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ABSTRACT. In this paper we consider three conjectures of the
computer program GRAFFITI. Moreover, we prove that every
connected graph with minimum degree § and diameter dm con-
tains a matching of size at least §(dm + 1)/6. This inequality
improves one of the conjectures under the additional assump-
tion that 6 > 6.

Introduction

The computer prograrn GRAFFITI was developed by S. Fajtlowicz as an
attempt to discover hidden relations between graph invariants. Many con-
jectures of GRAFFITI led in fact to relations between parameters that
seemed to have no obvious inter-dependence. The most famous example is
the inequality

u(G) < o(G),

where p(G) is the average distance and a(G) is the independence number
of the graph G. This GRAFFITI conjecture was published in 1986 [5] and
was proved two years later by Chung [2].

The related GRAFFITI conjecture rad(G) < a(G), where rad(G) denotes
the radius of G, later turned out to be already known (see [4]), but various
proofs of this conjecture ([7], [9)]) gave more insight into the relationship
between the radius and the independence number. Interesting relations
between R(G), the sum of the inverse degrees of the vertices in G, and u(G)
were given in (3], though the original GRAFFITI conjecture x(G) < R(G)
was disproved.
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In this paper we consider three conjectures of GRAFFITI [6] that relate,
among others, the above-mentioned distance parameters. We disprove the
conjecture [6)

rad(G) < w(G) + R(G)
and prove a conjecture by Shearer (see [11]) stating that there are triangle
free graphs G with almost all distances odd. This conjecture goes back to
the GRAFFITI conjecture 111 (see [8]) that in each triangle free graph at
least half of the distances are even, which turned out to be false [8].

Finally we turn to the conjecture 61 (see [6])
D'(G) < B(G),

where B(G) is the matching number of G and D'(G) is the entry that
appears most often in the distance matrix of G. We will prove that with
the additional assumption that the minimum degree §(G) is at least 6, the
latter conjecture is true and that even the considerably stronger inequality

(dm(G) + 1)86(G)
6

<B(G)

holds for not necessarily regular graphs. Here dm(G) denotes the diameter
of G. For notation not defined here see [1].

Results

We first disprove the following conjecture, stated as Conjecture 25 in [6].
The counter example is based on the idea that attaching a large complete
graph to a graph neither changes the radius nor R significantly, but x ap-
proaches 1. A similar idea has been used by Plesnik [10] to prove that, apart
from the restriction 1 < p < dm(G), the average distance is independent
of the radius and the diameter.

Conjecture 25: [6] If G is a connected graph then
rad(G) < u(G) + R(G).

Definition 1: For natural numbers r, k, ¢, where 7 > 2, let G,z be
the graph obtained from the cycle with 2r vertices as follows. Replace
one vertex of the cycle by a complete graph of order k, replace each of
the remaining vertices by a complete graph of order ¢, and join vertices of
different complete graphs if their original vertices are adjacent in the cycle.

The radius of the graph G,.x ¢ is obviously r. Now let r be fixed and let
k and £ tend to infinity such that £ = o(k). Then we have

1 k+2 (@r—3)¢ 2
- 1_ =2
R(Gr.k.e)—vezvd(v) = w1t 3oy =3 o
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Since G, e contains a clique of order k, at least k(k — 1) ordered pairs
of vertices have distance one. The remaining distances are at most r =
dm(Gy k). Hence

k(k — 1) + r[(k + (2r — 1)) (k + (2r — 1)€ — 1) — k(k — 1)]
(k+ @r — D)k + (2r — 1) —1)

I‘(Gr,k,l) <
=14+ 0(1).

Hence G,,i is a counter example to Conjecture 25. Moreover it indicates
that there is no upper bound of the form cu(G) + R(G) for the radius,
where ¢ is a constant.

Several GRAFFITI conjectures involve the parameter Even: Let G be
a connected graph of order p and v be a vertex of G; then E(v) denotes
the number of vertices at an even distance from v and Even(G) denotes
an p x 1 vector whose components are E(v) for v € V(G). The mean of
Even(G), i.e. -:;Ev E(v), is denoted by ME(G). It gives the proportion
of the number of even distances to the total number of distances in G. In
[8] GRAFFITI conjectured that in every triangle free graph at least half of
the distances are even.

