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ABSTRACT: Necessary and sufficient conditions for the exis-
tence of a decomposition of AK, into edge-disjoint copies of the
Petersen graph are proved.

1 Introduction

A decomposition of a graph H into edge-disjoint copies of a given graph
G is called a G-design of H. A G-design of AK, (the multigraph with v
vertices and A edges between every pair of distinct vertices) is called a G-
design of order v and index A. The problem of determining all values of v
for which there is a G-design of order v and index ] is called the spectrum
problem for A-fold G-designs.

The spectrum problem for G-designs has been considered for many
graphs G. For example, if G is a complete graph on k vertices, then a
G-design of order v and index A is a (v, &, A)-BIBD. A great deal of work
has been done on the spectrum problem for G-designs in the case where G
is an m~cycle (see [12]). Other graphs G, for which the spectrum problem
has been considered include all graphs on 5 vertices or less (see [4] and [5)),
cubes (see [3] and (6]) and Platonic graphs (see [2]). For a survey of results
see [10].
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Figure 1). We denote the Petersen graph P with vertices and edges as
shown in Figure 1 by (vy,v3,vs,...,v10)-

It is straightforward to check that the following conditions are necessary
for the existence of a P-design of AK,:

(1) v > 10;
(2) if A =1,2,4,7,8,11,13, 14 (mod 15), then v = 1,10 (mod 15);
(3) if A =3,6,9,12 (mod 15), then v = 0,1 (mod 5); and
(4) if A = 5,10 (mod 15), then v = 1 (mod 3).
Adams and Bryant in [1] prove the following:

Theorem 1 For allv =1 or 10 (mod 15), v # 10, there ezists a P-design
of Ky.

We make use of group divisible designs and pairwise balanced designs.
A group divisible design, (K, A, M;v)GDD, is a collection of subsets of size
k € K, called blocks, chosen from a v-set, where the v-set is partitioned
into disjoint subsets (called groups) of size m € M such that each block
contains at most one element from each group, and any two elements from
distinct groups occur together in A blocks. f M = {m} and K = {k}
we write (k, A, m;v)GDD. A pairwise balanced design, (v, K,A)PBD, is a
collection of subsets of size k € K, called blocks, chosen from a v-set, such
that every pair of distinct elements of the v-set is contained in exactly A
blocks. We will use the notation k* or m* to specify that there is precisely
one block of size k or precisely one group of size m in a GDD or PBD.

We will need some notation. We denote by K,(,) the complete multi-
partite graph with » parts each of size s. The complete graph of order v
with a hole of size u (that is, the graph with vertex set V' and edge set
{ab:a,be V\U,a #b}lU{ab:a € V\U and b € U} where |V| = v,
|U| = w and U C V) is denoted by K, \ K,. The vertices in U are said
to be the vertices in the hole. For a given graph G we denote by AG the
multigraph with vertex set V(G) and A edges between the vertices z and
y for every edge zy in G.
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Figure 1: The Petersen graph

2 Constructions

We will make use of the following two well-known lemmas. Lemma 2 is
essentially a variant of Wilson’s fundamental construction for GDD’s [13].

Lemma 2 Suppose there ezists a (K,1, M;v)GDD and let m* € M. If
there ezists

(1) o P-design of AK,(,) for each r € K;
(2) a P-design of A(Ksm+n \ Ki) for eachm e M\ {m*}; and
(3) e P-design of AK,m+ 1,

then there ezisis a P-design of AKy4h.

Lemma 3 If there ezists ¢ P-design of A H and a P-design of A\2H, then
there ezists a P-design of (mA1 + n)3)H for any non-negative integers m
and n.

2.1 The case ) € {2,4,7,8,11,13,14}

From necessary conditions we have v = 1 or 10 (mod 15).
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Theorem 4 Let A € {2,4,7,8,11,13,14}. Then there ezists a P-design of
AK, for allv =1 or 10 (mod 15).

Proof: Applying Lemma 3 and Theorem 1 (m = A, A; = 1, A2 = 0) leaves
us with the case v = 10. For a P-design of AKi0, by Lemma 3, we only
need a P-design of 2K;g and of 3K10. See the Appendix for these two
P-designs.

2.2 The case ) € {3,6,9,12}

From necessary conditions we have v = 0 or 1 (mod 5). First we consider
the case A = 3. The other cases then follow by Lemma 3.

Lemma 5 There ezisis ¢ P-design of 3K, for allv = 0 or 1 (mod 5),
v > 10.

Proof: Forv =1or10(mod 15), v # 10, we apply Lemma 3 and Theorem
1. A P-design of 3Ky¢ is given in the Appendix. For the other values of
v we apply Lemma 2 with GDDs and P-designs as shown in Table 1. The
P-designs used in this table, except a P-design of 3K4(s) and of 3K, and
the other cases are given in the Appendix. For a P-design of 3Ky(5) and of
3K we apply Lemma 3 with a P-design of K45y and of K16 which exist

(see [1]).

other

v GDDs used P-designs of cases

30z (3,1,2;62)GDD 3K3(5), 3K10 none
z > 1 (see [8])

30z + 15 | (3,1, 3;6z + 3)GDD 3K3(5), 3K15 none

z > 1 (see [8])
15z +5 ({3, 4}, 1, {3, 4}; 3z + I)GDD 3K3(5), 3K4(5), 3Kgs,

z Z 4 (see [11]) 3K15, 3K20 3K50
152+6 | ({3,4},1,{3,4);3z + 1)GDD | 3Ka(s), 3Ka(s), | 3Kae:
z> 4 3K16, 3K21 3Ks51

30z+11 | (3,1,2;6z+2)GDD, = > 1 3K3(5), 3K11 none
30z + 26 (3, 1, {3, 5‘}; 6z + 5)GDD 3K3(5), 3K, 3Kse
z > 2 (see [8]) 3Ky

Table 1
Now applying Lemma 3 leads to the following result.

Theorem 6 Let A € {3,6,9,12}. Then there ezists a P-design of AK, for
allv=0or1 (mod5), v > 10.
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2.3 The case ) € {5,10}

From the necessary conditions if A = 5 or 10, then v = 1 (mod 3). First we
consider the case A = 5. The case A = 10 then follows by Lemma 3.

