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ABSTRACT. It is straightforword to show that the full automor-
phism group of G® K, contains the Cartesian cross product of
Aut(G) and S.. If Aut(G ® K,) properly contains this cross
product, then we will say that G ® K, has a “rich” automor-
phism group. First several conditions on G that insure that
G ® K, has a rich automorphism group are given. Then, it is
shown that these conditions are both necessary and sufficient
for G ® K, to have a rich automorphism group.

1 Introduction

The tensor product (also called the Kronecker product, the conjunction, or
the categorical product) of graphs has been studied for over thirty years, yet
certain fundamental questions remain unanswered. One such question, in-
spired by Harary [3] and Harary and Wilcox [4], concerns the relationship
between the automorphism groups of the graphs and the automorphism
group of their product. Partial answers to this question are developed in
(7). In particular, Sanders and George show any one of several straight-
forward conditions on either graph is enough to force the automorphism
group of the tensor product to strictly contain the cross product of the
graphs’ automorphism groups. The goal of this paper is to further ex-
plore the relationship between these groups for tensor products of the form
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G ® K. In Section 3, we find necessary and sufficient conditions on G to
force Aut(G ® Ky) to be larger than the cross product, Aut(G) x S,,.

Throughout this paper, we assume that n > 3. This is reasonable because
G ® K; = G and Kj is bipartite. In fact K, = K;; and when tensored
with another graph, K ; behaves like other complete bipartite graphs.

Let the vertex set of K, » be {(u,3) [i=1,...n}U{(v,9) |i=1,...n}.
The graph formed from K, by deleting the edges joining vertices with
equal second coordinates is denoted by K, ..

The vertices of the graph G ® K, are ordered pairs of the form, (v, 1)
where v is a vertex of G and ¢ is an integer such that 1 < i < n. Two
vertices (u,1) and (v, j) are adjacent in G ® K, if and only if u ~ v in G
and i # j. In other words, G® K, can be formed from G by replacing each
vertex with the n vertices, each edge of G with a copy of K; ., and each
loop of G with a copy of K,,. An example is shown in Figure 1.

GC® K3
Figure 1. A graph G and its tensor product G ® K5

An important part of the construction in the proof of the main theorem
is identifying the vertices in G which came from the same vertex in a graph
H in the construction of H ® K,. Once we know that, it is easy to show
that G is isomorphic to H ® K.

2 Basic definition and notation

For terms that are not defined in the paper, the reader is referred to [10].

The word graph means a simple, finite graph. We frequently allow each
vertex to have at most one loop. In that case, the graph is called a graph
with loops. The vertex set of a graph G is denoted by V(G).

We write u ~ v whenever u and v are adjacent in G. The vertices that
are adjacent to a vertex v in G are called the neighbors of v, and the set
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of neighbors of v is denoted by N,. Two vertices u and v are called twin
vertices whenever N, = N,. A graph that has no twin vertices is said to
be twin-free.

The full automorphism group of a graph G is written as Aut(G). Per-
mutations in Aut{G) are composed from left to right, and the image of v
under the automorphism # is written as »™. The full symmetric group on
n letters is denoted by Si,.

In the graph G ® K, the set of vertices with the first coordinate equal
to u is written as V,, = {(», 1), (v,2),..., (u,n)}.

If an automorphism of G ® K,, has the property that any two vertices
with the same first coordinates are sent to two other vertices with the same
first coordinate, we say that the automorphism respects first coordinates.
Likewise, we say that an automorphism respects second coordinates when-
ever it sends two vertices with the same second coordinate to two other
vertices with the same second coordinate.

The following lemmas are special cases of results in [7].

Lemma 2.1. Let G be a graph that may have loops. Then Aut(G ® K,,)
contains Aut(G) x S, as a subgroup.

Lemma 2.2. An automorphism = of G ® K,, lies in Aut(G) x S, if and
only if 7 respects both first and second coordinates.

Finally, we say Aut(G ® K,,) is rich whenever Aut(G ® K,) properly
contains the cross product, Aut(G) x Sy.

