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ABSTRACT. The paper studies linear block codes and syndrome
functions built by the greedy loop transversal algorithm. The
syndrome functions in the binary white-noise case are general-
izations of the logarithm, with curious fractal properties. The
codes in the binary white-noise case coincide with lexicodes:
their dimensions are listed for channel lengths up to the sixties,
and up to the three hundreds for double errors. In the ternary
double-error case, record-breaking codes of lengths 43 to 68 are
constructed.

1 Introduction

The general loop transversal approach to the construction of linear block
codes was introduced in [Sm]. A companion paper [HS] gives further details,
concentrating on the greedy loop transversal algorithm in the binary case.
In particular, it is shown there [HS, Theorem 6.1] that the greedy loop
transversal algorithm provides an alternative method for building binary
lexicodes, especially suitable for good channels. The current paper has
two aims. The first is to present data on the dimensions of the codes of
various lengths constructed by the greedy loop transversal algorithm. (The
phrase “loop transversal code” is abbreviated here to “LT code”.) For
binary channels, double, triple and quadruple white-noise error patterns
are treated, corresponding to minimum distances 5, 6 (Table 2) and 7-
10 (Table 3) in metric language. The data may be read as giving the
dimensions of lexicodes, for channel lengths beyond 300 in the double-error
case. For ternary channels, greedy loop transversal codes and lexicodes
differ, since the former are linear while the latter are not. Table 4 gives
the dimensions of the ternary Hamming double-error correcting greedy loop
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transversal codes, for channel lengths up to 68. They include the perfect
ternary Golay code, and new record-breaking codes for lengths above 42.

The second aim of the paper is to draw attention to the syndrome func-
tions constructed by the greedy loop transversal algorithm for binary white-
noise error patterns. For single errors, the syndrome (3.1) is essentially the
logarithm function, so for other white-noise error patterns the syndromes
may be considered as generalizations of the logarithm. Their graphs (Fig-
ures 1-3) display curious fractal properties that warrant further investiga-
tion. Another mysterious feature of the syndromes is the apparent conver-
gence of the “efficiencies” defined below (3.3) and recorded in Table 1.

The presentation of the graphical and tabular data in Sections 3 and
4 is prefaced by a description of the greedy loop transversal algorithm in
Section 2, for arbitrary error patterns in channels over alphabets that are
prime fields.

2 The greedy loop transversal algorithm

Fix a prime p. Each natural number » (including 0) has a unique expansion

n="3 n(ip (2.1)

i=0

with 0 < n(3) < p for each i. Moreover, n(i) = 0 for i > [log,n|. For
d > |log, n], the natural number n may be identified with the vector (n(d—
1),...,n(1),n(0)) in the d-dimensional vector space V3 = GF(p)? over the
Galois field GF(p) of order p. Thus the set N of natural numbers is identified
with the nested union | J,,Va of vector spaces. The induced addition
and subtraction operations on integers are written as 4+, and —, to avoid
confusion with the usual addition and subtraction. For example, both +5
and —; are the “nim sum” of [Co, p. 51]. Besides the usual (well-)ordering
<, the set of natural numbers carries a partial ordering Cp, known as the
Hemming order, defined by

mCpn& IFCN m=n—2n(i)pi. (2.2)
i€EF

In other words, m is bounded above by n in the Hamming order if and
only if the expansion (2.1) for m is obtained from the expansion for n by
replacing certain digits n(i) — namely those with ¢ in F' — by the digit
0. Note that 0 is the bottom element of (N, C,,), and that the Hamming
distance between m and n is the rank of m—, n in the poset (N, Cp).

A subset X of a poset (Y, C) is said to be self-subordinate if yC z € X
impliesy € X. A self-subordmate subset E of (N,C,) is called an error
pattern if it contains the set pN = {p* | i € N}. Error patterns model sets of
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errors to be corrected in the various channels V. For example, {op’ | a €
GF(p);i € N} comprises the ‘errors of Hamming weight at most 1. White
noise double errors are modeled by {ap* +, Bp’ | @, B € GF(p);i,j € N}.
Burst double errors are modeled by {(ap* +, 89’ | @, 8 € GF(p);i,j €
N, |i —j| € 1}. Error patterns form partial algebras under the operations of
the vector space (N, +p, GF(p)). For example, the sum p' +, p’ is defined
in the burst double error pattern if and only if | — 5| < 1.