Lemma 7 There ezists a ({4,5}, 1, {m,n*};4m + n)GDD for m # 2, 3,6,
10 and 0 < n < m.

Proof: Take a (5,1, m; 5m)GDD which exists for m # 2, 3, 6, 10 (see [7]).
Then remove m — n elements from the last group. Also remove these
elements from the blocks. The result is a ({4,5}, 1, {m, »*}; 4m + n)GDD.

Lemma 8 Letv =1 (mod 3), 10 < v < 139. Then there ezists a P-design
of 5K,.

Proof: For v = 10 we take the union of a P-design of 2K1¢ and a P-
design of 3K10. For v € {16,25,31,40,46,55,91} we take five copies of
a P-design of K,. For v € {64,67,79,82,139} we apply Lemma 2 with
the ingredients in Table 2. The P-designs used in this table, except a P-
design of 5K;¢, are in the Appendix. For a P-design of 5K;5 we apply
Lemma 3 with a P-design of K¢ which exists by Theorem 1. To obtain
the ({4,5},1, {5, 6*}; 46)GDD used in Table 2, take a (53, {5, 13*}, 1)PBD
which exists by [9]. Then delete seven elements of the block of size 13 and
remove these elements from the other blocks. For v = 88 use Lemma 2
(with a (4,1,1;4) GDD) together with a P-design of 5K4(22) and a P-design
of 5K2; (see the Appendix). For v € {13, 19, 22, 28, 34, 37, 43, 49, 52}
see the Appendix. For the remaining values of v we apply Lemma 2 with a
({4,5},1,{m,n*}; 4m+n)GDD, where dm+n >16,0<n<mandn#1
or 2 and P-designs of 5K4(3), 5K5(3); 5K3m+1 and 5Kz 1.

v GDDs used P-designs of

64 (4, 1, 4; 16)GDD 5K4(4) and 5K16

67 (5, 1, 4; 20)GDD 5K5(3), 5(K19 \ K'[) and 5K19

79 | (5,1,5; 25)GDD 5Kg(a), 5(Kag \ Ka) and 5K19

82 (5, 1,5;25)GDD 5K5(3), S(Kzz \ K7) and 5Kj3

139 ({4, 5}, 1, {4, 6'}; 46)GDD 5K4(3), 5K5(3), 5K13 and 5K19
Table 2

Lemma 9 If there ezists ¢ P-design of 5K, for allv =1 (mod 3), 10 <
v < 139 then there ezists a P-design of 5K, for allv =1 (mod 3), v > 10.

Proof: Let v = 3u+ 1 and u > 47. Then there are m and n such that
m>11,0<n<m,n#1lor2and u=4m+n. Now apply Lemma 2 with
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a ({4,5},1,{m,n'};u) GDD,0 < n<mand n # 1 or 2, and P-designs of
5K4(3), 5K5(3); 5K3m+1 and 5K3n41.

Now applying Lemma 3 leads to the following result.

Theorem 10 Let A € {5,10}. Then there ezists a P-design of AK,, for all
v=1 (mod 3), v > 10.

2.4 The case A =15
Theorem 11 There exists a P-design of 15K, for allv > 10.

Proof: Using Lemma 3 and Theorems 6 and 10 one can find a P-design
of 15K, for v = 0,1,4,5,6,7,10,11,13 (mod 15), v > 10. For the other
values of v, namely v = 2, 3,8, 9, 12,14 (mod 15), we apply Lemma 2 with
GDDs and P-designs as shown in Table 3. The P-designs used in this
table, except a P-design of 15K(5), and the other cases are either in the
Appendix or can be obtained by Lemma 3 and P-designs with smaller A
given in the Appendix. For a P-design of 15K4(s) we apply Lemma 3 with
a P-design of K4(5) which exists (see [1]).

3 The Main Result

Now we are ready to prove the main result of this paper.

Main theorem There exists a P-design of AK, if and only if v > 10
and

(1) X =1,2,4,7,8,11,13,14 (mmod 15) and v = 1,10 (mod 15), (A,v) #
(1,10); or

(2) A =3,6,9,12 (mod 15) and v =0, 1, 5, 6,10, 11 (mod 15); or

(3) A =5or 10 (mod 15) and v = 1,4,7, 10, 13 (mod 15); or

(4) A =0 (mod 15).

Proof: It is straightforward to check that the above conditions are nec-
essary. We prove that these conditions are also sufficient. Let A = 152+ )¢
with 1 < X9 < 15. If g # 1 or Ao = 1 and v # 10, then there exists a
P-design of Ao K, by Theorems 4, 6, 10 and 11. Hence we apply Lemma 3
with a P-design of AgK, and a P-design of 15K,. If Ao = 1 and v = 10,
then we apply Lemma 3 with a P-design of 15K1¢ and P-designs of 8 Ky¢.
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other
v GDDs used P-designs of cases
30z+2 | (3,1,2;6z)GDD 15K3(5), 15K12, none
T 2 1 15(K12 \Kz)
30z + 17 | (3,1, 3;6z+ 3)GDD 15K3(5), 15K17, none
z 2 1 15(K17\K3)
30z+3 | (3,1,2;6z)GDD 15K3(5), 15K13, none
T Z 1 15(K13 \ K3)
30z + 18 | (3,1,3;6z+ 3)GDD 15K3(5), 15K 13, none
z>1 15(K13 \ K3)
15z + 8 ({3, 4}, 1, {3, 4}, 15K3(5), 15K4(5), 15K g,
3z + I)GDD, z>4 15K 3, 15(K13 \ K3), 15K53
15(K23 \ K3)
15z + 9 ({3, 4}, 1, {3,4}; 15K3(5), 15K4(5), 15K39,
3z + I)GDD, z>4 15 K54, 15(K19 \ K4), 15Ks4
15(K24 \ K4)
30z +12 | (3,1,2;6z+ 2)GDD 15K3(5), 15K12, none
z 2 1 15(K12 \Kz)
30z + 27 (3, 1, {3, 5‘}; 6z + 5)GDD 15K3(5), 15K 7, 15K57
T Z 2 15(K17\K3)
30z + 14 | (3,1,2;62+ 2)GDD 15K3(5), 15K14, none
z2>1 15(K14 \ Kq)
30z + 29 (3, 1,{3, 5*}; 6z + 5)GDD 15K3(5), 15K 39, 15K59
z Z 2 15(K19 \ K4)
Table 3
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4 Appendix
P-designs with A = 2

V={i;|0<i<2 j=1,2,3} U{oo}.
P-design follows, cycled modulo 3_:
(01111321)02012)03113l22l23)°°)l (01)02113:21)03122023»12)11r°°)-

P-designs with A =3

V = Zg U {c0}. P-design follows, cycled modulo 9:
(0,1,2,3,6,5,7,4,8, o).