Conjecture 101: Let G be a connected triangle free graph of order p and
let ME(G) be the mean of Even(G), then

ME(G) > g.

That this conjecture had been disproved by Staton [12] and independently
by Shearer [11] was reported in [8] in which a new conjecture by Shearer
was mentioned.

Shearer’s conjecture: [11]. There exist connected triangle free graphs G
of order p for which M E(G) = o(p).

That Shearer’s conjecture is true is shown by consideration of the follow-
ing class of graphs G;, defined inductively as follows: Let k be a positive
integer and let G; be the graph obtained from the union of two disjoint
5-cycles C1: agbydyaichag and CY : agbydybicfay by the introduction of 4k
new vertices, wy,ws, ..., wsx as well as the edges ajw; (i =1,...,k), byw;
(i=k+1,...,2k), afw; (i=2k+1,...,3k), bjw; (i = 3k+1,...,4k), and
albl.

For ¢ € N, when G; has been defined, G, ; is obtained from two disjoint
copies of Gy, viz. G and GY, in which the vertices of degree three are
denoted by af, b} and a’ and b, respectively, by the introduction of six new
vertices ¢}, ¢/, di, d/, ai;1, bi;1 and nine new edges b/d}, dlai}1, aiy1c}, clal,
b/d!, dibit1, biy1c), al and a;11bir1. (We note that albidia;i1cial and
a;'b}d!'b; ¢ al are induced 5-cycles of Gy 1, joined by the edge @;41bi41.)

Tt
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Letting p; denote the order of G;, we note that p;1 = 2p;+6, p1 = 4k+10
and thus p; = (2k + 8)2° — 6. Let X; C V(G;) be the set of the k2¢+! end
vertices of G;. Each vertex v € X; has k vertices having even distance to .
Denote for subsets A, B C V(G;) the number of ordered pairs of vertices
(a,b) with a € A and b € B by Even(A, B). Then we have for fixed i and
k — oo

@1@ %(Even(X,,X.) +2Even(X;, V(Gs) — X:) + Even(V(G:)
(] i
~X:,V(G1) - X)

1
< 7 (kI X:| + 2 X[V (Gs) = Xi| + [V(Gs) — X3 |V (Gs) — Xi])

1
T 2k +8)2 —6

1
=5t o(k)-

7 (K224 4 k29122413 — 6) + (212 — 6)?)

For any & > 0, the integers k and i may be chosen such that M E(G;) < ep;,
as required.

We remark that a slight modification of the above construction in which
the 5-cycles are replaced by larger odd cycles yields not only triangle free
graphs but graphs of arbitrarily large girth in which almost all distances
are odd.

We now turn to conjecture 61 [6], relating 8(G), the matching number of
G, and D’(G), the distance that appears most often in the distance matrix
of G.

Conjecture 61: Let G be a regular, connected graph with matching num-
ber B(G), then
D'(G) < B(G).

Fajtlowicz reports in [8] that Saks, Seymour, and Shearer disproved this
conjecture. They also proved that under the additional assumption that
the maximum degree of G is at least 10 the inequality of the conjecture
holds. The following theorem shows that under the additional assumption
§(G) > 6 not only Conjecture 61 but even a considerably stronger statement
holds.

Theorem 1. If G is a connected graph with minimum degree 6, diameter
dm and matching number B then

(dm +1)é 1)6

B2 —(p—

Proof: Let a,b € V(G) be a pair of diametrical vertices, i.e. d(a,b) =dm
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For integers 1,7 we define
Li; ={veV(G) |i < d(a,v) < j}

and for L;; we will write L.
Now let M C E(G) be a maximal matching such that

Z d(a,v) is maximal, ™
veV-V(M)
where V(M) denotes the set of vertices incident with an edge of M.

We will show that for each ¢ with 1 < ¢ < dm at least one of the following
statements holds:

|Li—1,641 NV(M)| > 6. (1)
|Li—4,i+1 NV(M)] > 26. 2)

Suppose that (1) does not hold. Then we have
Claim 1: L; C V(M).