Suppose that an error pattern E is given. Then an E-syndrome, or just
syndrome, is a partial function s: £ — N which:

(a) injects;

(b) is a partial vector space homomorphism; (2.3)
(¢) has domain self-subordinate in (E, <), and

(d) satisfies: Vn € N, 3r € N. pMn s(V;, N E) spans V;.

The syndrome is said to be proper if s is a properly partial function. In
view of (c), this is equivalent to finiteness of the domain of s. For a proper
syndrome, the length is defined to be

n=max{1 + |log, m] | m € dom s}. (2.4)
The redundancy is defined to be
r = max{1 + |log,(ms)| | m € dom s}. (2.5)
A proper syndrome s defines a parity map
€s: Voo Vs (2.6)

by linearity and pe, = p*s for i < n. By (c), these values p’s are defined.
Condition (b) guarantees that s agrees with ¢, on V,, N E. Condition (d)
yields that &, surjects. Condition (a) guarantees that dom s embeds into
V.. under €,. A code C, in the channel V,, correcting the set V,, N E of
errors, and having dimension n — r, is then given as the kernel of ;.

The greedy loop transversal algorithm determines an E-syndrome s by
the partial linearity (2.3) (b) and the greedy choice of p" s given that s: (V,N
E) — N has already been defined. In other words, p™s is the minimal
element of the set of integers m satisfying the requirement

Ve # f € Vny1 NE,
e(n)m +5 (e —p (e(n)p"))s # f(r)m +p (f —p f(n)p")s.  (2.7)
Then for e € (Vo1 — (Vo U {p"})) N E,

es = e(n)(p"s) +5 (€ —p e(n)p")s. (28)
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In (2.7) and (2.8), juxtaposition of an element of GF(p) and an integer
denotes the scalar multiple of that integer by the element of GF(p). Note
that the partial linearity requirement (2.3) (b) initializes the algorithm
with 0s = 0. If E is closed under scalar multiplication, then (2.7) may be
simplified. The greedy algorithm picks p™s to be the least integer not in
anathema, the set

{es+p fsle,f € Vu N E;p" 4+, e € E} (2.9)
(cf. [Sm, (5.1)]).

3 Binary white-noise syndrome functions

If E is the binary white-noise single error pattern {0} U 2N, the greedy
loop transversal algorithm builds the improper syndrome function s; with
0s; =0 and

51: 2V 5 Nyz > 1 +log, z. (3.1)

In this sense, the syndrome function for single errors is essentially the loga-
rithm function. One may then regard the syndrome function s, built by the
greedy loop transversal algorithm for the binary white-noise t-error pattern
E, as a generalization of the logarithm function. To facilitate comparison
with the logarithm function, the syndrome function

st B - Nz y (3.2)

is graphed with log, z on the ordinate and y on the abscissa in Figures
(t-1) (a), for t = 2, 3,4. With a similar convention, the graph of s, would
appear as a straight line of slope 1. Figures (¢ — 1) (b) “plot the graphs
of Figures (¢ — 1) (a) on logarithmic paper,” i.e. they graph s;: z — y by
plotting log, log, z against log, y. The fractal form of Figures 1-3 is very
striking, and clearly warrants further investigation. As an initial step in
such an investigation, define a nodal point of the syndrome function s, to be
a point on its graph of the form (2"~!,2) for integral n, k. (The analysis
given in [HS] shows that the graph includes such points.) The proper
syndrome given by the restriction of s; to the channel V;, then yields a
t-error correcting code C,, with redundancy k + 1. By the sphere-packing

bound,
gkt > (':) + (tfl) 4ot (’1‘) + (:)‘) (3.3)

The efficiency of the code C,, of redundancy k+1 is the ratio of logy[(}) +

+ (3)] to (k+ 1), usually expressed as a percentage. Table 1 lists these
efficiencies for 0 < k < 19 and 1 < ¢t < 5. Their apparent convergence to
about 80% is rather curious.
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k+1 | 2-Error | 3-Error | 4-Error
19 79.61 79.67 79.76
18 79.73 82.44 79.71
17 79.99 78.74 78.90
16 80.31 77.64 80.51
15 80.63 78.98 79.89
14 80.57 82.34 80.70
13 80.64 87.37 84.02
12 80.08 93.19 84.12
11 80.58 85.86 87.57
10 79.89 82.24 91.34
9 82.51 82.88 95.47
78.80 87.78 91.86
78.91 93.42 94.71
80.97 89.87 97.21
89.19 94.01 99.08
86.49 97.67 | 100.00
93.58 100.00 | 100.00
100.00 | 100.00 | 100.00