V = Z,,. P-design follows, cycled modulo 11:
(0,1,2,3,5,6,9,7,4, 10).

V={i|0<i<6 j=1,2}U{oo}.

P-design follows, cycled modulo 7_:

(01,11,24,34,51,41,61,02,12,232), (01,31,02,1,,13,22,2;,33,52,00),
(01,32,02, 3y, 62, 52,42, 22,61,00).

V = Z19 U {o0}. P-design follows, cycled modulo 19:
(0, 1,2,3,5,4,6,8,11, 14), (0,4,9,1,7,8,15,2,11, oo)

V = Za;. P-design follows, cycled modulo 21:
(0,1,2,3,5,4,6,8,11,14), (0,4,9,2,14,8,15,6,12,17).

V = {:; |0 < i< 12; j =1,2}. P-design follows, cycled modulo 13_:

(72192102) 52,21,42,51,82, 12)101)| (1111011 22, 71)121’3230219111021 82)’
(81,911611 1011 122,92‘62152l111’32)0 (01111121|411 71151’911321611 22)1
(01v61, 22)41, 32, 102: 11z, 51’521 62)-

V ={i]0<i<16; 3=1,2}U{oo}. P-design follows, cycled mod 17_:

(01’11121131951r41|61181,1111141): (01141191111161)71a151102|121112);
(01)021 1,, 12)22132142,31152)21)1 (01112131102;42'52)72)911 221 71)|
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(0],42, 71102v 52I62!12)91!1521 23)1

(01:721 1011021821921121102142100)1
(01v72) 111;221921 132162t 32v021°°)°

V ={i; |0 <1 <8; j=1,2,3,4}. P-design follows, cycled modulo 9_:

(3l; 22,64174144|02173’84s52r14)’
(811641021531 711431 23) 12:24151):
(42!84”03:81' 52178:41,04a31161)t
(521 121821621 22131181134142133)n
(81,04,25,41,31,13, 71, 64,63,44),
(521 23,81,62,44,53, 24: 78:63v64)l
(Oll 12123722124142:83:34: 73104))

(811121021331 52’53a6h8h7h 11)1
(13:73)54122:33152:32151183161))
(24,21,11,23,71,83,53,34,13,62),
(31,25,51,54,53,44,21,72,6,61),
(14!61)11’71163134)41022)81l32))
(01721)221111 12142143»021 54»34):
(011631 230331 541 74383)031 21)02)-

V = Z4g U {o00}. P-design follows, cycled modulo 49:

(3,37,7,29,9,27,46,47,6,48),
(1,33,28,36,23,17,35,19,1,11),
(0,6,12, 3,28, 23,38,15,42, 00).

(0,12,22,42,33,6,11,9,14, 26),
(0,1,2,5,9,3,14,26,4, 20),

V = Zg,. P-design follows, cycled modulo 51:

(2,50, 23,32,1, 28,30, 7, 40, 24),
(3,4,37,5,20,21,45,50,9, 29),
(0,10, 22,5,34,12,47,13,48,27).

V={i|0<1i<6; 1<j<8}. P-design follows, cycled modulo 7_:

(141541 53144|34v61»62168156146))
(26, 2s, 53,63, 51,32, 37,05, 235, 43),
(52, 22, 23,61, 38,11, 38, 13,63,07),
(37'03, 58»22144134'41s52)63103):
(381 24163,55167147126) 12)02105)1
(521341 630 27136»32) 53,62103v56)|
(661 2¢,4s,07, 54,11, 37, 27136)58)0
(16102» 41061134’11347: 28:06, 57)0
(27106141)15)64'11:341 32n02157)1
(31,38, 42,14, 18,66, 15, 28,46, 27),
(62» 33v48)251 18004|45!36|63152))
(42,56, 22,61,41,35,52,44,67,06),
(48)41116134'33)51v641 1,45, 22)1
(63,57,37,05, 48,58, 12,43, 24,35),
(37123141:04s07365|661 12125961):
(35)61:25138) 57)151421 31167v05)|
(541 16, 42,08, 04,47, 21, 41,22, 58),
(231 121351351 581561 53737163| 14)1
(62, 53, 23,42, 48,57, 27, 15,31, 68),

(7,50,14, 20,45, 4, 10,22, 19, 15),
(0,1,2,4,11,7,16, 25,12, 26),

(41)141 52,37,27,15,11,47, 4s, 33)1
(65:55:36,581 4,,4s,12, 57, 15)05)1
(34161|46|2h 22:44)13147103) 54)1
(65,34,64,45, 13, 53, 56, 46, 51,04 ),
(45126v46»17' 1g,07,64, 53, 11:46)’
(16:551 53v65r 2lr63:54118142|06)x
(18131,26,35,43,44,57,54, 28, 12),
(36101145142103131123124121)07):
(07113)24)521 27l65145,05)42)45):
(03)52121122| 24146'351 56)32'35)1
(47133114:68136161»28:431310 18)1
(45|04,68;26i 3s, 55|64)141 13027)|
(02153)42'24v47; 51|26’46108021)v
(57: 22, 37) 33,35, 14131327:32)26)r
(42) 2, 32; 28125113113133115,45)1
(42021131:55)61743141106105, 16)1
(67)03n511621 1s, 28»23)43121!63)1
(65113v 37| 121 5!1 25p63| 15,17, 27)1
(06)53103165:44n 46141145167i04))
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(01,11,41,32,63,31,33,54,2,25), (01,62,2s,13,55,15,04,37,67,43),
(01,62,07,23,64,33,26,65,67,36), (01,2s,63,34,15,28,33,43,35,17),
(01,14,35,04,66,34,26,66,67,15), (02,37,1s,25,68,08,33,47,64,58).

