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ABSTRACT: For every connected, even-degree graph G with
10 or fewer edges, the problem of finding necessary and sufficient
conditions for the existence of a decomposition of K, into edge-
disjoint copies of G is completely settled.

1 Introduction

A decomposition of a graph H into edge-disjoint copies of a given graph G
is called a G-design of H. The problem of determining all values of v for
which there is a G-design of K|, is called the spectrum problem for G.

The spectrum problem has been considered for many graphs. For ex-
ample, if G is a complete graph on k vertices, then a G-design of K, is a
(v, k,1)-BIBD. A great deal of work has been done on the spectrum prob-
lem in the case where G is an m-cycle (see [17]). Other graphs for which
the spectrum problem has been considered include all graphs on 5 vertices
or fewer (see (8] and [9]), cubes (see [4] and [10]), Platonic graphs (see [2])
and the Petersen graph (see [1, 5]).

A closed m-trailis a connected graph with exactly m distinct edges and
with all vertices of even degree. When m = 3,4 and 5, the only closed m-~
trails are cycles. Thus, the spectra for closed 3-trails, 4-trails and 5-trails
are well-known (see [16], [6] and [14], respectively). There are two non-
isomorphic closed 6-trails (Graphs 6.1 and 6.2 in Figure 1). The spectrum
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for 6.1 can be found in [6] and for 6.2 in [9]. Adams and Bryant in [3] study
cyclically generated closed m-~trail designs of K41 for m < 10. In this

paper we completely settle the spectrum problem for every closed m-trail,
7<m<10.
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Figure 1

It is straightforward to check that the following conditions are necessary
for the existence of a G-design of K, when G is a closed m-trail.

(1) V(@) <
(2) v is odd; and
(3) v(v —1) =0 (mod 2m).

We make use of group divisible designs. A group divisible design, (K, ),
M;v)GDD, is a collection of subsets of size k € K, called blocks, chosen
from a v-set, where the v-set is partitioned into disjoint subsets (called
groups) of size ¢ € M such that each block contains at most one element
from each group, and any two elements from distinct groups occur together
in A blocks. If M = {g} and K = {k} we write (k, A, g; v)GDD. Also, a
GDD with exactly one group of size g2 and the remaining groups of size
g1 is denoted by (K, A, {g1,93};v)GDD. Similarly, a GDD with exactly
one block of size k3 and the remaining blocks of size k; is denoted by
({k1, K3}, ), M; 5)GDD.

We will need some notation. We denote by K,(,) the complete multi-
partite graph with r parts each of size s. The complete graph of order v
with a hole of size u (that is, the graph with vertex set V and edge set
{ab:a,be V\U,a# blU{ab:a € V\U and b € U} where |V| = v,
|[U| = uand U C V) is denoted by K, \ Ky. The vertices in U are said to
be the vertices in the hole.

In Figures 1 to 5 all of the non-isomorphic closed m-trails, 6 < m < 10,
are shown (see [3]), and the distinct closed m-trails are labelled m.1, m.2,
and so on. For example, when m = 7, the closed m-trails are labelled 7.1,
7.2 and 7.3.

The Appendix gives decompositions of a number of graphs into closed
m-trails. If an m-trail contains n distinct vertices, then we denote by
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[v1,v2,v3, ..., vs] the closed m-trail with edges shown in the corresponding
figure. For example, Figure 1 shows a 6-trail labelled 6.2, sometimes called
a bowtie. When considering this 6-trail, we denote by [v1,v2,va, v4, v5) the
bowtie with edges V1vV2, V2V3, V1V3, V3V4, V4VUs5, V3Vs.

2 Constructions
We will make use of the following well-known construction.

Lemma 1 Suppose there ezists o (K,1, M;v)GDD and let ¢’ € M. If
there ezists

(1) @ closed m-trail design of K,(,) for eachr € K;
(2) a closed m-trail design of (Ksg4n \ K1) for each g € M \ {g'}; and
(3) a closed m-trail design of K,gr 14,

then there ezists a closed m-trail design of Kyyin.

2.1 Closed 7-trail designs

There are three non-isomorphic closed 7-trails (see Figure 2).

5
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7.1 7.2 7.3
Figure 2

Theorem 2 For each closed 7-irail G, there ezists a G-design of K, if and
only ifv=1,7 (mod 14).