Table 1.
Efficiency of binary 2-, 3-, and 4-error greedy LT codes

N W) & | rj O] | 00

4 Dimensions of greedy LT codes

The final three tables record the dimensions of the codes C,, of length n con-
structed by the greedy loop transversal algorithm. For each n, the second
column of Table 2 records the dimension of the greedy LT code correcting
binary white-noise double errors, i.e. of minimum Hamming distance d = 5.
The third column records the dimension of the corresponding codes of min-
imum Hamming distance d = 6 obtained by adjoining a parity check (thus
increasing the length by 1). For lengths less than 27, the entries in paren-
theses are the dimensions of the best known linear code of length » and
minimum distance d, as recorded in [Ve]. Table 3 records analogous data
for binary white-noise triple and quadruple errors, i.e. minimum distances
d=17,8,9,10. Since binary greedy LT codes are the same as lexicodes [HS,
Theorem 6.1], Tables 2 and 3 may also be read as giving the dimensions
of lexicodes. Table 4 lists the dimensions of the ternary greedy LT codes
correcting white-noise Hamming double errors, i.e. with minimum Ham-
ming distance d = 5. It is interesting to note that the code of length 11
has dimension 6, so that it coincides with the perfect ternary Golay code.
The numbers in parentheses list the dimensions of the best known ternary
linear codes of minimum distance 5, as recorded in [KP]. The greedy LT
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codes of lengths 43 to 50 are better than the best known to Kschischang
and Pasupathy. The data in [KP] stopped at length 50, but the greedy LT
codes of lengths 51 onwards are also likely to be world records.
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n|d=5]d=6] n|d=5]d=6] n| d=5 | d=6
12| 4(4) | 4(4) | 48 | 36(26) | 35(35) | 84 | 70(70) | 69(69)
13 | 5(3) | 4(4) | 49 | 37(37) | 36(36) | 85 | 71(71) | 70(70)
14 | 6(6) | 5(5) | 50 | 38(38) | 37(37) | 86 | 72(72) | 7i(71)
15 | 7(7) | 6(6) | 51 | 39(39) | 38(38) | 87 | 73(73) | 72(72)
16 | 8(8) | 7(7) | 52 | 40(40) | 39(39) | 88 | 74(74) | 73(73)
17| 90 | 8(8) | 53 | 41(41) | 40(d0) | 89 | 75(75) | 74(74)
18 | 9(9) | 9(9) | 54 | 41(42) | 40(41) | 90 | 76(76) | 75(75)
19 | 10(10) | 9(9) | 55 | 42(43) | 41(42) | 91 | 77(77) | 76(76)
20 | 11(11) | 10(10) | 56 | 43(44) | 42(43) | 92 | 78(18) | 77(77)
21 | 12(12) | 11(11) | 57 | 44(45) | 43(44) | 93 | 78(79) | 78(78)
22 | 12(13) | 12(12) | 58 | 45(46) | 44(45) | 94 | 79(80) | 78(79)
23 | 13(14) | 12(13) | 59 | 46(47) | 45(46) | 95 | 80(81) | 79(80)
24 | 14(14) | 13(14) | 60 | 47(48) | 46(47) | 96 | 81(82) | 80(81)
25 | 15(15) | 14(14) | 61 | 48(49) | 47(48) | 97 | 82(83) | 8I(82)
26 | 16(16) | 15(15) | 62 | 49(50) | 48(49) | 98 | 83(84) | 82(83)
27 | 17(17) | 16(16) | 63 | 50(51) | 49(50) | 99 | 84(85) | 83(34)
28 | 18(18) | 17(17) | 64 | 51(52) | 50(51) | 100 | 85(86) | 84(85)
29 | 19(19) | 18(18) | 65 | 52(53) | 51(52) | 101 | 86(87) | 85(86)
30 | 19(20) | 19(19) | 66 | 52(52) | 52(53) | 102 | 87(88) | 86(87)
31 | 20(21) | 19(20) | 67 | 54(54) | 53(53) | 103 | 88(89) | 87(88)
32 | 21(22) | 20(21) | 68 | 55(55) | 54(54) | 104 | 89(90) | 83(89)
33 | 22(22) | 21(22) | 69 | 56(56) | 55(55) | 105 | 90(91) | 89(90)
34 | 23(23) | 22(22) | 70 | 56(57) | 56(56) | 106 | 91(92) | 90(91)
35 | 24(24) | 23(23) | 71 | 57(58) | 56(57) | 107 | 92(93) | 91(92)
36 | 25(25) | 24(24) | 72 | 58(59) | 57(58) | 108 | 93(94) | 92(93)
37 | 26(26) | 25(25) | 73 | 59(60) | 58(59) | 109 | 94(95) | 93(94)
38 | 27(27) | 26(26) | 74 | 60(61) | 59(60) | 110 | 95(96) | 94(95)
39 | 27(28) | 27(27) | 75 | 61(61) | 60(61) | 111 | 96(97) | 95(96)
40 | 28(29) | 27(28) | 76 | 62(62) | 61(61) | 112 | 97(98) | 96(97)
41 | 29(30) | 28(29) | 77 | 63(63) | 62(62) | 113 | 98(99) | 97(98)
42 | 30(30) | 29(30) | 78 | 64(64) | 63(63) | 114 | 99(100) | 98(99)
43 [ 31(31) | 30(30) | 79 | 65(65) | 64(64) | 115 | 100(101) | 99(100)
44 | 32(32) | 31(31) | 80 | 66(66) | 65(65) | 116 | 101(102) | 100(101)
45 | 33(33) | 32(32) | 81 | 67(67) | 66(66) | 117 | 102(103) | 101(102)
46 | 34(34) | 33(33) | 82 | 68(68) | 67(67) | 118 | 103(104) | 102(103)
47 | 35(35) | 34(34) | 83 | 69(69) | 68(68) | 119 | 104(105) | 103(104)