3(Kas\Ks)| V={i;]0<i<4 j=1,2,3,4}u{A,B,C}; hole on {4,B,C}.
P-design follows, cycled modulo 5_:

(21, 12’ 131031 14) 221 411A1 33’3)1 (23131)32) 2214h04»14xA, 21)B),
(011 13143: 4!.-38:02: 23:‘4: 421 C)» (01:341431311 14: 11|021A) 12’0)»
(03|02»41:44)22104)34)31241 C)r (OQxOS)oltlal 21:43:41131281 C)v
(01131111141x 13, 22132)21|03» 18)» (02n12142103:()&:33;24v01p14p22)!
(02132143)04134v 14124101144141)) (02123114143104s44323n33'34)24)-

3(K2\Ks)| V={ij|0<i<4 j=1,2,3,4}U{4,B,C, D}
hole on {4, B,C, D}. P-design follows, cycled modulo 5_:

(14104x42: 221 4,0, 12|A; 3213)) (31122v321441 41,21’34vAu 12’3)’
(41134:31| 11138)431041‘4: IQ:B)) (04)12; 23133) 13,03,43,A,01,B),
(11o44)14)31:22t24)41:01 ISID)) (Oﬁioaiohlay2410112310114vD)v
(0s,01,14,02,24,12,2;,C,1;,D),  (01,21,0s,24,35,15,32,C, 02, D),
(01102)13r 21133103|41,12144142)| (01r32:03a 12:481 22,24;421 23104)n

together with the following four uncycled Petersen graphs:

(oll 11)21:31v4l:023 221421 12132)1 (03:12t23'32142r03123143) 13:33)3
(031 13123;33:431043 24144»14)34)| (04x14v24134)44t 01121141)11131)°

V ={ij |0<i<4; j=1,2,3}. P-design follows, cycled modulo 5_:

(01;02,11,12:030 22) 130211 23131), (01,021 11|22s 231 12s°3o 42'21138)1
(01v12;13v02s 23v33133’1h43i 21)-

P-designs with A =5

V = Zjs. P-design follows, cycled modulo 13:

(0,1,2,3,4,5,6,8,10,7), (0,2,4,1,6,5,10,3,8,11).
V = Z,p. P-design follows, cycled modulo 19:
(0,1,2,3,4,5,6,8,10, 7, (0,2,4,1,5,3,9,14,7, 13),

(0,3,9,1,11,10,17,4, 15, 7).

V = {i; | 0 <1< 10; j =1,2}. P-design follows, cycled modulo 11_:

(01,11,21,31,41,51,81,81,101,71), (01121151111)61:31t81o02171|12)3
(01131102:113 12)221211321421 52): (01)02111|12) 22)32'42131152'21))
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(011221 31p03)32142112t51172:5?)|
(01,42,71,12,82,72,22,52,91,32).

(01|42,61:02)72)62) 12»32|71:22),

V={i; |0<i<6; j =1,2,3,4}. P-design follows, cycled modulo 7_:

(3s,63,14,24,53,52,31,44,13,04),
(11:240631041611441421641 22:03))
(32,43,42,33,44,61,63, 52102'31)1
(51,24, 32, 63,22, 04,41, 235,34, 42),
(12342114’33:28)54)61101)41151)t
(51,54, 53, 14,34, 23,41, 52,03, 44),
(42x53162:44:43103)11i 22141121)’
(01,21,51,02,32,12,42,1,,03,3;),
(01102a41r13'63v22)34131»14|21)t

(43134)44)6h63153102»12113942)3
(63y34)44'0h24;03'43y02|6h13)x
(02p621 14\\52; 22:51104)53144r01):
(32'42133! 14’08164103)111 54! 21):
(33t 14'63; 53144101121)111 51131)t
(21143'141321 12102$441621 241 22)1
(02v 12,03, 53,14,04,34,64,41, 51)|
(011030 111 121 141031 43s31163| 51);
(01)221521 21104:33: 13a1h23»63)-

V ={i; |0 << 16; j = 1,2}. P-design follows, cycled modulo 17_:

(321132771,161,102r411142| 11r152x 122)1 (92: 41:120 162)11: 121;161:221 211 52)1
(82,131,152, 72,92,02,15;,142,51,132), (02,114, 71,851,632, 153,92, 102,31, 22),
(31,164,11,,13;,15;, 27, 142,82,32,112), (122,12,91,11,52,32,51,12;,113,3;),
(102,32, 2;,91,142,41, 133,03, 31,162), (01,11,24,31,41,51,81,71,101,154),
(01’31l61)121102171!131)21)62) 12)1 (01161)02' 21v32)12) 51|152'122»142))
(01)421 161»62172:823 112)151132152)-

V = Zs. P-design follows, cycled modulo 37:

(34,11,8,31,4,27,24,9,16,17),
(25,8,2,21,36,32, 30,5, 6,29),
(0,4,8,12,16,9,17,1,13,25),

(16,14,25,7,6,22,9,17, 32, 20),
(0,1,2,4,7,3,8,12,6,14),
(0,8,17,31,20,19, 34,10, 27, 7).

V = Z4s. P-design follows, cycled modulo 43:

(21,40,10,4,7,39,22,36,1,6),
(10,18,17,9,6,23,3, 38,41,11),

(33,37,10,20, 38,17,27,42, 18, 23),

(0,7,23,6, 26,18, 39, 5,25, 40).

(30,8,38,12, 25,32, 29, 41, 36, 24),
(29,22,2,30,31,15,9,33,1,11),
(0,1,2,3,9,6,13,20,10,21),

V = Z4g. P-design follows, cycled modulo 49:

(32,14,4,37,26,21,25,33,41,22),
(17,28,21,20,1, 10, 46,30,6,7),
(3,47,19,10,38,44,9,7,16,12),
(0,7,15,1,12, 8, 29, 46, 20, 38),

(38,35,40,13,17, 44,24, 27,15,37),
(48,32,13,22,3,47,38,9,18,42),
(0,1,3,5,2,4,9,12,6, 16),
(0,12,29, 3, 26,31, 14,48, 35, 18).