3 Conditions that insure Aut(G ® K,,) is rich

Since K, is connected, twin-free, not bipartite, and possesses a nontrivial
automorphism group, it follows from the theorems in [7] that if G itself is
disconnected, has twin verticgs, or is isomorphic to H ® K,,, then Aut(G ®
Ky) will properly contain the group Aut(G) x S,. In this section, we
show that these are the only graphs that have this property. An outline
of the proof follows: We assume that G is connected, twin-free, and that
Aut(G ® Ky,) is larger than Aut(G) x S,. We then study the way various
automorphisms of G ® K, behave. In particular, we categorize exactly
which automorphisms lie in Aut(G) x S,, and which do not. It is shown that
automorphisms that do not lie in the cross product must “disperse” first
coordinates in a way that allows us to partition V(G) into sets containing
n vertices. These partition sets correspond to the vertices of H, and the
edge set of G makes it clear that G is formed from H by replacing the
edges in H with copies of K, ,, and loops with copies of K,. In other
words, G = H ® K,. This construction also guarantees that H will be
connected and twin-free. After the proof is completed, an example of this
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construction shows the necessity of allowing H to have loops at some (or
all) of the vertices.

Theorem 3.1. Let G be a graph that may have loops. Then Aut(G® K,)
is rich if and only if one of the following conditions holds: G is disconnected,
has twin vertices, or is isomorphic to H ® K, for some graph H (that may
have loops) that is connected and twin-free.

Proof: If any of the conditions holds, the theorems in [7] imply that
Aut(G ® Ky,) is rich.

For the forward direction, assume Aut(G ® K,,) is rich. If G is either
disconnected or has a pair of twin vertices, then we’re done. So now assume
G is also connected and twin-free. We will construct a graph H (that may
have loops) such that G = H ® K.

Step 1. Automorphisms of G ® K,, that respect first coordinates lie in
Aut(G) x Sy.

Let o be an automorphism of G ® K, that respects first coordinates. By
Lemma 2.2, all we must show is that ¢ also respects second coordinates.
Pick a vertex »* of G. Since o respects first coordinates, we can write
(u*, 1)? = (w*,41), (u*,2)° = (w*,i2),..., (u*,n)’ = (w*,i,). Let U be the
set of vertices in G with the property that if u € U, then (u, 5)? = (wy, i5)
for j = 1,...,n. Now let v be a neighbor of some vertex « € U. Since
(u,7) is adjacent to (v, k) for all k # j, it follows that (v, k)? is adjacent
to (u,5)° = (wy,%;) whenever k # j. Thus, if (v,k)° = (wy,!), then
1 # ;. Hence, (v,7)° = (wy, ;) forall j=1,...,n, and v € U. Since G is
connected, it follows that U = V(G) and for any v in G, (v, )% = (wy, ¢;).
Thus o respects second coordinates as well as first ones.

Step 2. Properties of automorphisms that do not lie in Aut(G) x S,,.

Since Aut(G ® K,) is rich, Step 1 implies there are automorphisms that
do not respect first coordinates. These automorphisms have some extraor-
dinary properties that will be used in constructing the graph H. For the
remainder of the proof, let 7 be such an automorphism.

Since 7 does not respect first coordinates, there must be at least one
vertex v such that V7 contains vertices with different first coordinates.
Hence, there exist integers 7; and iz such that (v,%;)™ and (v,42)™ have
different first coordinates. We now show these vertices must have the same
second coordinate. Let (v,%1)™ = (v1,l1) and (v,i2)™ = (ve,l2) where
v1 # v2. Suppose, by way of contradiction, that I; # lo. In G ® K, the
set of neighbors of (v,1;) is Ny 4,) = {(w,5) | w € N, and j # ¢,}. Since
(v,41)™ = (v1,41) and (v, 42)™ = (vg, l2), it follows that IN(v,i1)| = |N(,,h¢l)|
and |N(v,iz)l = |N(vz.lz)l° And since 'N(v,i1)| = |N(v,iz)| = (n - l)lela it
follows that [Ny, | = | Ny,| = | No|.

There are (n—2)| N, | distinct 2-paths joining the vertices (v, ;) and (v, i2)
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in G ® K,. Hence there must be (n — 2)|N,| distinct 2-paths joining the
vertices (v1,!;) and (vg,l3). But each 2-path joining these two vertices has
as its middle vertex one of the form (z, j) where z € N,, NN,, and j # {3, lp.
There are (n—2)| Ny, NNy, | such vertices, and this implies that (n—1)|N,| =
(n —2)| Ny, N Ny, | Since v, and v; are not twin vertices, | Ny, N Ny, | < |No),
which leads to the contradiction (n — 1)|Ny| < (n — 2)|Ny|. Hence {; = l5.