Note: numbers inside (

are data from Tom Verhoeff in IEEE 1987

Table 2: dimensions of binary greedy LT codes
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n d=5 d=6 n|{d=5}d=6 n|d=5|d=6
120 | 105(106) | 104(105) | 156 14) 139 | 192 175 174
121 | 105(107) | 105(106) | 157 | 140 140 | 193 176 175
122 | 106(108) | 105(107) | 158 | 141 140 | 194 177 176
123 | 107(109) | 106(108) | 159 | 142 141 195 178 177
124 | 108(110) | 107(109) | 160 | 143 142 | 196 179 178
125 | 109(111) | 108(110) | 161 144 143 | 197 | 180 179
126 | 110(112) | 109(111) | 162 145 144 | 198 181 180
127 | 111(113) | 110(112) | 163 | 146 145 | 199 182 181
128 112 111 164 147 146 | 200 | 183 182
129 113 112 165 | 148 147 | 201 184 183
130 114 113 166 | 149 148 | 202 185 184
131 115 114 167 | 150 149 | 203 186 185
132 116 115 168 | 151 150 | 204 186 186
133 117 116 169 | 152 151 205 187 186
134 118 117 170 | 153 152 | 206 188 187
135 119 118 171 154 153 | 207 | 189 188
136 120 119 172 | 155 154 | 208 190 189
137 121 120 173 | 156 155 | 209 191 190
138 122 121 174 | 157 156 | 210 192 191
139 123 122 175 | 158 157 | 211 193 192
140 124 123 176 | 159 158 | 212 194 193
141 125 124 177 | 160 159 | 213 195 194
142 126 125 178 | 161 160 | 214 196 195
143 127 126 179 | 162 161 | 215 197 196
144 128 127 180 | 163 162 | 216 198 197
145 129 128 181 164 163 | 217 | 199 198
146 130 129 182 | 165 164 | 218 | 200 199
147 131 130 183 | 166 165 | 219 | 201 200
148 132 131 184 | 167 166 | 220 | 202 201
149 133 132 185 | 168 167 | 221 203 202
150 134 133 186 | 169 168 | 222 | 204 203
151 135 134 187 | 170 169 | 223 | 205 204
152 136 135 188 171 170 | 224 | 206 205
153 137 136 189 172 171 225 | 207 206
154 138 137 190 173 172 | 226 | 208 207
155 139 138 191 174 173 | 227 | 209 208

Table 2 (cont): dimensions of binary greedy LT codes
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n|d=5|d=¢6 n|d=5|d=86 n|d=5|{d=86
336 317 316 337 318 317 338 319 318
339 320 319 340 321 320 341 322 321
342 323 322 343 323 323 344 324 323
345 325 324 346 326 325 347 327 326
348 328 327 349 329 328 350 330 329
351 331 330 352 332 331 353 333 332
354 334 333 355 335 334 358 336 335
357 337 336 358 338 337 359 339 338
360 340 339 .
Table 2 (concl): dimensions of binary greedy LT codes

