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ABSTRACT. We deal with finite graphs which admit a label-
ing of edges by pairwise different positive integers from the set
{1,2,...,|E(G)|} in such a way that the sum of the labels of
the edges incident to a particular vertex is the same for all ver-
tices. We construct edge labelings for two families of quartic
graphs, i.e., regular graphs of degree d = 4.

1 Introduction and definitions

In this paper all graphs are finite, simple, undirected and connected. Let
G be such a graph with the vertex set V(G) and the edge set E(G), where
|[V(G)| and | E(G)| are the number of vertices and edges of G.

A graph G is magic [3] if and only if there exists a mapping f from E(G)
into the set of positive integers such that

(i) f(es) # f(e;) for all distinct e;,e; € E(G),
(i) Y. B(G) v, €)f(e) = A for all v € V(G),

where (v, e) is 1 when the vertex v and the edge e are incident and 0 in
the opposite case.

Magic graphs were first introduced by J. Sedl4zek [5]. A characterization
of regular magic graphs was given by M. Dood [1). Necessary and sufficient
conditions for the existence of a magic graph can be found in [2,3].
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We say that G is super-magic if and only if there exists a mapping f
from E(G) into the set {1,2,...,|E(G)|} which satisfies the conditions (i),
(ii). The mapping f is called a super-magic labeling of G and the value A
is the super-magic index of the super-magic labeling f.

B.M. Stewart (8] has proved (by construction of triangle labelings) that
forn > 5, n # 0 (mod 4), the complete graph K,, is super-magic. It is easy
to see that the classic concept of a magic square of n2 boxes corresponds to
the fact that the complete bipartite graph K (n,n) is super-magic forn > 3
(see also [7]).

J. Sedldcek in [6] considered the graph Ms,, (also called the Mobius
ladder) and constructed its super-magic labeling for m odd, m > 3.

The present notion of super-magic labelings is different from that of magic
edge labelings defined in [4]. However, a super-magic labeling of a plane
graph G, in our sense, is reminiscent of a magic edge labeling of the plane
dual graph G* of G as defined in [4].

This paper describes super-magic labelings for two classes of regular
graphs of degree d = 4, which were obtained modifying of labeling Lo
of the prism R, [4].

2 Construction of graphs R, and Z,,

Let J = {1,2,3,...,n} and I = {1,2,3,...,k} be index sets. We make
the convention that z,;; = z, to simplify the notation. Suppose that n is
even, n > 4. Let the prism R, be the Cartesian product P, x C,, of a path
on 2 vertices with a cycle on n vertices, embedded in the plane. We insert
exactly one vertex z;, i € J, into each 4-sided face of R,,.
Case 1. If n = 4k and k > 1, then into the internal (external) n-sided
face of R, we insert the vertices y1,%2,...,¥%% (21,22, ...,2k) and consider
the graph R, with the vertex set V(R,) = V; U V2 U V3 and the edge
set E(R,) = E; U F5 U E3, where Vi = {z;:i € J}, Vo = {y;: 1 € I},
V3 = {z. i€ I}, E1 = {:c,-a:.-,,.l: i€ J}, Ez = U?_:o{xjk_,.gyg: 1€ I} and
By =Ujo{ziuriz: i€ 1.
Case 2. If n =4k 42 and k > 1, then into the internal (external) n-sided
face of R,, we insert the vertices y, y1,¥2, ..., ¥k (21, 22, . . ., zx) and consider
the graph Z, whose vertex set is V(Z,) = V; UV, U V3 U {y} and the edge
set is E(Zn) =FU {:z:,-y,': 1€ I} U {xk+,~y,-: i€ I} U {x2k+1+,~y.-: i€ I}U
{:c3k+1+,-y,-: i€ I} U {:c,-+1z,-: 1€ I} U {:Bk+1+,'z,'2 1€ I} U {x2k+2+;z‘~: i€
I} U {z3k2+i2i 1 € I} U {21y, Tny, Tok41Y, Toxt2y)-

The Ry, and Z,, are regular graphs of degree d = 4; let their vertices be
labeled as in Figure 1 (if n = 4k) and Figure 2 (if n = 4k 4 2).
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8 Super-magic labelings of graphs R, and Z,

If n = 4k > 8, we construct an edge labeling f; of the regular graph Ry, in
the following way.