V={ij |0<1{<12; j=1,2,3,4}. P-design follows, cycled modulo 13_:

(34,94,124,74,84,102,112, 53, 14,43), (113,44,94,54,104,64,8,,82,71, 42),
(111,92,122,84,63,114,24,43, 73171)1 (121’24) 73) 73:32)031 113:82123: 41),
(73,124,113, 34,64, 92,111, 72,11, 54), (103,44, 24, 54,84, 114, 72, 51, 52,02),
(43,8s,63,14,53,84,01,92,11,51), (111,63, 33,32, 74,103, 8, 43,62, 24),
(102: 84v03|74173;1111124| 104t33a82)» (03) 114, 5‘:44183;01:31)641 62'73):
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(43104| 124:53: 83,43,52,03,32, 113)1
(43p341 44124x73'93r1211941411 11))
(72» 13:03134) 63| 111» 431 4111041122)1
(02104: 12|10334(| 114, 11081!42)71)»
(42,123,82,44,102,2s, 83,22,31,91),
(211741 021 104, 92; 321 51| 122! 71142)1
(122’48s 541381 103193»1021 123: 71,51)1
(32144s 53:63,421 54:13p 03»104) 101):
(41,84,22,52,121,82,01,91,43,12),
(Oln11’31s5h42:61:111r02’91123)t
(011323111003143)521231101|83|72)|
(01153161)118104321184121)114141)1

(93, 14,34,113,94,43,61,83,84,11),
(53»04) 73: 14’541 123: 41|43|32s01)l
(1011 122) 121t62| 73133:82) 104n111| 112))
(122,75,04,124, 24,103, 8,92, 52, 72),
(22,83,43,75,112,41, 53,122, 14,31),
(32184,82s 114: 102141:1011931 21131):
(allah 53: 72s14) 24)121:213011113)i
(103,12,3,,63,0s,71,114,82,01,31),
(41i5318211311121111;42)51'11101)|
(01i51102161123) 22)101;12a82073)1
(01l52’22a122| 7{11041831311541102)1
(01|240 112,0;5,64,124, 84, 1211114112)'

5(Kis\Ki)| V={i;]|0<i<4; =1,2,3}u{4,B,C,D};
hole on {4,...,D}. P-design follows, cycled modulo 5_:

(21132’A) 23:01)4211113133x0);
(01,33,.4, 23,21'12,32,3,42,D),
(11,01, 4,31,33,41,12,C, 02, D),
(013110211031020 13,23,3,33,D),
(02x 121 1h03| 22v 18n28n33143t01)r
(02; 22’ 420 23103n 48'13) 01:331 12)-

(02n11rAn421311121 23: Bl 21»0)1
(02,42, 4,3,,0,03,2,C, 1, D),
(41142’ B)32! 11, 22323'0! OllD)r
(01,11,02,24,12,22,4;,32,05,13),
(02! 12: 22!03l23!43!13D01033)11)1

5(K19 \ K7)| V =Z,s; hole on {0,1,2,3,4,5,6}.

Take five copies of the following ten non-cycled copies of P:

(0,7,1,8,9,10,11,2,12,3),
(0,13,1,9,14,15,10,5,11,3),
(1,15,4,7,17,18,8,5,9,10),
(3,7,14,6,17,16,10,8,15,11),
(s,8,11,9,16,10,17,18,12,13),

(0,8,2,7,11,12,10,4,13,5),
(0,16,1,12,17,18,14,2,13,6),
(2,15,6,7,16,18,9,4,14,13),
(3,13,15,5,18,14,12,4,17,16),
(7,8,14,11,18,9,17,15,16,12).

5(K2\K7)| V={;}0<i<4 7=1,23}u{4,B,...,G}
hole on {4, B,...,G}. P-design follows, cycled modulo 5_:

(22,13, 4,23,42,21,45,B,02,C),
(25,22, 4,32,12,43,15,C, 33, E),
(431311A: 11.32: 12:41:D:21:G)’
(01111:Bt4l'2h3h°3|Es02sF)v
(01102: Cv 11v12122r31| F’ 32) G)I
(011121D,03’321131231E)02|G)|
(02i12s31113) 23)43:33) 21’03I01)!

(32142: A)43: 12a31102|B»0hD):
(43t02xA!01!23813'311 Cl ll»F)’
(41111)Bi21131101112:D,321E)1
(01|03s3113»21102|23tE1lltG)l
(01112,0102»32»42;03,D)131F)1
(02141;22,08s23p 21’131 Fs 331 G)r
(02,12, 22, 25,33, 03,43, 11, 13,41

V={i; |0<:<2; j=1,2,3,4}. P-design follows, cycled mod 3_:

(22111: 13: 241031 14s21.02: 23: 12),
(01,02,14,13,0s,22,13, 21, 23,04),
(01:02’ 11n03’ 24: 141131 13v0h 21)3
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V = Z15. (Part i + 1 contains the vertices

{0+14,5+1,10+1},0 < i < 4). P-design follows, cycled modulo 15:
(0,1,2,3,4,6,5,7,9,12), (0,2,4,1,9,7,11,13,6,10).

V = Z,6. (Part i + 1 contains the vertices {0+ 1,4 + 1,

8+1,12 +1},0 < 1 < 3). P-design follows, cycled modulo 16:
(0,1,2,3,5,6,4,7,8,9), (0,2,5,8,11,9,14,4,13,3).

V = Zgs. (Part i + 1 contains the vertices {0+1¢,4+14,...

84 +1},0 < 1 < 3). P-design follows, cycled modulo 88:
(73,63,46,87,54,12,71,25,24,45),  (46,85,72,78,55,23,26,80,63,61),
(14,79,49,12,13, 44,15, 26,24,85), (56,17, 76,69,63,82,57,46,79, 28),
(10,81,80, 29,63, 23,86,85,42,56),  (24,27,52, 74,51, 29, 66, 85, 58,80),
(87,2, 40, 63, 20,46, 25,18, 75, 32), (0,2,4,1,6,3,13,20,7,12),
(0,5,12,1,10,9, 22,32, 43, 58), (0,14,29,3,21,18, 48, 66, 84, 49),
(0,19, 40, 75, 46,43, 78, 16, 54, 13).