Proof: From the necessary conditions we have v = 1,7 (mod 14). Now
let G be a closed 7-trail. If G is Graph 7.1 or Graph 7.3 then the result
follows by [14] or [9], respectively. For Graph 7.2 we apply Lemma 1 with
GDDs (see [11]) and G-designs as shown in Table 1. The G-designs used
in this table, except a G-design of K5 are given in the Appendix. For a
G-design of K5 see [3]. 0
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v GDDs used G-designs of
T6w)+1, w>1 (3,1,2;6w)GDD K7y, Kis
7(6w+2)+1, w>1 | (31,2;6w+2)GDD K3(7), K15
T6w+4)+1, w>1](31,{2,4};6w+ 4)GDD Ks(n), K15, Kag
76w+ 1), w>0 (3,1,1;6w+ 1)GDD K37y, K7

7(6w + 3), w> 0 (3,1,1; 6w+ 3)GDD Ka(r), Kr
7(6w+5), w>0 ({3,5*},1,1; 6w+ 5)GDD | Kgr), Ks(7), K7

Table 1

2.2 Closed 8-trail designs

There are five non-isomorphic closed 8-trails (see Figure 3).
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Figure 3

Theorem 3 For each closed 8-trail G, there ezists o G-design of K, if and
only ifv=1 (mod 16).

Proof: From the necessary conditions we have » = 1 (mod 16). Now let
G be a closed 8-trail. If G is Graph 8.1 then the result follows by [6]. For
the other graphs we proceed as follows. Let v = 16w+ 1. If w = 0,1 (mod
3), w > 3, then we apply Lemma 1 with a (3,1,2;2w)GDD, a G-design
of K7 (see [3]) and a G-design of Kgg s (see the Appendix). If w = 2
(mod 3), w > 5, then we apply Lemma 1 with a (3,1, {2,4"}; 2w)GDD, a
G-design of K7, a G-design of Ka3 (see the Appendix) and a G-design of
Kgs,s. a

2.3 Closed 9-trail designs

There are nine non-isomorphic closed 9-trails (see Figure 4).

Theorem 4 For each closed 9-trail G, there ezists a G-design of K, if and
only ifv=1,9 (mod 18), and v # 9 for Graph 9.8.

Proof: From the necessary conditions we have v = 1,9 (mod 18). Now
let G be a closed 9-trail. If G is Graph 9.1, Graph 9.8 or Graph 9.9 then
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the result follows by [14], [15] or [18], respectively. For the other graphs we
proceed as follows. If v = 3(6w) + 1, w > 3, then we apply Lemma 1 with
a (3,1,6;6w)GDD (see [11]), a G-design of K9 (see [3]) and a G-design
of K333 (see the Appendix). A G-design for the isolated case, v = 37, is
given in the Appendix. If v = 3(6w + 3), w > 1, then we apply Lemma 1
with a (3,1, 3; 6w+ 3)GDD (see [11]), a G-design of Ky (see the Appendix)
and a G-design of K3 3,3. ()

2.4 Closed 10-trail designs

There are nineteen non-isomorphic closed 10-trails (see Figure 5).
Lemma 5 Lei G be a 10-trail. There ezists a G-design of Kaz5 \ Ks.

Proof: If Gis Graph 10.1 or Graph 10.19 then the result follows by [7] or
[13], respectively. For the other graphs we proceed as follows. First we note
that a G-design of Kq5\ K5 has 29 copies of G. Secondly we can decompose
a Kyo \ F, where F is a 1-factor of Kjo, into four copies of G (see the
Appendix). Finally, there exists a cyclic G-design of (K35 \ K5) \ (K10\ F)
(where the Ky and the Kjo are vertex disjoint) with five starters; see the
Appendix. O
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Lemma 6 Let G be Graph 10.3, 1 # 1,17,18,19. Ifv = 1,5 (mod 20) and
v #£ 5 then there ezisis a G-design of K,.