Suppose there exists a vertex v € L; not incident with M. Since all the
neighbours of v are incident with M we have

ILi-—l,i-i-l n V(M)I > IN(‘U) n V(M)l = d('u) > 6.

Thus (1) holds, contradicting our assumption.
Claim 2: Ly C V(M)

Suppose to the contrary that there exists a vertex v € Ly .y NV (M). We
show that

[(Li+1 = N@))NV(M)| 2 |Liy2 N V()] ®3)

Since (1) does not hold L;;2 N N(v) is not empty. Let w € L2 N N(v).
Since v ¢ V(M), there exists a vertex w’ with ww’ € M. Then w’ must be
in L; 1 since otherwise w’ € Liy2 443 and M’ = M —ww'4vw is a matching
with V(M') = V(M) — v’ + v contradicting (*). Moreover w’ cannot be
a neighbour of » since otherwise M’ = M — ww’ 4 vw’ would contradict
(*). Hence for each w € L; 12 N N(v) there exists a w’ € L;;; — N(v) with
ww' € M, implying (3).
From (3) and N(v) C V(M) we have

ILie1,641 A V(M)| 2 [Lii+1 N N@)| +|(Liy1 = N(v)) N V(M)]
2 |Lii+1 N N(@)| + [ Lit2 N N(v))
= d(v)

and thus (1). This contradiction proves claim 2.

135



Now let v € L; and w € V with vw € M. Since (1) does not hold
there exists a vertex » € N(v) not incident with M. Claims 1 and 2
yield u € L;_;. The vertex w is in L;_; since otherwise the matching
M’ = M —vw+uv is a matching with V(M’) = V(M) —w+u contradicting
*)-

A similar argument yields N(w) C V(M).

We show that for each zy € M holds

IN(u) N {z, 3} + |N(w) N {=z,9}| < 2. ()

Suppose there exists an edge zy € M with [N (u)N{z, y}|+|N(w)n{z,y}| >

3 and thus, say, uz, wy € E(G). The matching M’ = M —vw-zy+uz+yw

has V(M’) = V(M) — w + u contradicting (*). Thus (4) holds.
Summation over all zy € M with {z,y} C L;_344) yields now

d(u) + d(w) = |[N(u) N V(M)| + |N(w) NV (M)|
<2l{zye M |,y € Li—3,;+1}|
< V(M) N Li_3441],

implying (2). Hence at least one of the statements (1) or (2) holds.

Since claims 1 and 2 hold also for i = 0, we have |Lg; N V(M)| > 6.
Using (1) or (2), respectively, it is easily proved by induction on k that for
3k <dm

[V(M) N Loak+1| 2 (k+1)6.
Since we can choose k > (dm — 2)/3, this completes the proof of the theo-
rem. 0

The bound given in Theorem 1 is asymptotically best possible, as shown
by the graph

G=K1+K5+(K1+K1+K5_1)k+K1+K1+K5+K1,k2l.

where K,+K,+K,;+. .. is the graph obtained from the union of K., K,, K., . ..
by joining every vertex of K, to every vertex of K,, every vertex of K, to
every vertex of K, and so on. The notation (K, + K, + K;)* is shorthand
for K, + K, + K.+ K.+ K,+K;+..., where K, K,, and K, are repeated
k times each. The matching number of G is 8(G) = (dm + 1)(§ + 1)/6.
We remark that the inequality of Theorem 1 can be strengthened to

dm +2)6
ae) » Gt )
if G is bipartite.

To see this let @, b, L;j, and L; be as above and let A C V(G) be a
minimum covering set. For each i with 0 < i < dm we have |ANL;_2442| >
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4 since either L;_; 441 C A and thus |[AN L;_y ;41| > & or there exists a

vertex v € L;_; ;1 — A all whose neighbours are in A, again implying that

|AN Li_14+1| > 6. Using Ko6nig’s Theorem, we derive (+) as above.
Inequality (+) is almost best possible as the following graph G indicates.

G =K +6K +(6-1)Ky+ (K1 + K; + (6 - 1)Ky + (6 — 1) Ky)*
+ K1+ K1+ (6 - 1)K, + 6K, + Ky,
where the “+” and the brackets are to be read as above. For even k the
graph G has matching number 8(G) = (dm + 3)(26 + 1)/10.
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