P-designs with A =15

V = Z1, U {co}. P-design follows, cycled modulo 11;

(0,1,2,3,4,5,6,7,8,9), (0,1,2,3,4,5,6,7,8,00),

(0' 2' 4, 1’3’ 5' 7' 9' 6' w)' (Dl 2' 4’ 1' 3' 5| 7] 9] 6! w)l
(0,2,4,1,3,5,8,10,6, ), (0,2,7,1,6,4,10,3,8, c0).

V = Z;3 U {oo}. P-design follows, cycled modulo 13:
(0,1,2,3,4,5,6,7,8,9), (0,1,2,3,4,5,6,7,8,10),

(0. 2' 4'1, 3) 5! 7’9’61 w), (ol 2.4. 1' 3’ 5| 7’9’ 6’ m)'
(0,2,4,1,3,5,7,11,6, 00), (0,3,6,1,7,5,10,2,8, 00),
(0,4,8,1,7,5,12,3,10, 00).

V = Zy7. P-design follows, cycled modulo 17:

(2,1,7,8,14,13,4,10,15,5), (5,13,2,12,9,7, 16,8, 15,10),
(10,11,5,13,8,12,16,3,7,9), (8,14,2,11,15,5,13,16,4,7),
(0,1,2,3,4,5,6,7,8,9), (0,1,2,4,6,3,5,8,10,12),
(0,2,4,1,6,5,11,16,7,12), (0,4,8,15,10,9,16,5,12,2).

V = Z,7U {o0}. P-design follows, cycled modulo 17:
(3,11,5,6,1,2,15,9,14,12), (8,10,9,14,6,1,3,2,7,15),

(10,5,6,11,16,12,14,13,3,15), (8,10,14,4,16,1,7,6,2,11),
(15,7,10,13,14,11,3,8,5,00),  (0,1,2,3,4,5,6,8,10,00),
(0,2,4,1,3,5,8,11,6,00), (0,3,6,1,4,5,12,8,14, 0),

172



(0,4,10,1,11,7,16,5,12, o0).

V = Zas. P-design follows, cycled modulo 23:

(18,11,14,4,12,8,9,5,13,2),
(16,11, 4,9, 8,18,21,13,6,20),
(5,13,11,17,10, 22, 21,6, 8, 3),
(8,1,15,6,2,4,19,3,9,20),
(0,2,4,1,3,5,7,9,6,10),
(0,5,11,3,13,7,21, 4,14, 20).

(5,8,15,4,1,14,6,21,9,17),
(8,20,10,13, 5,21, 22,16,19,2),
(18,22,5,17,14,19,9,2,13,6),
(0,1,2,3,4,5,6,7,8,10),
(0,2,4,6,11,5,12,1,10,19),

V = Z3s U {co}. P-design follows, cycled modulo 23:

(7,5,13,9,11,6,10,1,21,22),
(20,9,17,19,3, 21,1, 14,18, 5),
(1,4,6,2,17,16,9,18,12,7),
(17,2,15,7,19,4,22,1,14,6),
(0,2,4,1,3,5,7,9,11, 00),
(0,6,12,1,9,10,20, 3,15, o),

(19,9,14,10,15,18,1,12,16,13),
(10,20,19,7,1,22,2,8,5,18),
(5,15,17,14,13, 21,10, 4, 20, 2),
(0,1,2,3,4,5,6,7,8,00),
(0,2,6,1,5,4,11,16,8, 00),
(0,6,12,1,15,9,21,7,16, c0).

V = Zz7. P-design follows, cycled modulo 27:

(16,7,18,8,6,26,14,5,23,1),
(9,21,2,16,15,11,18,14,19,4),
(2,19,12,13,21,18,11,14,9, 3),
(20,3,1,14,11, 26,9, 25,2,4),
(9,21,22,23,15,17, 20, 14,13, 19),
(0,3,6,1,5,4,10,15,8,14),
(0,5,13,2,16,9, 22, 3,14, 20).

(3,18,5,12,2,10,11, 23, 26,6),
(21,25,5,10,6,4,8,20,11,23),
(3,2,11,4,12,18,22,9, 23, 8),
(5,2,4,7,6,17,10,18,13,21),
(ol 2! 4! 1! 31 51 71 916:8)v
(0,5,10,1,11,7,21,3,14,23),

V = Zag. P-design follows, cycled modulo 29:

(21,1,2,23,5,13,11, 26,19, 22),
(9,27,21,5,18,26,14,3,7,8),
(24,5,21,13,9,15,11,14, 3,28),
(19,16,14,20,17,3,27,5, 26, 25),
(15,9,5,25,11,13,12, 28, 2, 22),
(13,20,22,5,19, 3,14, 9,12, 25),
(0,5,10,1,6,8, 2,14, 26, 16),

(26,18,12,5,21,25,10,16,17,7),
(25,5,18,9,27,20,2,4,16,10),
(7.16,12,23,6,4,22,10,21,26),
(6,7,8,17,20,10,12,27,26,16),
(15,27,20,8,1,17,14,24,28,6),
(0,2,4,1,5,3,7,11,6,13),
(0,5,13,26,14,15,27,4,20,7).

V = Zs7 U {oo}. P-design follows, cycled modulo 37:

(10,2,16,19, 20,14, 32,9, 26, 4),
(23,29, 36,32,9, 16, 4, 26, 20,27),
(24,29,6,26,23,2,15,1,17,32),
(4,30,6,16,12,32,23,34,2,7),
(26,27,16,25,23,28,18,3,22,12),
(7,30,29,19,8,5,2,22,4,16),

(35, 36, 18, 33, 20, 7, 25, 22, 8, 6),
(0,2,6,10,16,7,13,1,8, 00),
(0,6,12,1,13, 8,20, 5,21, c0),
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(36,18, 35,21, 24,13, 26, 28,14, 4),
(18,27,31,10, 30,25, 5, 3, 8,28),
(27,36,14,19,26,15,11,10, 29, 8),
(30,20,1,8,11,5,10,14,17,22),
(2,28,14,10,35,23,15,8,6,33),
(25,34, 23,31,30,22, 3, 28,32, 35),
(0,1,2,3,4,5,7,9,11,16),
(0,6,12,1,7, 8,20, 26,14, o),
(0,6,12,4,17,8,25,1,14, 00),



(0,6,19,35,16,24, 3,32,14, 00).

