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ABSTRACT. The paper defines (a,d)-face antimagic labeling of
a certain class of convex polytopes. The possible values of d are
determined as d = 2, 4 or 6. For d = 2 and 4 we produce (9n +
3,2) and (6n + 4, 4)-face antimagic labelings for the polytopes.

1 Imntroduction

We shall consider non-orientable connected plane graphs without loops,
multiple edges or isolated vertices. The vertex (edge) set of a graph G will
be denoted by V(G) (E(G)), respectively. A graph is said to be plane if it
is drawn on the Euclidean plane so that none of the edges cross each other
except at vertices of the graph. For a plane graph G = (V, E, F), it makes
sense to determine its faces, including the unique face of infinite area. Let
F(G) be the face set and |F(G)| be the number of faces of G.

The weight w(f) of a face f € F(G) under an edge labeling §: E —
{1,2,...,|B(G)|} is the sum of the labels of the edges surrounding that
face.

A connected plane graph G = (V, E, F) is said to be (a,d)-face an-
timagic if there exist positive integers a,d € N and a bijection é: E(G) —
{1,2,...,]E(G)|} such that the induced mapping é*: F(G) — W is also
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a bijection, where W = {w(f): f € F(G)} = {a,a+d,a+2d,...,a +
(IF(G)| — 1)d} is the set of weights of faces.

IfG = (V, E, F) is (a, d)-face antimagic and 6: E(G) — {1,2,...,|E(G)|}
is a corresponding bijective mapping of G then 4 is said to be an (a, d)-face
antimagic labeling of G.

Hartsfield and Ringel (5] introduced the concept of an antimagic graph.
An antimagic graph is a graph whose edges can be labeled with the integers
1,2,...,q so that the sum of the labels at any given vertex is different from
the sum of the labels at any other vertex, that is, no two vertices have the
same sum. Hartsfield and Ringel conjecture that every tree different from
K3 is antimagic, and, more strongly, that every connected graph other
than K> is antimagic. Bodendiek and Walther [1] defined the concept
of an (a,d)-antimagic graph as a special case of an antimagic graph as
follows: If G = (V, E) is a connected graph of order p = |V| > 3 and size
q = |E| > 2, then G is said to be (a, d)-antimagic iff there exists a bijection
fE — {1,2,...,9} and two positive integers a,d € N such that the
induced mapping gs: V(G) — N, defined by g(v) = Z{f(u,v): (v,v) €
E(G)}, is injective and gf(V) = {a,a + d,...,a + (p — 1)d} is the set of
weights of vertices.

Clearly, (a, d)-face antimagic labeling of a graph of convex polytope G is
equivalent to (a, d)-antimagic labeling of a dual graph G*.

Bodendiek and Walther showed [2] that the theory of linear Diophantine
equations and other concepts of number theory can be applied to determine
the set of all connected (a, d)-antimagic graphs. For special graphs called
parachutes, (a, d)-antimagic labelings are described in [3,4].

In this paper we construct (e, d)-face antimagic labelings of a certain
class of convex polytopes.

Let I = {1,2,3,...,n} and J = {1,2,3} be index set and B, be the
graph of a biprism. The biprism By, n > 3, is a graph which can be defined
as the Cartesian product P3 x C,, of a path on three vertices with a cycle
on n vertices, embedded in the plane. Let us denote the vertex set of B,, by
V(B,.) = {zj,,-: J€ Jandie I} and edge set by E(Bn) = {Zj'iZj’g.f.l jed
and ¢ € I} U {z,329;: % € I} U {2423:: i € I}. We make the convention
that Zint1 =251 forje J.

The face set F(By) contains 2n 4-sided faces and two n-sided faces (inter-
nal and external). We insert exactly one vertex z into the internal n-sided
face of B, and exactly one vertex y into the external n-sided face of B,,.
Suppose that n is even, n > 4, and consider the graph B,, with the vertex set
V(Bn) = V(Bn)U {z,y} and the edge set E(B,) = E(B,)U {z12k—12: k=
L2,...,5}U{za-1y: k=1,2,...,2}. Then B,, n > 4, is the graph of
the convex polytope on |V (B, )| = 3n + 2 vertices, |E(B,)| = 6n edges and
consisting of |F(B,)| = 3n 4-sided faces. Let the vertices of B, be labeled
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as in Figure 1.

