labeled as f(A;) = n+t—2, and the labeling of the k-th vertex is 1 less than
that of the (k —1)-th vertex except when the k-th vertex is the jump vertex
(then it decreases by 2). For vertices By and A,_1, define f(By) = n+t—1
(resp. n+t) and f(An—1) =n+t (resp. n+t — 1) when the jump vertex
belongs to the M-sequence (resp. N-sequence).

Examples. In each graph, the symbol “x ” represents the jump vertex,
and the symbol “~~" represents the m-th edge in the edges sequence.

1t
| n 6 | u 5 3 2z | e 9
0 I ] 3 | 7 % 9

(n=14, t=5, =2, m=8)

15
17 /6 | s L2 1] 10 8
] 1 3 4 Jr 6 T 9

l
| 5 8

or—3

(n=14, t=5, =3, m=9)

(n=13, t=5, I=1, m=7)
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¥4 % 12 o

16 s | e | 1 9 g
0 ! 2 i 5 6 T 18
4

(n=13, t=5, I=1, m=7)

s

This labeling method can also be used to label the graph Cp(ry,...,7¢),
which is formed by adding r;...,r. pendent edges to ¢ vertices of Cy,
respectively. For such a graph, denote by ry the number of pendent edges
adjoined to Ao and let m = |241| + 1 — r; (instead of m = | 25| +1).
And define f(A;) =n+ (r2+---+r:) — 1 (instead of f(A;) =n+t—2).
We can still obtain a graceful labeling of C,(r; ...,r;). As an example, we
give a graceful labeling of a C1o(2,1,1,2,3,3,1).

2 2 1”7 4
16

| 13
R T o 7 N e

38 iz

(n=10,l=8,r =2,m= |18 +8-2=11,n+ T r; =23)

4 The gracefulness of Web graphs

Theorem 3. Every Web graph W (2, m) is graceful for m > 3.

We will give graceful labelings of W(2,m) for n odd and even, respec-
tively.
Case: m=2n-1

Denote 6n — 2 vertices of W(2,2n — 1) by O (center), L, Ax, B (inner
vertices), M, Cx, D (outer vertices), and N, Ej, Fj (pendent vertices) as
in the following figure, where 0 <k <n —2.

N = G2 En2
D' .« *

Y\

E, ¢ ! Fn-2
B i M

)

A < N
E,
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Define

g(O) = 0) g(L) = 10n—5, g(M) = 5"'_3, g(N) =8n— 33 g(EO) = 2"’:
9(Ax) =9n+k—4, g(Bk)=2n—-k -2, g(Cx) =2n+3k -1,

g(Dx)=Tn+k—-2,where 0 <k<n-2,
9(Bax) =3k +1,1 < k < |252],

9(Ezk-1) =3k —1,1 <k < |3] — 6y, where &, = {

9(En—a2x) =5n—12k+3,1<k < [’—‘%’lj,
9(Bn—2k—1) =5n—-12k-2,1 <k < |2],
9(F) =T —k—5,0< k<25,

1 (n=0 mod 6)
0 (else) ’

n-5
Sn—-6
5n—-1
5n—-2
(8n+ 3k -3
5n+3k—3

9(Fa2) = {5"_1 (n=0 mod )

Q(Fn-s) =

9(Fra_3k—1) = {

\5n+3k -5
(8n 4 3k — 4
Sn+3k—1
5n+3k -2
\on+ 3k —3
(8n+3k -5
bn+3k—1
5n+3k—-2
(5n+ 3k —4

9(Fra—3k—2) = {

9(Fn_3k_3) = W

Case: m = 2n

(or else)

(n=0 mod 6)
(n=3 mod 6),
(or else)

5Sn+3k—4

’

(rn=3 mod 6)

(n=2 mod 3) "
(n=1 mod 3) Ik =),
(n=0 mod 6)
(n=4,5 mod 6)
(n=2 mod 6)
(n=1 mod 6)
(n=0 mod 3)
(r=0,1,2 mod 6)
(n =3 mod 6)
(n=5 mod 6) - -
(n=4 mod 6)

1<k< |3,

Denote the 6n + 1 vertices of W(2,2n) by O (center), L, P, Ax, Bx
(inner vertices), M, Q, Ci, D, (outer vertices), and N, R, Ex, F; (pendent
vertices) as in the following figure, where 1 <k <n-—1and n > 3.