V = Zsg. P-design follows, cycled modulo 39:

(5,18, 38,22,19,32,2, 30,1, 36),
(31,34, 36,15,13, 20, 16, 0,19, 23),
(26,8, 25,37,5,4,32,19,27, 3),
(15,24,13,29,17,23,16,14,0,32),
(2,11,18,25,9, 34,37,30,36,15),
(6,18,17,36,15,35,24,14,9, 26),
(6,17,24,34,32,4,5,18,14,9),
(28,11, 10, 34, 16, 20, 2, 29, 30, 21),
(0,1,3,5,18,2,8,13,7,20),
(0,6,15,30,17,22, 38, 32,23, 7).

(19,11, 4, 29,13, 33,16,8,38,27),
(27,19,15,5,32,21,4, 23,9, 16),
(7,18,8,12,4,22,20,28,9,19),
(31,8, 20,12,2,6,32, 30,3, 22),
(26,23,12,22,30, 24, 8, 27,19, 16),
(11,23,34,16,12,10, 31, 26,13, 38),
(26,11,33,24,6, 3,29, 21,4,38),
(0,1,2,3,4,5,6,18,16,21),
(0,2,8,14,20,6,21,4,17,23),

V = Zgs. P-design follows, cycled modulo 53:

(28,46, 22,19, 24,27,50,18,8,7),
(47,45,8,19,43, 25,48, 16,3, 50),
(43,4,42,11,22,9,21, 34,49, 51),
(39,15, 21,16, 7, 32, 38,18, 40,6),
(29,33,9, 3,48,18,7, 36,13, 44),
(7,43,20,34,25,42,27,36,6, 44),
(33,22,43,39,29,2,1,34,13,10),
(15,5, 3,36,17, 34,10, 46, 29, 32),
(43,17, 31,22, 35, 24, 26, 27,5, 25),
(10,47,7,41,31, 2,43, 25,39, 29),
(4,11,46,35, 40, 20,42,1,10,28),
(0,3,6,1,7,5,13,4,12,21),
(0,14,29,1,27,30,47,12,40, 15),

(28,3,5,41,38, 51,22, 42, 29,27),
(5,47,27,1,20,13, 22,41, 48, 23),
(27,45,9,7,28,19,13,24,20,18),
(9,40,19,36,31,27,42,21,33,14),
(45,2, 37,36,42,7,8,18, 48,28),
(25,2, 35,32,37,18, 44, 16,45, 52),
(11,39, 45,16,18,5,17, 52,36,6),
(38,31,32,26,52,1,11,12,29,45),
(36,3, 22, 42,38,13,6,34,16,50),
(3,2,20,4,16,19,5,38,51,45),
(0,3,6,1,4,5,11,16,8,14),
(0,3,12,1,14,9, 25,39,17,31),
(0,14,29,2,38,17, 45,22, 49, 32).

V = Zgs U {oo}. P-design follows, cycled modulo 53:

(12,48, 40,49,52,13, 39, 20, 2,6),
(41,29,48,12,20,39,32,16,17,27),
(29,42, 36,24, 31,28,9,44,48, 2),
(44,8, 6,34, 29, 2,35,31, 14, 22),
(52,41,6,8,21,14,15,43,17,27),
(37,7,43,50,1,38,42,47,0,10),
(13,22, 50, 29, 32, 36,30, 11, 8,17),
(18,19, 24, 20, 37,42, 7,11, 33, 45),
(32,44,18, 33, 29,12, 3, 23, 50, 40),
(18,3,0,30,33,48,19,7,5,35),
(12,17,33,48,39,24,38,32,2,0),
(0,2,4,1,3,8,12,23,5,00),
(0,8,19,1,22,14, 35, 4,26, 00),

(0, 14,28, 4,29, 21, 42, 5, 36, o).

(8,9,10,13, 33,41, 3, 25,20,52),
(14,5, 40,10, 44,12, 50, 20,1, 33),
(19,17, 44,35,34,7, 49, 39,47, 20),
(13,41,4,33,26,7,43,51,24,10),
(42,49,41,13,7, 8,32, 30, 20,19),
(15,19,31,0,44,7,51,4,2,34),
(8,27,0,17,7,20,48,29,15,4),
(50,1,14,31,10,15,9, 27,44, 24),
(22,42,12,52,2, 23,13,39,19,8),
(42,47, 34, 46, 49, 36, 39, 6, 43,14),
(21,52,14,22,11,50,34,16,7,13),
(0,4,12,1,11,8, 22, 33,15, 0),
(0,14, 28,3, 21,16, 44, 5,30, 00),

V = Zgy. P-design follows, cycled modulo 57:
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(1,2s,5,9, 10,27, 29, 38, 20, 23),
(25,34,44,49, 6, 4,11, 41, 35,53),
(25,32, 33, 30, 29, 36, 26, 20,31, 1),
(29, 55,28,34, 16, 20, 53, 46,15, 19),
(51,22,10,26,3,25,1,29, 54,19),
(28,33, 3,39, 5,50, 20, 40, 36,41),
(2,3,21,17,47,12, 50, 39, 49, 52),
(27,16,17,37,50,51,53,8, 5,42),
(42,8,25,21,9,51,37,23,22,10),
(42,54, 8, 32,40, 5,12, 41, 33,39),
(14,39,49,13,42, 4, 31,8, 22, 5),
(46,48,13,25,51,56,28,2,19,35),
(0,1,6,12,18,7,13,3,9,19),
(0,13, 26,1, 32,36,51,7,43,17),

(3,51,53,2,50,14, 8,45,34,5),

(41, 55,27, 45,26, 30,6, 39,37, 20),
(53,13, 43, 39, 38, 35, 3, 40, 6, 26),
(45,50,19, 33,11,12,37, 48, 46, 36),
(17,32, 34, 36,20, 15, 50, 38, 35, 56),
(50, 38, 52, 22,37,16,11, 35, 34, 27),
(13,53, 38,32,29,9,14,6,44,1),
(2,16,51,54,43,39,31,12,34,20),
(21,9,16,3,17,18,51, 29,41, 52),
(41,36,13,56,38,6,8,11,51,7),
(42,17,54,16,22,7,13,5,32,11),
(17,32, 53, 38,21, 36,24,31, 2, 30),
(0,7,18,2,18,10,28, 3, 33,46),
(0,13,29,10,31,19, 50,12, 32,51).