Figure 1

2 Conditions

In this section we deal with the necessary conditions for an (a,d)-face
antimagic labeling of B,. Assume that B, is (a,d)-face antimagic on
|[V(Bn)| = 3n -+ 2 vertices, |E(B,)| = 6n edges and |F(B,)| = 3n faces.
Clearly, the sum of weights in the set W = {w(f): f € F(Ba)} = {a,a+
d,a+2d,...,a+ (3n — 1)d} is 3na + M.;';lz. The sum of all the edge
labels used to calculate the weights of faces is equal to 6n(1 + 6n).
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Thus the following equation holds
4(1 4+ 6n) =2a+d(3n —1). (¢))]

By putting a > 10 (the minimal value of weight which can be assigned to
a 4-sided face is a = 10) we get from (1) that 0 < d < 8. Since n is even, it
follows from (1) that d is even. This implies that equation (1) has exactly
the three different solutions (a,d) = (9n+ 3,2) or (6n+4,4) or (3n+5,6),
respectively.

3 Constructions
We shall use the functions

_ ifu=1 (mod 2),
olu) = {o ifu=0 (mod 2),

_J1 ifu=1 (mod4),
¥(u) = {o if u=3 (mod 4),

1 ifp<yg,
A =
(,9) {0 ifp>q.

to simplify later notations.

If n is even, n > 4, then we construct the edge labelings 4;, 82, 03 and d,4
of the convex polytope B, in the following way:

ez = (350 +i) ot + (5nri- D+ 2 (3)
+ [(¥n+i+ 1) w(i) + (3—;1n+i) p(i+ 1)]

A(g+1,i), forie I and j € J odd.

01(z2522,i41) = [@#go(i) + (3n - —;—) (i + 1)]

Mi,n—1) +3nA(n,i), foriel.

01(25:2j41,4) = [(5 -Jin+ %] w(i) + { [(11 - 2.1)% +i-— l] A (i, g)

+(5 = +ilx (5 +2) Joli+ 1),
forielandjeJ—{3}.
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51(21 tz)

(n-3—2—) (z)+( ;1)¢(i+2)],\(3,i)
1

+ (?ln+2) (i, 1), for i € I odd.

i) = (- 152) s+ (- 550 6+ 2) e
+ (5n + 2)A(3, 1), for i € I odd.

62(21',52;,:,{-&1)
= { _(%n&z) () + (—z—ln z+1) <p(z+1)] ( % - 1)
+ [(¥n+i+2) (i) + (%'—’n-iﬂ) e(i+1)| A (g,i)}zpu)
+{ (%ﬂ —§) i) + (mg +i = Dgli+ n| a3 -1)

nj . ) 3ng . . n .
+ [( 7 —z) o) + (T +1.+1) <p(z+1)] /\(2,z)}<p(,7 +1),
forie I —{n}and jeJ.
4—3 ~ . Oonj . .
62(2jn2j,1) = —5 " w(7) + T‘P(J +1), forjeJ.
02(2ji2zj+1,4) = (6 —jm+1, forie I and j € J — {3}.

02(21,i%) = lln-l; + ltp(i) foriel.

d2(z3,4y) = (Sn + -z—-;—) (i), forie l.

ba(zsiz3i41) = {[(8 = )n+ 2 — (@) + [(4 - )n+2i - 3l + DA (i, 5)
+{[(2 = 3)n + 2i+ ep(0) + (3 - ) + 2i — Up(i + 1)}
A(5+1,4), forieIandjeJodd

d3(22,i22,i41) = [(5n — 1)e(d) + (6 — i — 1)p(i + 1)]A(i, n — 1)
+ (6n — 1)A(n,3), foriel.
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63(zj,,~zj+1,;) = [(4 — 2])7& +i+4 1]<p(z) + {[(5 - 2_7)n +2i— 2]A (z, g)
+[(4 — 25)n + 24\ (g +2, i) } (i +1),
forie I and j € J - {3}.

d03(21,iz) = (Bn+ 2)A(4, 1) + (6n — i + 3)A(3,1), for i € I, i odd.
83(23,iy) = (4n + 2)A(1,1) + (5n — i + 3)A(3,1), fori € I, i odd.