Define

9(0) =0, g(L) = 10n, g(P) =Tn+2, g(M) =5n—1, ¢(Q) = 5n+2,

9(Ax) = In+k, g(Bx) = 2n—k-1, g(Cr) = 2n+3k—2, g(Dy) = Tn+k+2,
where 1 <k <n-1,

9(N) =8n+3, g(R) =2n -1, g(E1) = 5n,

9(F1) = 2n, 9(En-1) = 5n — 6, g(F -1)=5n+1,

g(Eax)=3k—1for 1 <k < [253],
1 (n=0 mod 6)

9(B2k11) = 3k+1for1 < k < | 252 | —6,, where 5, = {0 (clse)

5n—-12k+2 (n=0,1,2,4 mod 6)
5n — 12k (n=3,5 mod 6)
5n—-12k-3 (n=0,1,2,4 mod 6

g(E"“z"")={5n-12k-7 §n53,5 mod 6) )
9(F)=Tn—k+1,2<k < |252],

5n+3 (n=0,1,4 mod 6)
9(Fr-2)={8n+2 (n=3,5 mod6) ,
8n+6 (n=2 mod6)
8n+3k+2 (n=3,4 mod6)
5n+ 3k n=2 mod3
bn+ 3k + 1 EnEO mod6; 1<k<|=),
5n+3k+2 (rn=1 mod 6)

9(Ea_2x) = { 1<k< |22,

1<k<|3),

9(Fn_sk) =

205
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9(Fr—3k-1) = {

9(Fa_3k-2) = ¢

For m = 3, 4, 6, we have the labels of W(2,3), W(2,4), W(2,6) as

follows:

(8n+3k+1
5n+ 3k

Sn+3k+1
| 5n + 3k +2
(8n 43k + 6
Sn+3k+1
5Sn+3k+2

(5n+3k+3

(n=0,1,5 mod 6)

n=3
=4
n=2
(n=2
(n=5
(n=0
r=1

mod 6)
mod 6)
mod 6)

mod 6)
mod 6)
mod 3)
mod 3)

1<k < |25,

Next, we give a proof only for case m = 2n — 1 as follows:

(1) The limits of the subscripts for the vertices E; and F; are appropriate.

To see this, it is enough to show the following equalities:
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i) If n is even, then

ln_—sj +|2] ={;—§ g;)so mod 6)

n-—-3 n+2 n-3

B -*l 6 J' 2

n—2 n n—3

| +l5l -

n—2 +3 ntl =n—-1 (n=0,5 mod 6),
=3 2 - -3 6 -

"2l 43|21 —n-2 (n=1,2 mods6),
L 2 o L 6 s

";2 +3 “;3 =n-3 (n=3,4 mod6).

(2) All vertices receive distinct labels.

Below, the notation AU BUC is vested with the extra meaning ANB =
ANC = BNC = ¢. From the labeling of the vertices we have the following
facts:

1) 9(0)U {9(E2)} U {g(Bae-1)} € [0, — 1] In fact,
4<g(Ex)<3 [lg—zj +1<n—-1,9(Ex)=1=4 (mod 3);
2 < g(Bak—1) < 3( [gJ —6)—1<n—1,9(E_) =2 (mod 3);

ii) {g(Bk)} = In,2n - 2I;
iii) g(Bo)U{g(En-2%)}U{9(En—2x-1)}U{g(Ci)} C [2n—1,5n—7]. Since

5n—9 > g(En—2x) > 5n — 12 [“T”J +3>3n-1,

9(En—2x) =5n—9 = 2n (mod 3);
5n—14 2 g(Bp-z-1) 2 5n— 12| 3| -223n-2,

9(EBn—25-1) =5n - 14=2n+1 (mod 3);
5n—72>g(Ck) 22n—1,9(Cr) =5n— 7= 2n+2 (mod 3);
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iv) {g(F)} C [6.5n — 2.5, Tn — 5] since Tn — | %53 | — 5 > 6.5n — 2.5;
v) {9(Di)}V g(N) = [Tn—2,8n - 3};
vi) {g(Ax)}Ug(L) = [9n —4,10n - 5];

Vii) {Q(M)t g(Fn—2)r Q(Fn—3)}U{g(Fn—Sk—l)}U{g(Fn—3k2) }U{g(Fn—Sk—a)}
C [5n —6,5.5n — 2JU [8n —2,8.5n — 4.5].

In fact, we have the table of values g(F;), where “n =” means “n =

(mod 6)”.

n = g(Fa—-2) 9(Fn-3) 9(Fa-3k-1) 9(Fr—3x—-2) 9(Fa_3k-3)
0 5n—1 5n—6 [5n—2055n—5]s [5n,55n—23]s [8n — 2,8.5n — 8]3
1 5n—5 5n—2 [5n—1,5.5n—45]s [Sn+1,55n—2—5}3 [8n—2,8.5n—8.5]3
2 5n—5 5n—2 [5n,5.5n—4]s [5n+2.5,5n—2s  [8n—2,8.5n —6]3
3 5n-5 5n—1 [8n,8.5n—4.5]3 [5n, 5.5n — 4.5]3 [5n +2,5.5n — 2.5]3
4 5n—5 5n—2 [Sn—1,55n—3s [Bn—1,85n—6l3  [5n,55n—3|
5 5n—5 5n—2 [5n,55n—25)3 [8n—1,85n—6.5]3 [Sn+1,5.5n— 4.5

Therefore, from i)-vii), it is easy to see that all vertices in W(2,2n — 1)

receive distinct labels in [0, 10n — 5] when n > 3.