n|d=7]|d=8]|d=9]|d=10 n|d=7|d=8
12 202) | 2(2) | 1(1) | 1(1) | 39 | 23(23) | 22(22)
13 3(3) | 2(2) | (1) | 1(1) | 40 | 23(24) | 23(23)
14| 44) | 3(3) | 2(2) | 1(1) |41 | 24(%) | 23(24)
15 | 5(5) | 4(d) | 2(2) | 2(2) | 42 | 24(26) | 24(25)
16 | 5(5) | 5(5) | 2(2) | 2(2) | 43 | 26(27) | 25(26)
17| 6(6) | 5(5) | 3(3) | 2(2) |44 | 27(28) | 26(27)
18| 7(71) | 6(6) | 3(3) | 3(3) |45 | 28(29) | 27(28)
19 | 8(8) | 7(7) | 4(4) | 3(3) | 46 | 29(30) | 28(29)
20 [ 9(9) 8(8) 5(5) 4(4) | 47| 30(31) | 29(30)
21 | 10(10) | 9(9) | 5(5) | 5(5) | 48 | 31(31) | 30(31)
22 | 11(11) | 10(10) | 6(6) | 5(5) | 49 | 32(32) | 31(31)
23 | 12(12) [ 11(T1) | 6(7) | 6(6) | 50 | 33(33) | 32(32)
24 | 12(12) | 12(12) | 7(7) 6(7) |51 [ 34(34) [ 33(33)
25 | 12(12) [ 12(12) | 8(8) | 7(7) | 52 | 35(35) | 34(34)
26 | 12(13) [ 12(12) | 9(9) | 8(8) | 53 | 36(36) | 35(35)
27 | 13(14) | 12(13) | 9(10) | 9(9) | 54 | 37(37) | 36(36)
28 [ 13(14) | 13(14) | 10(10) | 9(10) | 55 | 38(38) | 37(37)
29 | 14(15) | 13(14) | 11(11) | 10(10) | 56 | 38(39) | 38(38)
30 | 15(16) | 14(15) | 12(12) | 11(11) | 57 | 39(40 | 38(39)
31 | 16(17) | 15(16) | 12(12) | 12(12) | 58 | 40(41) | 39(40)
32 | 16(17) | 16(17) | 13(13) | 12(12) | 59 | 41(42) | 40(41)
33 | 17(18) | 16(17) | 14(14) | 13(13) | 60 | 41(43) | 41(42)
34 | 18(19) | 17(18) 14(14) | 61 | 42(a4) | 41(43)
35 | 19(20) | 18(19) 62 | 43(45) | 42(44)
36 | 20(20) | 19(20) 63 | 44(46) | 43(45)
37 | 21(21) | 20(20 (7 44(46)
38 | 22(22) | 21(21)

Table 3: dimensions of binary greedy LT codes
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n|d=5 n| d=5 n| d=5
5| 1(1) | 27| 18(10) | 49 | 39(38)
6 | 1(1) | 28 | 19(20) | 50 | 40(39)
7 2(2) [29] 20(21) | 51 41
8| 3(3) [30] 21(22) | 52 42
9| 4(4) |31 ] 22(23) | 53 43
10| 5(5) |32] 23(24) | 54 44
11| 6(6) | 33 | 24(25) [ 55 45
12| 6(6) [ 34| 25(26) | 56 46
13| 6(7) [ 35| 26(27) | 57 47
14| 7(8) | 36| 27(28) | 58 48
15| 8(8) [ 37| 28(20) | 59 49
16| 8(9) [ 38| 29(30) | 60 50
17 | 9(10) | 39 | 30(31) | 61 51
18 | 19(11) | 40 | 31(32) | 62 52
19 [ 11(12) [ 41 | 32(33) | 63 53
20 [ 12(13) [ 42 | 33(33) | 64 54
21 | 13(14) | 43 | 34(33) | 65 55
22 | 14(15) | 44 | 35(33) | 66 56
23 | 15(16) | 45 | 36(34) | 67 57
24 | 16(17) | 46 | 37(35) | 68 58
25 [ 16(18) | 47 | 37(36) | 69
26 [ 17(19) | 48 | 38(37) | 70

Note: numbers inside () are data from Kschischang

Table 4: dimensions of ternary greedy LT 2-Error codes

and Pasupathy in IEEE 1992
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Figure 1(a): syndrome function for binary 2-error
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Figure 2(a): syndrome function for binary 3-error

46



02 Sl ol g
ABo7

Figure 2(b): syndrome function for binary 3-error
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Figure 3(a): syndrome function for binary 4-error
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