Proof: If v = 10(2w) + 1, w > 3, then we apply Lemma 1 with a
(3,1,{2,4}; 2w)GDD (see [11]), a G-design of K1o,10,10 (see the Appendix),
a G-design of K3, (see [3]) and if w = 2 (mod 3) a G-design of K4; (see
the Appendix). If v = 10(2w) + 5, w > 3, then we apply Lemma 1 with
a (3,1,{2,4}; 2w)GDD (see [11]), a G-design of Ko 10,10, & G-design of
K25 \ K5 (see Lemma 5) and if w = 0,1 (mod 3) a G-design of K5 (see

the Appendix) otherwise a G-design of K45 (see the Appendix). a
2 3 . 5 . s o ) s
1 4 2 3 2
, 6 ‘ QO
10 s 3 7
O" 3@’ @ 4 8
8 9 A 4 9 1] s 9
101 102 103 2 104 g
zn 1 L 3 3 4 of ?
| 4
WAL s 2 . R A
6 s : ! 107 . :
6 .
105 106 * 108 7
2 3 2 3 -
A 3 N 2 )
! " ¢ 1 4 8 s
o9’ “ 100 ? 0.1 s
2 3 4 M
3 4 s 6
W &
2 ] 7
1013 s
10.14 s

-
é )
“
EY

~ ~
-
j ”

-

6 s R
1017 10.18 10.19
Figure 5

The above construction does not work for Graph 10.18 since this graph
is not tripartite. Moreover a decomposition of K1o,10,10 into Graph 10.17
has not been found. For Graphs 10.17 and 10.18 we use a different con-
struction and need the following lemma.

Lemma 7 Let w=0 (mod 4) and w > 20.
(1) There ezists a (5,1,4; w)GDD for allw = 0,4 (mod 20).

228



(2) There ezists a (5,1,{4,8"}; w)GDD for all w = 8,16 (mod 20), w #

28, 48.
(3) There ezists a (5,1,{4,12*}; w)GDD for all w = 12 (mod 20), w #
32.
Proof: For part (1) see [13] and for parts (2) and (3) see [12]. a

Lemma 8 Let G be Graph 10.17 or 10.18. If v = 1,5 (mod 20) and v # 5
then there ezists a G-design of K, .

Proof: Let v = 1,5 (mod 20). We apply Lemma 1 with GDDs (see
Lemma 7) and G-designs as shown in Table 2. The G-designs used in this
table, except a G-design of K3;, are given in the Appendix. For a G-design
of K3, see [3]. For G-designs of K,, v € {81, 85,141, 145, 161, 165, 241,245},
the remaining cases, we apply Lemma 1 with GDDs and G-designs as shown
in Table 3. The G-designs used in this table are given in the Appendix. D

v GDDs used G-designs of
10w+ 1L, w>1 | (5 1,4 20w)GDD Kay Kot

100w + 5, w2 1 (5, 1, 4; 20w)GDD K5(5),K25,K35 \ Ky
100w +21, w>1 | (5,1,4; 20w+ 4)GDD K5y, Ka1

100w + 25, w>1 (5, 1,4;20w+ 4)GDD K5(5),K25,K25 \ Ky

100w+ 41, w>3 (5, 1, *{4, 8‘}; 20w + S)GDD K5(5), Kz1,K4

100w + 45, w > 3 | (5,1,{4,8°}; 20w + 8)GDD | Kp(s),K45,K25 \ Ks

100w + 61, w > 2 | (5,1,{4, 12"}; 20w + 12)GDD | Kg(s), Ka1,Ke1

100w + 65, w > 2 | (5,1,{4,12°}; 20w + 12)GDD | Ks(s),Kes,K25 \ K5

100w+81, w>1 (5, 1, {4, 8*}; 20w + 16)GDD K5(5), K71,K41

100w 485, w>1 (5, 1, {4, 8‘}; 20w + 16)GDD K5(5),K45,K25 \ Kg

Table 2

v GDDs used G-designs of

81 (4, 1, 1; 4)GDD Kq(zo), K21

85 | (4,1,1;4)GDD K4(20), K25, K25 \ K5
141 (4, 1, 2; 14)GDD Kq(lo), K21

145 (4, 1, 2; 14)GDD K&(IO), K25, K35 \Ks
161 (8, 1, 1; S)GDD Ks(go), Kg]_

165 | (8,1,1;8)GDD | Kg(20), K25, K25 \ K5
241 (12, 1, 1; 12)GDD K12(20): K21

245 (12, 1, 1; 12)GDD Klz(go), .Kzs, K25 \ K5

Table 3
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Theorem 9 For each closed 10-trail G, there ezists e G-design of K, if
and only ifv=1,5 (mod 20) and v # 5 ezcept that there exists a G-design
of Ky when G is Graph 10.19.