(3) The set [1,10n — 5) is just filled with the induced labels of all edges

in W(2,2n - 1).

Below, for brevity, we will denote the edge XY by (XY)i. The ranges

of the induced labels for all edges are as follows:

i) g*(LAo)V {g°(OBx)} = [n—1,2n-2].
i) g*(MCo) U g*(MDn_5)Ug"(MN) = [3n — 2,3n].

iii) {g*(CD)x} U {9*(Ck+1Dk)} U g*(LM) = [3n + 2,50 — 1]. This is
because

iv) {¢*(AB)x}U{g*(Ax+1Bx)}U{g*(AC)k}U{g*(BD)i} = [5n,9n —6].

m+3<g'(CD)+k=5n-2k+1<5n-1(0< k <n-2),
9*(CD)g=n+1 (mod 2);

M+2<g*(Crt1Dx) =5n—2k—4<5n-4(0 <k <n-3),
9" (Cr+1Di) =n (mod 2);

and ¢*(LM) = 5n — 2.
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This is because

Tm—-2<g*(AB)x=MT+2k-2<In-60<k<n-2),

g*(AB)e=n

(mod 2);

Tm—-1<g*(Ak1Br)=Tn+2k-1<In-70<k <n-3),
9*(Ak+1Bk) =n —1 (mod 2);
5n+1<g*(AC)k=Tm—-2k-3<Mm-3(0<k<n-2),
9*(AC)y =n+1 (mod 2);
Sn<g*'(BD)xy=5n+2k<Tm—-4(0<k<n-2),
9*(BD)x =n (mod 2).

v) {g°(OA)x} U g*(OL) U g*(LBn—2) = [9n — 5,10n — 5].
vi) {g*(CE)x}VU {¢*(DF)i} =[1,n—-2]U[2n—1,3n - 3]U3n+1. In

fact, we have the table of values {g*(CFE)x} and {g*(DF)x}:

n= (mod 6)
9°(CEy)

9" (CE)n-3x-3
9°(CE)n—2k—1
9" (DF)x
9°(DF)n-3k-3
' (DF)n-3k—1
9" (DF)q_3x-3
9°(CE)ax
9*(CE)ak—1
g*'(DF)n-3

9" (DF)n-2

n= (mod 6)
9°(CEv)
9°(CE)n—3x-3
9" (CE)n—3x-1
9" (DF)x

9 (DF)n_3k-3
9°(DF)n-3k-1
9°(DF)p_3k-3
9°(CE)ax

9" (CE)x—1

g° (DF )n-3

9" (DF)n-2

0

1

[2,7!—4]3
4,n—2]s
3,n— 32
6,n—6]e

2n +2,3n — 4]
on —1,3n— 7
2n+1,3n — 5]3
2n,3n — 6]3
n+1

3n-3

3

1

2,n—Te
4,n—5]s
3,1&—2]2
2n—1,3n—10]s
6,n—3s

on +2,3n — 7)e
on+1,3n — 5]
2n,3n — 3|3
3n-4

In+1

209

1

1

2,n — 5l¢
4,n — 3¢
3,n— 2]3
6,12—7]3

2n +2,3n — 5l¢
2n—1,3n - 8¢
2n+1,3n—6)a
2n,3n — 4]s
3n-3

3n+1

4

1

2,n —2]e
4,n — 6]e
3,n—3)2
2n+2,3n — 8¢
2n—1,3n— 5)e
6,n — 4]e
2n+1,3n— 6]s
2n,3n — 4]
n-3

In+1

2

1

[2,n— 6]6
[4,n— 4]6
[3,n—3)2
[6,71-—- 2]5
[2rn+2,3n — 66
[2n-1,3n -9
[2n+1,3n —4]3
[2n,3n — 5]3
n-3

n-+1

5

1

2,n— 3]3
4,n— e
3,n—2)2
2n+2,3n — 96
2n—1,3n — 6]5
[6,n — Sle
2n+1,3n —4]3
2n,3n — 5|3
n-4

3n+1

Thus, by i)-vii), it is trivial to see that ¢g* maps E(W(2,2n — 1)) onto
[1,10n — 5]



One of the authors, Gui-hua Yang, has obtained graceful labeling for
W (3,n) and W(4, n), which are extensions of the concept of a Web graph
W(2,n). In genera), a graph W(t,n) has ¢ circles and n rays.
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