An immediate consequence of this fact is that every vertex in V¥ has the
same second coordinate. In other words, VT = {(v1,1), (va,1),..., (vn,)}
for some subset {vy,vs,...,v,} of V(G). In this case, we will say that =
disperses the set V,,.

We now show that « disperses the set V, for each vertex v of G. Let
D be the set of vertices of G with the property that = disperses the set
Vi. Note that v € D, so D is nonempty. Let u be any vertex of G that
is adjacent to some v € D. Since v € D, there exist vertices v;,vs,...,vn
such that (v,%)" = (v;,1,) for each ¢ = 1,...,n. Note that the v;’s are all
distinct. Now let j # 1 and write (u,5)" = (uj,l;). Since u ~ v in G
and j # 1, it follows that (u, j) ~ (v,1). Hence (u, 7)™ = (uj,!;) must be
adjacent to (vy,l,). Thus none of the vertices (ug, l2), (us, &), ..., (tn,in)
have !, as their second coordinate. In the same fashion, (u,1) ~ (v,2).
Hence (u,1)™ = (u,!;) must be adjacent to (v1,ly), and thus, (u1,l;)
cannot have [, as its second coordinate either. Since none of the vertices
in VT have [, as a second coordinate, there exist distinct integers i; and
iz such that (u,4;)" and (u,42)” have different first coordinates. But this
implies 7 disperses the set V,,, and so u € D. Since G is connected and D
is nonempty, it follows that D = V(G) and = disperses the set V,, for each
vin G.

Step 3. The automorphism = induces a partition of V(G) into subsets
containing n vertices.

Since 7 disperses every set of the form V,, we will say that & disperses
first coordinates of G® K,,. Using this terminology, we can restate what we
have shown so far: Every automorphism of G® K, either lies in Aut{(G)x S,
or disperses first coordinates. Moreover, if 7 disperses first coordinates and
u© ~ v in G, then the second coordinates of VI and VT are not equal.

We now show = divides |[V(G)|. Recall that for each » in G, the set V™
determines a subset {zi,...,z,} of V(G). Now let S = {(v,lu) |visa
vertex of G}. Each vertex in S must be in a unique set of the form V.7, or
else it would be the image of two distinct vertices under the action of .
Since each VT contains n vertices, it follows that n must divide the number
of vertices of G.

We now introduce several sets determined by m that will be used in
constructing the graph H. Recall that if u is a vertex in G, then there
exists some subset {z;,z2,...,z,} of G and an integer i (where 1 < i < n)
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with the property that (u, k)" = (z,2) for k=1,2,...,n

Since 7 does not lie in Aut(G) x S,, 7! also does not lie in Aut(G) x S,
and thus 7—! must disperse first coordinates. Note that (z1,4)™ = (u,1).
Since w1 disperses first coordinates, there are vertices u;,us, ..., u, such
that (z1,k)" = (uk,1) for k=1,2,...,n. (Note u = u;.)

Now let j be a fixed integer with 1 < j < n and j # ¢. Then (u;,1) =
(z1,5)" , and so (u5,1)" = (z1,5). Hence the second coordinate of every
vertex in the set Vi, must equal j.

The next step is to show (u;, k)™ = (zx, j) for each k =1,2,...,n. Since
7 disperses first coordinates, there exist n — 1 vertices y2,%2,...,9n in G
such that (uj, 1)™ = (z,,7) (by the definition of u;) and (u;, k)™ = (y&, 5)
for k = 2,3,...,n. Since (u,k)™ = (z,1), it follows that (n — 1)|Ny| =
(n — 1)|Ng, | for k = 1,2,...,n. But this implies |[Ny| = |Ng,| for k =
1,2,...,n. Likewise, (uj,1)" = (z1,j) implies |Ny;| = |Ng,| = |Ny|, and
(uj,k)" = (yx,j) implies | Ny, | = |Ny;| = |Ny| for each k = 2,3,...,n. In
other words, u, u;, the s, and y;’s all have the same number of neighbors
in G. Let d be this number (i.e. d =|Ny|.)