Proof: The result for Graph 10.1 and Graph 10.19 follows by [17] and
[13], respectively. For the other graphs the result follows by Lemmas 6 and
8.
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Appendix

This appendix contains decompositions of various graphs H into copies
of various m-trails G, 7 < m < 10. In each case, the graph H is listed first,
followed by a table containing the required G-designs of H. Each G-design
is given as a pair (V, M), where V is the vertex set of H, and M is the
collection of copies of G.

Often the decompositions are cyclic, so M is actually a starter set of
metrails. Vertices of the form (%, j) are written as i;. Cycling a vertex 4;
modulo a_ means 7 is cycled modulo @, and j remains unchanged. For
brevity, in some cases the commas between vertices in a trail have been
omitted; this is only done where there is no possible confusion.
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Closed 7-trail designs

V ={0,1,...6}. M as follows:

| 7.2 | [0,1,2,3,4,5] [1,3,5,4,2,6] [6,0,4,3,2,5]—|

V={i; |0<t<6; j=1,2,3}. M as follows, cycled modulo 7_:

[ 72 [ [01,02,05,12,21,42] [01,32,15,25,41,3s] [02,63,21,13,52,25] I

V = Zss. M as follows, cycled modulo 35:

(Part i + 1 contains the vertices {0 + 1,7 4 1,14 + 4,21 + ,28 + i},
0<ig6.)

| 7.2 | [0,1,3,4,10,17] [0,9,21,8,24,11] |

Kag V = Zg29. M as follows, cycled modulo 29:

[72],1,3,4,9,16] [0,6,14,9,21,17] |

Closed 8-trail designs

Kas V = Zss. M as follows, cycled modulo 33:

8.2 ] [0,1,3,4,9,2,10] [0,6,15,11,23,3,17]
8.3 | [0,1,3,6,4,9,16] [0,8,19,9,12,27,13]
8.4 | [0,1,2,5,6,14) [0,7,10,21,16,1]
8.5 [ [0,1,3,6,7,8] [0,9,25,10,11,12]

V={i;|0<:<7 j=1,2,3}. M as follows, cycled modulo 8._:

8.2 [01020312214313] [01322342031143] [015363630;2253]
8.3 [ [01021122325:03] [01427115436155] [02031223336243]
8.4 [010213032231] [013242132361] [0152627363321
8.5 [010211 224262] [010311234363] [020313234;63]
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Closed 8-trail designs

VvV ={0,1,...8}. M as follows:

92 [10,1,2,3,4,5,6,7 [0,4,6,5,1,3,2,8] [7,1,4,2,6,3,5,8]
[8,1,6,3,7,5,2,4]

93 | [0,1,2,3,4,5,6,7] [0,2,4,6,5,1,3,8] [7.1,4,3,5,2,6,8]
(8,2,7,4,1,6,3,5]

9.4 | [0,1,2,3,4,5,6 [0.3,5,2,7,6,8] _[0,4,8,5,2,6,7]
(4,1,7,6,0,8,3

55110,1,2,3,4,5,6] [0,3,4,6,5,7,2] _[0,5,8,2,1,7,6]
[3' 7, 8' 4' 0, 6, 1]

96 | [0,1,2,3,4,5,6 [0,3,5,2,7,1,4] _ [0,4,8,2,6,1,3]
[0,6,7,3,8,1,5

97 | 0,1,2,3,4,5,6] [0,3,4,5,6,7,8] [0,5,6,7,8,2,1]
[0,7,8,1,2,4,3]

Kyy V = Z3s7. M as follows, cycled modulo 37:

5.2 [ [0,1,3,4,9,2,8,16] [0,9,19,11, 24,4, 26,12]

93 [[0,1,3,6,4,9,2,10] [0,9,26,11,12,25,2,18]

94 [ [0,1,3,5,10,7,15] _[0,9,19,20,4,22,5)

95 | [0,1,3,7,6,13,21] [0, 9, 20, 30, 23, 8, 32)

9.6 | [0,1,3,7,12,2,20} [0,6,21,1,8,19,31]

97 | [0,1,2,5,7,8,16] __[0,5, 10, 25, 27,33, 21]

K333

V ={0,1,2} u{3,4,5} U {6,7,8}. M as follows:

