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Abstract
‘We prove that if m be a positive integer and X is a totally ordered
set then there exists a function ¢ : X — {1,...,m} such that, for

every interval I in X and every positive integer r < |I|, there exist
elements z; < 22 < -+- < z, of I such that ¢(ziy1) = ¢(zi) + 1
(mod m)fori=1,...,r—1.

We show that, given any totally ordered set X and any integer m > 2,
there is an m-colouring of X such that between any two points of the same
colour there are points of all the other m — 1 colours. Indeed we prove
a slightly stronger version of this result that is obtained by introducing a
periodic m-colouring of Z which itself may be regarded as determined by a
total ordering of the set of m colours. Our proof is obtained by considering
suitable colourings of subsets of X. These colourings are partially ordered
in a natural way and Zorn’s lemma is applied.

Throughout this paper m > 2 is an integer and < is a total ordering of
a non-empty set X. Let X = (X1, Xs,...,X;m) be an m-tuple of pairwise
disjoint subsets of X with X; UX2U...UX,, = X. We say that a finite
increasing sequence (z1,Zs2,...,%,) in X is an X-reinbow if there is an
integer ¢ such that for i € {1,...,r} and j € {1,... ,m}

z; € X; whenever i +¢{ =3 (mod m).

We say that X is an m-rainbow colouring of X if, for every integer r > 1 and

every interval I C X that contains at least r elements, there is an r-term

X-rainbow in I.

Ezamples. (i) An m-rainbow colouring (Xi,...,X,,) of Z is given by
Xi=mZ+1.
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(ii) An m-rainbow colouring (X;,... ,Xy) of the set Q of rational num-
bers is given by £ € X if a, b are relatively prime integers with b > 1
and b =1t (mod m).

Theorem. Every totally ordered set has an m-rainbow colouring.

An m-rainbow colouring of X is constructed by “combining” certain
m-rainbow colourings of “run complete” subsets of X.

Let A C X. By an m-rainbow colouring of A we mean an m-rainbow
colouring of the ordered subset 4 of X. If A = (A4;,...,4,) and B =
(B1, .- . , Bm) are m-tuples of subsets of X, define AVB = (4,UBy, ... ,AnU
B..).

Lemma 1. Let € = (C,,...,Cp) and D = (Dy,...,Dy,;) be m-rainbow
colourings of subsets C and D respectively of X and suppose that C < D;
i.e. ¢ < dfor every c € C, d € D. Also suppose that C has no greatest
element or D has no least element. Then €V D is an m-rainbow colouring
of CUD.

Proof. Let I be an interval of C U D with |I| > r, where |I| denotes the
cardinality of I. If I C C, then there is an r-term C-rainbow in I and this
is also a € V D-rainbow. If I C D a similar argument applies. If I meets
both C and D, then INC or I N D is infinite and so certainly |[INC| > r
or [IND| > r. Since INC and I'N D are intervals of C and D respectively,
there is an r-term C- or D-rainbow in I N C or I N D and this is also a
€V D-rainbow in I.

A subset R of X is a run if, for every pair a < b of elements of R, the
interval {z € X : a < z < b} is a finite subset of R. All runs are intervals
and the empty set is a run. We say that a subset Y of X is run complete in
X if R C Y whenever R is arun of X with RNY # @. An infinite run has
the order type of Z or N={1,2,...} or -N={-1,-2,...}. The set of all
maximal runs of X is a partition of X and a subset of X is run complete if
and only if it is a union of maximal runs of X.

Lemma 2. Suppose that D is a subset of X that is run complete in X and
z € X\ D. Let I; be the union of all the intervals of X that contain z
and do not meet D. Then I, is run complete in X. If I, is finite, then
D, = {d € D : d < z} has no greatest element and D* = {d € D : z < d}
has no least element. If I, is infinite, then there is a subset B of I, that
has the order type of Z or N or —N and B is run complete in X.

Proof. Suppose that R is a run of X with RN I, # @. Then RU I, is
an interval of X. Also RU I does not meet D for otherwise RN D # @
and R C D by the run completeness of D: but this gives the contradiction
RNI, = @. Hence RUI; C I by definition of I, so R C I, which proves
that I is run complete in X.
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Suppose that I, is finite and let d € D,. Then d is not the greatest
element of D, for otherwise {d} U I, would be a run of X that meets D,
giving {d} U I, C D by the run completeness of D and thus contradicting
I. N D = &. Hence D, has no greatest element and similarly D* has no
least element.