We now do some clever counting. The number of distinct 2-paths from
(»,1) to (u4,1) in G® Ky, is (n— 1)|N,, N N, | since each path has a middle
vertex (w,l) where w € Ny N N,,; and I # 1. After applying =, these paths
become 2-paths from (z,1) to (21, 7). But there are (n — 2)| N, | distinct
2-paths joining (z,,%) and (z1, 7). Thus (n— 1)|N.,nNuj| = (n—-2)|N,, | =
(n — 2)d, which implies that [N, N Ny;| = 2 "; d.

Next we count another set of 2—paths For k =2,3,...,n, the number
of 2-paths from (u,k) to (uj, k) is (n — 1)[N, N N, | since each 2-path
from (u, k) to (u;, k) has a middle vertex (w,) where w € | Nu M Ny, | and
l # k. After applying 7 to G® K,,, these paths become 2-paths from (:z:k, 1)
to (yx,7). Since j # i, the number of 2-paths from (zk,1) to (yk,j) is
(n — 2)|Nz,, N Ny, | Hence we have

(n — 1)INu N Ny,| = (n — 2)|Nz, N Ny, |
n—2
= (a-1—gd=(n-2)|N;, N N,,|
= d = |Nz, N Ny,|.
Recall |Ng, | = |Ny, | = d. Thus, d = |Nz, N N, | implies N, = N,,. But
G is twin-free, so zx = yi for k =2,3,...,n as desired.

Now if v is any vertex of G with the property that the first coordinate of
(v,1)™ equals the first coordinate of (u,1)™, then v € {u,...,un}. Thus,
for k = 2,...,n, the vertices (u, k)™ and (v, k)™ must have the same first
coordinate. In other words, VI and VJ determine the same subset of V(G).

This, in turn, implies that for any pair of vertices u and v in G, the sets of
first coordinates of V;J and V¥ are either disjoint or equal. This means =
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induces a partition of the set of vertices of G. More explicitly, the induced
partition of V(G) can be written as

= {v11,v12,...,Vin}
Vo = {va1,v22,...,v2n}
Vin = {vml,‘vaa .o y'Umn}-

where two vertices z and y of G belong to the same V}, if and only if there
is a vertex u in G with (u, k1)™ = (z,%) and (u, k2)™ = (»,1).

Step 4. The construction of H.

The properties of 7 also force the edge set of G to have certain properties.
In fact, we will show that if any edge has both its endpoints in a given V;,
the vertex induced subgraph of G on V; is a copy of K, and if an edge
has one endpoint in V; and the other endpoint in Vi (where ¢ # k), the
subgraph of such edges is a copy of Ky, .

The definition of the sets V; and Vi implies there exist vertices » and
v in G with the properties that (u,j)" = (v;,1) for j = 1,2,...,n and
,1)™ = (vi,2) for 1 =1,2,...,n. If any edge of G has one endpoint in V;
and the other in Vi, then there exist 5, and [; (where 1 < 73, l; < n) with
V35, ~ vk, in G. But this implies (vsj,,1) ~ (vki,,2) in G ® K, and since
7~ is an automorphism of G ® K, it follows that (u,3;) = (v,,1)™
and (v,1) = (vk,,2)™  must be adjacent in G ® K,. Hence, u ~ v in G
and j; # !;. But this in turn implies that (u,j) ~ (v,{) for all j # [, and so
(vi5,1) = (u, 7)™ and (vki, 2) = (v,1)™ are also adjacent in G® K, whenever
J # L. Thus, the vertices v;; and vy are adjacent in G for j ## [ and the set
of edges with one endpoint in V; and the other in Vj form a copy of K, .

On the other hand, if any edge has both endpoints in V;, there exist 7;
and ! (where 1 < j1, Ii < n) with v, ~ vy, in G. But this implies that
(v, 1) ~ (vi,,2) in G ® K,. Now by the definition of the set V;, there
exists a vertex w of G such that (w, )™ = (vy,2) for I =1,...,n, and thus
(u,51) = (vij,, 1) and (w,}) = (vs,,2)™  must be adjacent vertices in
G ® K,,. Hence, u ~ w in G and j; # ;. But this in turn implies that
(u,3) ~ (w,!) for all § # I, and so (vij,1) = (u,5)™ and (vi,2) = (w, )™
are also adjacent in G ® K, whenever j # l. Thus, the vertices v;; and vy
are adjacent in G for j # ! and the set of edges with both endpoints in V;
form a copy of K,,.