9.2 | [0,3,6,4,1,5,2,7] [2,4,8,3,1,7,5,6] [8,0,5,1,6,4,7,3]
9.3 | [0,3,1,6,4,8,5,7] [1,4,2,7,5,6,3,8] [2,5,0,8,3,7,4,6]
9.4 | [0,3,6,1,4,2,5] [1,5,7,0,4,8,3] [4,2,8,6,1,7,0]
9.5 | [0,3,6,1,2,7,4] [0,4,8,1,2,6,5] [0,5,7,1,2,8,3]
9.6 | [0,3,6,1,4,2,7] [0,4,8,1,5,2,6] [0,5,7,1,3,2,8]
9.7 | [0,3,6,1,2,7,4] [1,4,7,2,0,8,5] [2,5,8,0,1,6,3]

Closed 10-trail designs
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102 | [0,1,3,2,4,5,7,6,8] [0,4,6,5,1,8,2,3,7] [9,1,4,6,3,8,5,2,7]
9,3,5,2,6,1,7,4,8|

10.3 | [0,1,3,2,4,5,7,6,8] [0,3,8,5,6,1,4,9,7] [2,5,1,7,4,8,9,3,6)
9,1,8,2,5,3,7,4,6]

104 | [0,1,3,2,4,5,7,6,8] [0,2,5,1,6,3,8,4,7] [5,1,4,5,8,3,7,2,6]
9,2,8,1,7,4,6,3,5]

105 | [0,1,3,2,4,5,7,6 [0,2.6,1,5,9,3, 8] [1,9,6,3,7,2,8,4]
(8,3,5,2,9,7,6,4

106 | [0,1,3,2,4,5,7,6] [0.2,5,1,7,9,4, 8] [4,1,6,2,9,3,8,7]
8,1,9,5,3,7,2,6|

10.7 | [0,1,3,2,4,5,7,9 [0,3,9,8,6,7,1,4] [2.5,3,8,4,9,1,6]
6,2,7,3,4,8,1,5

108 | [0,1,3,2,4,5,6,7] [0,4,6,5,1,7,9,8] [2,3,7,8,1,4,6,9]
3,5,8,9,4,7,1,6]

109 | [0,1,3,2,4,5,6,7] [0,2,5,1,6,3,4,8] [7,3,5,9,8,4,1,8]
[8,5,7,9,4,6,2,3]

10.10 | [0,1,3,2,4,5,6,7] [0,3,5,8,6,4,7,9] 1,4,7,5,2,8,6,9]
3,6,2,9,1,7,8,4]

10.11 | [0,1,3,2,4,5,6,7 [7,1,6,2,3,5,4,9] [8,0,3,6,1,4,2,5]
9,2,4,6,1,5,3,8

10.12 | [0,1,3,2,4,5,6,7] [0,2,5,7,6,4,3,8] [1,4,9,7,2,6,5,8]
8,2,9,1,7,4,3,6]

10.13 | [0,1,3,2,4,5,7,6 [1,4,9,5,2,3,6,8) [5.8,9,0,7,1,6,3]
8,0,4,3,9,2,7,6

10.14 | [0,1,3,2,5,4,6 0,2,4,1,7,3,8] 11,5,8,2,9,3,6]
6,2,7,5,9,4,8

10.15 | [0,1,3,2,4,5,6] [0,2,7,1,8,6,9] [2,5,8,3,9,6,4]
(5,3,7,4,1,9,6]

10.16 | [0,1,3,2,4,5,7 [2,6,9,3,5,7,8] [6.1,7,0,8,3,4]
9,3,7,4,1,5,8

10.17 | [0,1,3,2,4,5,7) [1,5,8,6,0,7,3] [6,2,8,4,1,9,7]
8,0,4,3,2,9,5]

10.18 | [0,1,3,2,5,7] 10,3,8,1,9,6] 11,4,2,8,7,6)
2,0,4,9,5,8]

[(Kas \ Ks) \ (K10 \ F) |

cycled modulo 5-:

V={ij|0<i< 4 j=1,23,4,5} M as follows,

10.2 [010103122142112304] [031405240435132545] [0;2314334124310405]
[011625350204122445]  [022434051235030415]

10.3 070217 2232332,0304 01031724230427140g [01 150225353204 1245)
020413341403052345 041434051503462535