(3i+2 if1<i<2k-2,
6k ifi=2k—1,
4 if § = 2k,
@@ = gk 130 if2k+1<i<4k—2,
6k +1 ifi=4k—1,
12k -3 if § = 4k,
2 ifi=1,
=) = {mk 3 if2<i<k,
ok —3i ifl1<i<k-2
S1(@ryiys) = 6k+2 ifi=k-1,
ifi=k,
fia 12k—1 ifi=1,
hEed) =350 ir2<ick,
3%k+1+3 fl<i<k-2
f1($3k+z'y.) = 6k -1 ifi=k-1,
if i = k,

flziz) = h% 3i+1 ifiel,

f1(12k+,z {3‘& ifiel,
9k+1-3i fl1<i<k-2,
f1(zrtiz) = { 6k +4 ifi=k—1,
6k —2 ifi=k,
3k+3: if1<i<k-2,
fi(zsgyiz) ={6k—-3 ifi=k-1,
6k+3 ifi=k.

Lemma 1. f; is a bijection from the set {1,2,...,|E(R,)|} onto the edges
of R, if n=4k and k > 2.

It is not difficult to check that the labeling. f; uses each integer 1,2,...,
| E(Ry)| exactly once.
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We denote by A(v) the sum of the labels of the edges incident to the
vertex v.

Lemma 2. If n = 4k > 8 then the labeling f, of R, has the same value
A(v) for all vertices of Ry,.

Proof: For i € I we have

Mys) = filzay) + fi(zesiti) + fr(@oesivs) + fi(@seiv:) = 24k + 2,
Mz) = fi(ziz) + fi(Eeri) + f1Z2n4iz) + fi(zsesiz) = 24k + 2,

and analogously for i € J the A(z;) is equal to 24k + 2.
Our previous results lead to the following theorem.
Theorem 3. If n =4k and k > 1 then R,, is super-magic.

Proof: If n = 4, then R, is the octahedron from the platonic family.
The octahedron is super-magic and Figure 3 shows one of its super-magic
labelings.

If n = 4k > 8 then from Lemma 1 and Lemma 2 it follows that the
edge labeling f; is a super-magic labeling of R,, with the super-magic index
A = 24k + 2. Hence the proof is complete.

In the sequel we shall deal with the regular graph Z,, if n = 4k + 2 and
k > 1. Define the edge labeling f2 of Z,, as follows.

(3i+2 if1<i<2k—1 excepti=2,
3n—7 ifi=2and k>2,
n+2k+2  ifi=2k,
4 ifi =2k +1,
P(m2e) = 4 Lok s ifok+o<i<dk except i = 2k + 3,

8 ifi=2+3and k>2,
n+2+1  ifi=4k+1,
3n—3 ifi = 4k +2,
(2 ifi=1andk> 1,

e =17 ifi=2and k=2,

15-3¢ if2<i<3andk>3,
(3n -3¢ if4<i<kandk>14,
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2n—1 ifi=1and k=1,
(5k+1)i—2k—1 if1<i<2and k=2,
fe(zerii) =S¢ 2n+ k-1 ifi=1and k >3,
n+k+3-3i if2<i<k-landk>3,
6k +6 ifi=kand k>3,
3n—-1 ifi=1and k>1,
fo(zokt14i%i) = ¢ 3n—15+3i if2 <i<min{3,k} and k > 2,
3i if4<i<kandk >4,
3n-5 ifi=land k=2,
fo(zskt14+iy) =3k +14+3i ifl1<i<k-landk 23,
6k + 2 ifi=kand k>1,

fo(z1y) = {311. -2,
fo(z2k42y) = {
{

fo(Z2k+1Y) = { 3n,

faleny) = {1,

2n ifi=1land k=1,
n-2i—4 ifl<i<kand k=2,
3n-3i-2 ifi<i<kand k>3,

fo(zir12:) = {
n+k—1-3: ifl<i<k—2andk>3,
2n—-2k+1 ifi=k—1and k>3,
2n—-2k+2 ifi=k—-1and k=2,

n+2k—2 ifi=kand k> 1,

2%45 ifi<i<kand k<2
3i+4 fl<i<k-1landk =3,
3k+3 ifi=kand k>3,
3k+3+3 ifl<i<k—2andk>3,
fo(zarqoyiz:) = {6k +1 ifi=k—1and k > 2,
n+2k+5 ifi=kandk>1.

fo(Zryit12i) =

fo(Zokrotizi) =

Theorem 4. If n =4k + 2 and k > 1 then Z,, is super-magic.

Proof: It is enough to show the existence of a super-magic labeling of Z,.
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It is simple to verify that' the labeling f2 is a bijection from the set
{1,2,...,|E(Z,)|} onto the edges of Z,. Furthermore, by direct computa-
tion, we obtain that for every vertex v € V(Z,) (under the labeling f2) the
sum of the labels of the edges incident to the vertex v is equal to 6n + 2.

This implies that the labeling f» is super-magic and the proof is complete.

Figure 1. The labeled graph R,, when n = 4k
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Figure 2. The labeled graph Z, when n =4k + 2
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Figure 3. Super-magic labeling of octahedron
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