Now construct the graph H as follows. Let the vertices of H be the sets
Vi,...,Vim. If i # 3, then V; ~ V; in H if and only if the subgraph of G
consisting of the edges with one endpoint in V; and one endpoint in Vj is
isomorphic to K, ,. Furthermore, the vertex V; has a loop in H if and
only if the vertex mduced subgraph of G on V; is isomorphic to K. It is
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clear that G is now “formed” from H by replacing each edge in H with a
copy of Ky . and each loop of H with a copy of K,,. By the remarks in the
introduction, it is now clear that G is isomorphic to H @ K,,.

Since K,, and G = H® K, are both connected, it follows from a theorem
of Weichsel’s [8] that H must also be connected.

Finally G has no twin vertices by hypothesis. Suppose, by way of con-
tradiction, that H has a pair of twin vertices. Call the twins, V; and V},
and let N = Ny, = Ny;. Then in H ® K, the neighbor sets, Ny, ;) and
N(v;,1) are both equal to N x{2,3,...,n}. Thus (V;,1) and (V;,1) are twin
vertices in H ® K,,, which is a contradiction. Thus, we have constructed a
connected, twin-free graph H with G= H® K,. a

The provision that H may have loops is necessary. An example will
suffice to show why. Let G be the graph shown in Figure 2.

Figure 2. The graph G

It is clear that G is a simple, connected, twin-free graph with no loops.
The graph G ® K is formed by replacing each edge of G with a copy of
K} 4. The vertices of G ® K4 can be thought of as ordered pairs of the
form, (vi,7). The adjacencies in G ® Kj fall into two patterns:

(v5,5) ~ (W, ) <=k >5,i+4# kand j #1
and
(vi,5) ~ (vk, ) =i,k > 5,i # kand j # 1L

Now define a map 7« on G ® K, as follows:

. vj, t when ¢ < 4
('Ui,J)w = ( J ) ) ]
(vitsa,5 —4) wheni>5
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Routine computations show that # preserves the edges of G ® K4. Since
(v1,1)™ = (v1,1) and (v1,2)™ = (vs,1), it is clear that = does not respect
first coordinates, and so Aut(G ® K4) # Aut(G) x S;.

Since (v,7)™ = (v;, 1) for ¢ = 1,2,3,4, the first partition set is V} =
{v1,v2,v3,v4}. Likewise, since (vs,%)™ = (vi4q,1) for i = 1,2,3,4, the
second partition set is V2 = {vs, v, v7,vs}.

Since the set V3 is a clique in G, the vertex V> has a loop in the con-
structed graph H. Since the set V; is not a clique in G, the vertex V; does
not have a loop in H. Finally, since the the subgraph of G made up of edges
with one vertex in V) and one vertex in V; is a copy of Kj 4, the vertices
V1 and V; are adjacent in H. In other words, the constructed graph H is a
copy of K> with a loop at exactly one of the two vertices.

References

[1] J.C. George, 1-Factorizations of tensor products of graphs, Ph. D.
thesis, University of Illinois-Urbana-Champaign, 1991.

[2] D. Gorenstein, Finite Groups, Second Edition, Chelsea Publishing
Company, New York, N.Y., 1980.

[3] F. Harary, On the group of the composition of two graphs, Duke Math.
Jour. 26 (1959), 29-34.

[4] F. Harary and G.W. Wilcox, Boolean operations on graphs, Math.
Scand. 20 (1967), 47-51.

[5] G. Sabidussi, The composition of graphs, Duke Math. Jour. 26 (1959),
693-696.

[6] R.S. Sanders, Graphs on which dihedral, quaternion, and abalian
groups act vertex and/or edge transitively and applications to ten-
sor products, Ph. D. thesis, University of Illinois-Urbana-Champaign,
1990.

[7] R.S. Sanders and J.C. George, Basic results concerning the automor-
phism group of the tensor product of two graphs, submitted to Utilitas
Mathematica.

[8] P.M. Weichsel, The Kronecker product of graphs, Proc. Amer. Math.
Soc. 13 (1962), 47-52.

[9] A.T. White, Groups, Graphs, and Surfaces, North-Holland, New York,
1984.

[10] R.J. Wilson, Introduction to Graph Theory, 2nd edition Academic
Press, New York, 1979.

127