10.4 01021;222332042,03 0122041114132,440 [033443452515240435)
021403044405133435 011502042535120545
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l(Kgs \ K&)\ (K10 \ F) | (continued)
10.5 [0103112323211304 012241235142,0524) [0134020415122545]
[0214224425034535]  [0304241514430535]
10.6 [0102051122311304] [0122142103042324] [0134051145021525]
[0214341215052535]  [0314051504134524]
10.7 01021,2232332,04 0,031,0423144,05) [0105032535451314]
0214221524340304 0305231514 252445)
10.8 0102031221043115 0722042331241405 (011424152, 050225]
02042414035153335 0324452544063235
10.9 [010211224,052304] [0122142;03243405 [0143040214152545]
[0224232505150535]  [0334041405443545
10.10 [0103112241032304 0;33410411340502] [0115022542354503]
[0203041423442405]  [0314340504153525)
10.11 0102172232330304 071321142334240; [0204120514241525]
0305114524441535 041501 2522052345
10.12 | [0102112241033304] [0122233104143405] [0315020422253545)
0214130405244425] [0324150434052545)
10.13 0;02031221420413 0132042341143405 [0114253502044445)
0234051503354525 0405350334232513
10.14 | [01020513042112 0;221443231;0p [01321502250335]
[02041442450334 0314154424350p
10.15 | [0,02051,22043; 0;32241; 441322 {0,35051,253402)]
[02143503154504 030405132444 14]
10.16 l01030313042232 0142441314253 [01430524341525]
[04242542153345 0525421, 450203
10.17 | [0102031221043; 0122441320831 [01231415024512]
[02041434052515 0314350424015
10.18 | [0,0213220,03] [012241031405] 0135044124 25)
[020521244515] [030512342435)
Kas V={ij|0<i<4; 7=1,2,3,4,56}. M as follows, cycled modulo 5_:
10.2 [011102213212310323] [013405152145021235 0)0313334,04171424
[020323132204121405] [031415240304130535 031434052335041525
10.3 | [01113102122103414s] [012402253522120345] 013202250417 24410g)
[020322041523431444] [021403053513044445] [03042534154505243¢)
10.4 0,1;3;02123,4,420s] [01240222051521453 0113210323041,2434
020312330414221534]  [023323040515031425 030413154525341435
10.5 011137102132, 0332 0124331140513 2535 01020317 23120414
022332131412341p 0205031325144535 0323043424133545
10.6 | [0111022,4,120515] 0124344105212545 0;13331103020414])
[0212243213050515] 0222450323143435 030425052334 1524]
10.7 0111310212324,03 0134030515251203] 0103113304142144
0213153304 253243 0214052444350405] 0305114544131425
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Ko (continued)
10.8 0711710221 324503 13] [0104344403221205] [013203233104 1214]
011§ 253502032245] [0233054313043514] [0414153523440503]
10.9 0111310221150315 0133411421 053415 0102123203230414
023342041205152; 0313042335052445 0444422501 45433
10.10 | [0;1137022;15052; 0;24020511253512 0113210411331403
[0212031342341533 030415244305023¢ 0414340513354515
10.11 0y 11310312324203] [01440205 15452535] [0113210423331424]
0212032333041434)  [0215132503352445]  [0304051435454425]
10.12 011137022:150315 0124311402051525 0102123203430414
0203122342242545 0323041314240515 0314052404253545
10.13 011,022,32120322 0114243402030405 [013215051; 33430,
0115253502132445 0214441503230525] [0324453435041544
10.14 | [01110221033;43) [0121041125021,] (01240511 250235)
[0212 2332040333] [0244050315 2345] [03132415443435)
10.15 0,1;022, 033 4] 01294303041412 [0124441,05151>
0212 1303140533] 02223501 252403 [0s240513041525
10.16 {03131432354225] 2531122142144, 0,1;0221 031223
{01131545240414] 0233251244320s 04052511 452,33
10.17 011,022, 3;034;) [013213235310422] [01143444020522]
031545250335 23] [03044515222433] [04143542130532]
10.18 | [011131020313] 033202130425] 013312443414]
[010511252435] 020413254345] 032333051524]
Ky V=%Z4y. Mas follows, cycled modulo 41:
10.2 [0,1,3,4,9,2,8,16,25] [0,10,21,12,25,6,20,2,17]
10.3 [0,1,3,6,4,9,2,10,19] {0,10,23,11, 14, 30,9,32,15]
10.4 [0,1,3,6,10,5,11,2,13]) [0,7,15,1,18,12,27,2,21]
10.5 [0,1,3,6,10,2,7,16] [0,9,20,1,14,35,17,26]
10.6 [0,1,3,7,2,8,15,11] [0,9,22,1,15,33,16,10]
10.7 | [0,1,3,6,4,9,2,17] [0,14,34,16,10,22,5,33]
10.8 l0,1,3,4,9,15,11,19] [0,9,21,13,3,27,31,15|
10.9 [0,1,3,6,2,7,12,14] [0,9,19,2,13, 26,18, 21]
10.10 | [0,1,3,6,2,7,8,17] [0,10,25,13,32,14, 16, 33]
10.11 | [0,1,3,6,4,9,7,15] [0,14,34,16,10,22,11,24]
10.12 | [0,1,3,6,2,7,9,11] [0,10,30,6,28,13,12,14]
10.13 | [0,1,3,4,9,2,15,17] {0,9,19,12,33,3,17,15]
10.14 | [0,1,3,7,12,2,8] [0,7,25,1,14,34,15]
10.15 | {o,1,3,7,12,18,19] [0,9,19,5,13, 24, 34]
10.16 | [28,22,24,10,21,11,33] [12,9,25,20,11,26,33]
10.17 | [0,1,3,4,9,15,22] |0, 10,24, 8, 30,21, 33]
10.18 | [0,1,3,6,14,18] [0,7,27,16,31,12]
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10.14 331164745351 42 2244751183035 ] [3455510431 157s)
8351151372823; 5415557441 7265) (63333505233, 26]
[35622202640444 0117158, 351525) [4324622,8, 1413]
[0113523584235, 024384720304 74]