Now suppose that I is infinite. If any one of the maximal runs whose
union is I, is infinite, then we may take B to be this run. Therefore suppose
that I, is a union of finite maximal runs. Because I; is infinite, it contains
a subset By of order type N or —N. Let B be the union of all the maximal
runs that meet By. Since all the runs of this union are finite, it is easy to
see that B has the same order type as Bp. Also B is run complete in X
and B C I, because I is run complete in X.

Proof (of Theorem). Let D denote the set of all m-rainbow colourings of
subsets of X that are run complete in X. Given € and D in D, write € <D
if and only if @VD = D: equivalently € = (Ci,...,Cn) < (D1,...,Dm) =
D if and only if C; C Dy,... ,Cpn € Dm. Then < is a partial ordering on
9. Notice that D is not empty since it contains the m-term sequence

(2,...,9).
We show that every chain in (D, <) has an upper bound. Suppose that
Cis achainin®, i.e. each (Ci,...,Cm) = € € €is an m-rainbow colouring

of C1U...UCh,, and C1U.. .UCy, is run complete in X and any two elements
of € are comparable in the x ordering. We claim that

( U oa.... U c,,,):w;,...,c,;,),
(C1,-

.,Cm)EC (C1y.-. .Cm)EC

say, is an upper bound in D of €. First CfU...UC}, is run complete in X,
since it is Uc, ... c.)ee(C1U.- . .UCm) which is a union of sets that are run
complete in X. Let r € N and I be an interval of C* = Cf U...UC}, with
|I] > r. Then, since € is a chain in D, |[IN(C1 U...UCy)| > r for some
(Ci,...,Cm) € € and so there is a (Cy,...,Cp)-rainbow (zi,...,%,) in
C1U...UCy, which is clearly also a (CY, ... ,Cy,)-rainbow in C*. Hence, by
Zorn’s lemma, D has a maximal element with respect to . The proof is now
completed by showing that any such maximal element is an m-colouring of
X.

Take any D = (Di,...,Dpm) € D and suppose that
D =D,U...UD, # X. It is sufficient to show that D is not max-
imal in ©. Choose any z € X \ D and let I;,D., D* be as defined in
Lemma 2. If I, is infinite let B be determined by Lemma 2 and if I is
finite put B = I;. Define

D, =(D1N(+,z)y... , DN (&, z))
D*=(D1N(z,=),... ,Dnn(z,—)),

195



where (+,z) = {z' € X : 2’ < z}, (z,—) = {z' €X: 2 < z'}. Then D,
and D are in D. We consider separately the four cases when B is finite or
has the order type of Z or N or —N.

Suppose first that B is finite and let B be any rainbow colouring of B.
By Lemma 2, D, has no greatest element and D* has no least element.
Hence two applications of Lemma 1 show successively that D, VB is in D
and then that D, VBV D* = BVDisinD. Hence D is not maximal in D.

Suppose next that B has the order type of Z and again let B be any
m-rainbow colouring of B. Since B has no least nor greatest element two
applications of Lemma 1 show, as in the previous paragraph, that BV D is
in ®.

Now suppose that B has the order type of N. If D, has no greatest
element, then we soon see as in the previous cases that BV D is in D
when B is any rainbow colouring of B. Suppose therefore that D, has
a greatest element d € D;, say, and let b be the least element of B. Let
B = (By,--- , Bm) be the m-rainbow colouring of B such that b € B; where
j =i+ 1 (mod m). Then it is easy to check that D, V B is an m-rainbow
colouring of D, U B and since D, U B is run complete we have D, VB € D.
Since B has no greatest element another application of Lemma 1 shows
that D, VBV D* =BV D isin D so again D is not maximal.

Finally when B has the order type of —N, we may prove that D is
not maximal by the obvious variation of the order type N argument. This
completes the proof of the Theorem.

Finally we deduce the “between” result stated in the first sentence of this
paper. Take any rainbow colouring (X3,...,Xmn) of X and suppose that
z,y € X; and z < y. Let ¢ be the number of the sets {X;,... , Xm}\ {X;}
that meet the interval [z,y]\ {z,y}. Then [z,y] contains at least ¢ + 2
elements, so it contains a (¢ + 2)-term rainbow. Hence it meets at least
min(m, ¢ + 2) of the sets X;,... , X, and therefore min(m,c+2) <c+1.
Hence m < ¢+ 1 and clearly also ¢ < m — 1, so that ¢ = m — 1 as required.
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