V = Zgg. P-design follows, cycled modulo 59:

(2,50,23,32,1,28,30,53,7,51),
(10,57,22,19,15,23,4, 37,54,5),
(9,44,7,5,29,20,24,16,28,18),
(41,57,31,42,11, 50, 54,37,18,13),
(26,35, 24,40,7,10,16,41,57,51),
(26,14,47,55,5,13,16, 40, 36, 56),
(39,6,20,58,1,22,56,11,47,5),
(50, 10,43, 49, 30, 7, 32, 25, 3, 23),
(14, 29,18, 35,15,27,56,6,1,31),
(11, 16,41, 28, 50, 55, 54, 46,47, 24),
(38,6,18,49,21,7,2,5,48,30),
(8,26, 23,45,52,35,41,58,19,57),
(19, 18,6, 38, 40, 29, 23, 57,47, 30),
(0,2,4,6,8,5,10,18,16,24),

(0,10, 24, 3,38,15, 53, 26, 48, 27).

(40,30, 53,24,17,50, 14, 20, 45, 4),
(20,57,58,26,21,45, 2, 50, 44, 54),
(8,49,37,22,7,40,58,44,15,51),
(27,8, 40, 44,16, 24, 37,30, 56,31),
(24, 25,40,14,57,52,27,19,2,11),
(4s,7,45,22,20,8,23,47,18,58),
(57,37,10,6,53,49, 41,44, 30, 22),
(30, 44, 55, 40,26, 32, 4, 37, 50, 52),
(30,4, 26, 36, 24,5, 20,27, 3,13),
(50,18,11,35,41,15,39, 44, 4, 6),
(29,15, 28,8, 25,48,39,57,22,18),
(25, 24, 54, 15,22, 28, 53, 46,19, 33),
(10,1,35,33,29,45,16, 28, 6,51),
(0,5,10,1, 15, 8, 20, 30, 45, 33),

15(K12\ K2)| V ={i;]0<i<4; j=1,2}U{A,B}; hole on {4, B}.

P-design follows, cycled modulo 5—:

(32142)41011’12)03:311Av0113)1
(42:32) 31|11’22102,011A141|B)1
(11,22,01,21,32,12,41, 4,02, B),
(02,12,01,11,232,32,21, 4,3,, B),
(01)11:21»31141'02)121A| 2213)1
(01,21,41,12,32,22,42,11,02,31),
(01v21)41|22102143v32|311 13: 11)°

15(K1s\ K3)| V ={i]0<i<4; j=1,2}uU{4,B,C}; hole on {4, B,C}.

(32142’02t22) 11301,12’A121)B)1
(11101)42t12; 22)02x32v‘4'31)3)v
(02,01.12.22,32,42,11,A,21,B),
(01311)21)31!41102) 12»‘4' 22)B)v
(01111’02’31,123211413‘4'3203)!
(01s21p41112:32142)22131»02111),

P-.design follows, cycled modulo 5—:

(21,12,22,41,11,42,02, 4,31, B),
(12131| 11142’32)41)021‘4'01)3)!
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(01)21131111142|41|033A; 22xB)1
(41|12111)42:02r22|311A:32rB)|



(02101122)41132; 21112)A142vB)»
(32:12)221 11)2’.!31!41:A10310)!
(42;32011)01)211 12)31)44)41)0))
(013111021 12’221 21,31,3,32,0),
(01t11141)21)02)3111’! 512200)1
(02r22)42t 12,01v33v31:Bt11vC)'

(12;31:21122; 11,01,41,A,33,C),
(42)31!22)01112121l021 A,41,C),
(32s 22;02:121 11142s01’A|31:C)’
(oh 11:21:41131102x 121 B,Zg, C)!
(oln02122’321 12,42,21,3,11,0),

IS(KIQ\KQ) V={ij|0_<.i54;j=1)2}u{A:-'-xD};

hole on {4, B,C, D}. P-design follows, cycled modulo 5_:

(22102) C) 213111421 12,A,01,B),
(41’02101 22:31v32’421A)21’B)1
(23,32,D,22,12,42,31,A,11,3),
(31:41'D)01142111,21|A1221C)r
(42:02)Da41:121 22s21)A)32i C)l
(02;0!.:12'11)21:22'31) 5,32. C))
(oh21:02)12s31r2201110o41)D)1
(01121:02:11:32123112)B'4I:D);

(01121141, 12t021 22:42, 11133131)'

(12032p014l|02p31v21’A| 22tB)1
(2h 11)Dx32'31|22:12:A9011-B))
(22)211D131,02|41: 12»‘4'01:3):
(111311D$12!02'221421A1 21v0);
(33: 12, D122142o02|41|A| 21,0),
(01111)21:31141102)12131221D)1
(01,21,02,11,12,31,22,B,41.C),
(01,21,41,13,032,22,32,31,42, 1),

V = Z15U {4, B}; hole on {4, B}.

P-design follows, cycled modulo 15:

(0,1,2,3,4,5,6,7,8,10),
(0,2,4,1,3,5,7,9,6,8),
(10,2,7,12,5,14,11, 4,9, B),
(13,5,12,3,9,8,2, 4,14, B),

V =Z,sU {4,B,C}; hole on {4, B,C}.

P-design follows, cycled modulo 15:

16, 4),
»B,13,C),
:B:14) C),

o=
w N
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(0,1,2,3,4,5,6,7,8, 4),
(0,2,4,1,3,5,7,9,6, 4),
(2,11,8,14,9,12,5, B,4,C),
(9,4,10,5,14,13,3, B,11,C),
(0,4,10,1,86,8,2,B,11,C).