10.15 | [62334252511224]  [35438,05333,22) [55352463746422]
71036423541532 03736113150252] [44141164153265)
3303528373153, 01116 7483633g] (213582755431 55)
0424034212547, 0535730185621,

10.16 952143 712373] [2133103103835384] [1021(8442113304]
0;11543;1030253]) 02121391 643223]) [112263031045224]
63935410:5;6484] 841037424616400] [8263142350354 oo)

10.17 [236)3431540365] [23730561452355] [816113440353534
650234617144 85) 837285426271 24] [13116522823474]
243254812304 63] 01020432154263]) {0131124,621534]
024205752485 15) 034585637364 75)

10.18 | [4s 149334325; ] [314102743204] (81633310410, 22]
6131719344 33] 0363831033293] [0151636253 74]
2;1424846210;) 2272131492103] [913404230002]

Ki0,10,10,10

V={i]10<1<9; j=1,2,3,4}. M as follows, cycled modulo

10_:

10.17 1425354740271 83] 03816424138243] [0,0203122, 536,
[0122244281349s]  [018264436,7481] [02732483115493)

10.18 [11 5351028403] 113321342283] [540364222192]
(01229194 5382] 016283546384] [013592444264]

Kg1 V = Zs;. M follows, cycled modulo 61:

10.17 | [0,1,3,4,9,15,22] [0,8,17,10,39, 23,43] [0,14,35,19,53,31,55]

10.18 | {0,1,3,6,10,17] [0,8, 22, 45, 20, 35] [0,18,51,29, 48,21]

Kegs V={i|0<i<12; §=1,2,3,4,5}. M as follows, cycled modulo 13_:

10.17 821y 10553024465] [622510555517515] l3393151245345114]
518265742411534] [11047443839392] [1024311481 738493]
2;71122171249564] [0121613,124237] [151363931134564]
016203829153121] [012343739144101] [01343594111105121]
024233820434 25] [024312‘23 1132444] [03134554 522 122]
033364652, 75 103]

10.18 0354417405115 [72551156510273] [74114111512481]
112931051041314] [11384121052433] [034211512362105]
[7192541022511,] [41101651212523] [01114,025213)
[0y 1241233304]) [0162041037473] [0143121836482]
[016395123105125] [01 11491257304] [02241015415731
[038422559565)

238



Kio0,10,10

V={ij|0<1<4; 1< j<6} M as follows, cycled modulo 5_:

(Part p + 1 contains vertices {1; |0 <1< 4; j € {2p,2p+1}},0<p<2.)