0a(zj,i25i41) = {[(3 — )n + dJo(3) + [(5 — 5)n — i — Lp(i + 1) }o(5)
+{(3gn — i = 2)p(é) + (2in +i - 1)p(i + 1) }p(5 + 1),
foriel—{n}and jeJ

84(2j,n2j1) = [(5 — J)n — 1)e(4) + (3jn — 1)e(j + 1), for j € J.
84(252j41,4) =(4—2j)n +2i, forie I and j € J - {3}.
04(21,5z) = (bn+ i+ 1)p(i), forie 1.
04(2z35y) = (dn+ i+ 1)p(i), forieI.

4 Results

Let us denote the weights of 4-sided faces of B, (under the edge labeling
é) by

@;(8) = 8(z0,522,i+1) + 8(23,i23,641) + 8(22,i23:) + 6(22,i+123,541),
Bi(8) = 6(23,423,541) + 8(23,5+123,i42) + 6(233y) + 6(23,5+2%),
0i(8) = 8(21,i21,i41) + 8(22,422,541) + 6(21,622,8) + 8(21,04122,641),
and
0i(8) = 8(21,i21,i+1) + 8(21,54121,442) + 6(214Z) + 8(21,4422), forie I.

Theorem 1. For n > 4, n = 0 (mod 2), the convex polytope B, has a
(9n + 3, 2)-face antimagic labeling.

Proof: If n = 0 (mod 4) then we label the edges of B,, by the edge labeling
61 and if n =2 (mod 4) then we label the edges of B,, by the edge labeling
d2. It is a matter of routine checking to see that the edge labelings &; and 6
use each integer 1,2,...,6n exactly once and this implies that the labelings
61 and §; are bijections from the edge set E(B,) to the set {1,2,...,6n}.
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Under the edge labelings 6; and &2 the weights of all 4-sided faces con-
stitute sets W;, i = 1,2, 3,4, of consecutive integers:

Wi = {a;(&l): 1€ I} = {a,-(éz): i€ I} = {9n+3,9n+5,...,11n+1},
We = {ﬁ.-(&l): 1€ I,i Odd} = {ﬁ,(&g): 1€ I,i Odd}
={lln+ 3,11n+5,...,12n 4+ 1},
Wa = {0:i(61):i€ I} ={0i(d2):i€I}={12n+3,12n +5,...,14n + 1},
Wy = {0‘,‘(51)2 iel,i Odd} = {0’,;(52): iel,i Odd}
={l4n+3,14n+5,...,15n + 1}.

We can see that each 4-sided face of B,, receives exactly one label of
weight from U',t=1 W, and each number from U‘,;l Wi is used exactly once
as a label of weight. This proves that J; and d; are (9n+3, 2)-face antimagic
labelings.

Theorem 2. For n > 4, n = 0 (mod 2), the convex polytope B, has a
(6n + 4,4)-face antimagic labeling.

Proof: Label the edges of B, by the edge labeling 83 (if » = 0 (mod 4)) or
the edge labeling 84 (if n = 2 (mod 4)), respectively. It is not difficult to
check that the edge labelings 3 and &4 are bijections from E(B,) to the set
{1,2,...,6n}. By direct computation we obtain that the weights of 4-sided
faces under the edge labeling i (k = 3,4) constitute the set

W = {4(6k): i € IYU {Bi(8k): 1 € I,i 0dd} U {0s(8k): i € I}
U {0:(6): i € I,i odd} = {6n+4,6n+8,...,18n}.

This completes the proof.

Concluding this paper, let us pose the following conjecture:
Conjecture 1. For n > 4, n =0 (mod 2), the convex polytope B, has a
(3n + 5, 6)-face antimagic labeling.
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