On the resolvability of B[3,3:9] block designs
containing no repeated blocks.

KEN GRAY

Abstract.

The question of whether all B[k, 1; k2] designs are t-resolvable is answered in the
affirmative for k=3 and t=3, when the design has no repeated blocks. It is further
shown that all such B[3,3;9] designs are also 2-resolvable.

1. Introduction.

A balanced incomplete block design (BIBD) with parameters v,k and A, denoted
by B[k, A;v], is a pair (V,B), where V is a v-set of elements and B is a collection of
k-subsets of V called blocks, such that every pair of elements of V occurs in exactly
A blocks.

A recent paper by Harms, Colbourn and Ivanov [1} listed all non-isomorphic
B[3,3;9] designs with no repeated blocks. They gave 332 such designs, 172 of which
are indecomposable; that is, they do not contain a subdesign on nine elements.

We define an a-class to be a collection of blocks such that each element occurs
in exactly a blocks. A BIBD is said to be a-resolvable if the set of blocks can be
partitioned into «-classes. For example, Table 1 gives the blocks of a 2-resolvable
B(3,2;9] design arranged into 2-classes.

Table 1

129 129 138 147 157 168 145 136
458 468 247 238 258 267 246 235
367 357 569 569 349 349 789 789

It is well-known that any affine plane (that is, B[#, l;kz] design) is 1-resolvable
(see (2]). Further, all possible non-isomorphic B[3,2;9] designs have been found and
shown to be 2-resolvable (see {3] and [4]). Street and Billington |5] have raised the
question of whether any t-quasimultiple of an afline plane (that is, B{#, t; kZ] design)
is t-resolvable. Thus it is interesting to see if all B(3,3;9] designs are 3-resolvable.
The question of their 2-resolvability is also open, especially as 3-resolvability does
not appear necessarily to imply 2-resolvability.

The fact that all B[3,1;9] designs can be partitioned into four 1-classes and all
B(3,2;9] designs into four 2-classes ensures that all decomposable B[3,3;9] designs
are both 2-resolvable and 3-resolvable. Hence only indecomposable B(3,3;9] designs
need be further considered. The 172 such designs with no repeated blocks are
identified in this paper by a design number 1,...,172 | while the design numbers
given in [1] are also given in Table 2 for convenience. They are respectively the
first and second entries in the leftmost column of each design.
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2. The Partitioning Algorithm.

We are concerned only with finding a single 2-resolution and a single 3-resolution
of the 36 blocks of a given B([3,3;9] design, D say. Firstly, all possible 1-classes of
D were found and the maximum number of mutually disjoint 1- classes, M(D) say,
determined. Note that the existence of eleven mutually disjoint 1-classes guarantees
that the remaining blocks form a twelth.

If M{(D)=12 (that is, D is 1-resolvable), we can take the union of 1-classes in
12!/(2G # 6!) = 10395 ways to form a 2-resolution and in 12!(64 x 41) = 15400 ways
o obtain a 3-resolution. A 1-resolution of the designs numbered 124, 142 and 143
is given in Table 2, the letter A below the design number indicating that the design
is 1-resolvable.

A type B partition, indicated by a B below the design number given in Table 2, is
induced whenever M(D) = 10. A 2-resolution is then obtained in 10!/(2"5 x5!} = 945
ways by joining (that is, taking the union of) 1-classes and leaving the remaining
2-class unchanged. A 3-resolution is formed by joining the 2-class to any 1-class
and grouping the remaining nine 1-classes into any three groups of three. This can
be done in 10 x 9!/(63 x 81) = 2800 ways. An example of this is the partition given
in Table 2 for design number 5.

Not surprisingly, many of our 172 designs cannol be so easily resolved. However,
they can all be partitioned into four 1-classes together with four 2-classes. This
was achieved as follows:

A set D of nine blocks was formed from the blocks of D not belonging to any
1-class, supplemented if necessary by additional optional blocks chosen to ensure
that each element occurred in no more than six blocks of D.

The nine blocks of D were then partitioned into the possible three sets of three
blocks, Dy, Dy and Dj say. For such a given partition, provided no element occurred
more than twice in any set, a search was made to find three mutually disjoint 2-
classes of D containing Dy, D and Dj respectively, thus accounting for 18 of the
36 blocks.

Finally, a search was made for four further mutually disjoint 1-classes, accounting
for an additional 12 blocks. When this was successful, the remaining six blocks then
formed the fourth 2-class.

In most cases the first choice of the nine blocks of D provided a solution. In
several cases an alternative selection of the optional blocks of D was necessary or
else a solution was found by hand. In any event, all designs not having a type A
or type B partition were found to have a type C partition, an example of which is
giveu for design number 1 in Table 2. We can now join 1-classes in 3 ways to form
a 2-resolution and join 2-classes to 1-classes in 4! = 24 ways to form a 3-resolution.
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