10.2 [41051635144225432¢ 070305233113023352g 010415142, 4402030¢
[013435160223452246 02430504352215240g 021435342633064446
103 [23121511063325242; 0;2331143302031224 014402152531061, 16
[0223052404221531 16 022542260603053346 04150346253416142¢
10.4 [46240504020326341, ) [010311230533031315] [012303032504112435]
[013,05110616024526) [021405121524362335] [023415422644450306]
10.5 2403420345331521] 01031723152y 1434 012341252402051¢
030312333513 0614 0233452215434604 02440601 3032634
10.6 313634352321 1426 0;1305170323 3525 01143611 35021624
020305122332043s] 0223260336430644 0215344524124625
10.7 [3345124535324335] 01031;2333052,04) 101041, 2514450224)
[0106112624351205] 0223051415041206] (030534 26452204 3¢)
10.8 1532140341 050622 0103252331154, 04 0;2405344106122¢
0203261322450623 0415022522343, 3¢ 0416124602331, 0¢
10.9 4621262425131,3; 1125334113264445 4y43454213361435
01135021542253344 0203124315043646 0214364425340626
10.10 | [421421242245461)) (0103112341 240512 [0115211511352502]
(020512330514 4415) (021503362346353s (0405130614 263524]
10.11 1445323511 261206 3302253231162205 114504364325441p
0115224623254445 0214012434364405 0315232611163246
10.12 | [1533060312440222 2225031524 233416] 01132;033704140p
[0134321302251506 011604122424354¢) 0305043524 463245
10.13 [0512444345214324] 4501 333144324641 ) 14313311 06121403])
[0115354312034616) 0144262446222334]) 022425130522142s}
10.14 4103250144024¢ 361402154323 34 31134521043225
01030522431235 030502041623 35) 0442233252435
10.15 1225233205340 ] 1332163345120,) 2340144021446
01032524354344)} 0322134324635 04360113262224
10.16 | [4532232143314 [06123401142; 3] |26121333014324
(0104354634146 (02154523351444] (0204052533053

Kg6,5,5,6

0<i<4)
10.17 | [0,1,4,6,15,8,19]
10.18 | [0,1,3,12,18,21]

K20,20,20,20

V = Zas. M as follows, cycled modulo 25:
(Part i 4+ 1 contains the vertices {0 + ¢,5 + 1,10 + 1,15 + ¢,20 + i},

239

V = Zgo. M as follows, cycled modulo 80:
(Part {41 contains the vertices {0+1,20+1,40+1,60+1},0 < i < 19.)




10.17

[3,34,56,1,43, 38, 52]

[0,1,7,3,12,33,16]

10.18

[42,79,16,21,12,57]

[0,1,3,26,19,29]

[0,11,5,38,77,31]

V = Ze0. M as follows, cycled modulo 160:

(Part i+ 1 contains the vertices {0+1,20+14,40+1,60+1%,...,14041},

0<i<19.)

10.17 | (18,108,126,85,73,150,74] |47, 83,120, 26,48, 57, 56]
(57,8,135,96,89,116,139]  [0,14,69,17,64,114,143]
(0,19,44,26,61,118,64)] 0,2,15,4,9,62,103]
(105,31,102,5,86,11,120]

10.18 | [31, 22, 36, 80, 145, 46] 54, 55,102, 122,59,157)

(89,14, 42,55,139,53)
[0,19,13,79,109,134]
[140,2, 61,19,150,67]

0,7,34,89,122,53]
0,2,5,23,54,11)

V = Zaso. M as follows, cycled modulo 240:

(Part i+1 contains the vertices {0+1,20+14,40+14,60+1,...,220+1},

0<1<19)
10.17 | [222,67,178,215,87,233,195] [165,128,231,196,117,206,129)
105,128, 193,62,60,220,204] [173,124,181,11,180, 66,183]

[195,42,59,54,15,163,224) 189,159, 180,13, 72, 231, 96]
[0,1,122,3,7,53,8] 0,15,182,19,46,93,169)
0,6,130,13,27,113,38] 0, 26,212, 35,87,184, 224)
0,29, 206, 62,164,95,196)

10.18 | [164,205,106,218,165,25] 12,135,62,145,138,171]

193,197,121, 239, 223, 74}
45,64,78,125,56,133]
0,5,14, 49, 20,37]
[0,32,137,75,161,55]
[0,39,175,110,155,58]

19,169, 23, 225,42, 108)
7,75,69,184,102,100]
0,18, 39, 70,92, 25]
0,28,79,181,78,142]

240

[0,18,41,10, 36, 25, 44]




