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1. Introduction

Consider the triangular array:

]
1 !
! 4 l
1 11! 11 1
| 26 66 26 1
| HY 302 302 H7 1
I 120 1191 2116 1191 120 1
ete.

The numbers that appear in this array were first discovered by Euler [2] and
are known as Fulerian numbers. Following Knuth [3], we denote the kth entry
. n . . . . .
in row n by (l.) where 1 < k < n. ‘The lollowing are two contexts in which

Eulerian numbers arise:

(i) Let f(x)=(1=¢®)"1.  In>1,then

S ) = (1 - e’)*"‘*”;(}:)e"‘

(#) Let & € Sy, the group of permutations of n distinct objects. Specifically, let
2 3 ... n

| :
"=(n(1) o(2) o3) ... a(n)

or a “reading”) to be a strictly increasing subsequence of

>. Define a “rise” (also known as a “run”

{a(1).0(2).a(3)..... a(n)}. Then (1’) is the number of such perinutations that

have exaclly k rises . where 1 < k < n.
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Eulerian numbers are the subject ol an extensive literature. and have applica-
tions 1o combinatorics (see [3] and [7]). commutative algebra {see [1]). number
theory (see [8]). and statistics (see [5] and [6]). Ja this note. we prove some
congruence and divisibility properties of Enlerian mnnbers. We also use Fule-
rian numbers to derive an alternate proof of a known congruence property of
Bernoulli numbers. Note that Eulerian numbers shonld not be confused with
Euler numbers. (Euler numbers may be defined by:

Ey = sceh™(0), where n > 0.)

2. Preliminaries

Notation:

Let 13, denote the nth Bernoulli number. using even subscript notation. that

is. I3, = g")N0), where g(x) = 525 g(0) = 1. and n > 0.

.l'_..l A
Let T, denote the nth tangent number, that is. 7y, = tanh™)(0).

Definition 1: if 2 > | is a natural number and if p is prime. let » = pFm.

where £ > 0, m > 1. and pfmn. Then op(n) = k.

Identities

(N op(ab) = op(a) + on(b)
(2) opla/b) = o,.(a) = 0,(b)
(3) opla”) = r(oy(a))

ke k- j
(1) If0<j<kandpfab. then o, ((;;Z)) =o0p ((p b a))
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(5) {Recursive Property of Eulerian Numbers)

(=)= 1foralln> 1

ifn>3and2<k<n -1, then

y=k"THamr1-nG D

(6) (Symumetry Property of Bulerian Numbers)
If1 <k <n, then

n

n
(I.'):(n+l—k)
k n

(1) Zl(k)zn!

il n+1
(8) Gy =3 (=1 k=" "7

k ?;, ( j )

(9) SNy =T

k=1
(10) T'_),,_l = 22"-](22" - ])Bg,,/"

Remarks: (1) through (4) are elementary; (5) may be found in [3]; (6) follows
from (5): (7) may be proved by induction, using (5): (8) appears in [1] and [2];
(9) was proved in [9]; (10) appears in [10].
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3. The Main Results

Lemma 1: I pis prime.n > 1 and | < A< p" - 1.
then (I}A ) =0 (mod p).

Proof: Let k= p"c where h > 0, ¢ > 1, and pJe. By hypothesis, h < m. Now
[} 2 2

"

{1) implics Op(("h ) = m — h > L. from which the conclusion follows. QED
Lemma 2: If pis prime,an 2> 1, and 1 < k< p™ — 1, then

PN Y med p)ifk=0,1.p"p" + 1
k O(modp)if2<hk<pm -1

Proof: By the symmetry property of the binomial coefficients. it suffices 10
consider 0 < k < [L(p™ + 1)), Now

(y
(P 0+ ]) =1=1 (mod p) ;

m
(" 1+ I) =p" +1=1 (mod p).

If2< k < [3(p™ + 1)), then

(p A:l.]): (I)I: )+ (kp_l)EO—l-O_:.O(modp)

by Lemma 1. QED
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Theorem 1: W pis prime, ;> 1oand | < &< p™ = | then
e { 1 (mod p) if ptk

0 (mod p) if pik

Proof: By (&) , we have:

k=1

prn -1 _ VL pr-i ',m
= e ().
i=0
I"I
Now Lemma 1 implies { ) =&Y (mod p) . A plk. then k =0
(mod p) . hence (p ) =0 (mod p) . It pfk . then by Fermat’s Little ‘The-
orem. we have (p ) = (I."') =1 =1 (mod p) . QED

. R T | .
Theorem 2: n s prime iff { & Y= 1 (mod n) for all k such that

1<k<n-1.

Proof: Sufficiency follows from Theorem 1. To prove necessity, suppose that

(" Z ! ) =1 (mod n) for all & such that 1 <k < n— 1. Then

-1

kz:<n;1)_zl§n_]§—l (n]()(lﬂ).
=1 !

By (7), we have (n — 1) = —1 (mod n) . The strong form of Wilson's Theorem
implies n is prime. QED

Remark: In [8)], the second author used Eulerian numbers to provide an alter-
nate proof of Wilson’s Theorem.
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Theorem 3 If pis prime. m > 1and 1 < & < p™. then

1
P

') Y= 1 (mod p)

Proof: ln view of (5) and (6). it suffices to consider 2 < & < [3p™]. By (8). we

have

p"'>_z(_]),“ (p ’+1)
Now Lemma 2 implies (I:.” YEAT (k=1 = 1" =1 (mod p) . QED
Lemma 3: Let #n = p*m where pis prime. & > I, m > 1. and p fin. Then

k< n.

Proof: By hypothesis. p* < n.so k < 7:—:&7 <mn. QED

Theorem 4: n is prime iff { :) =1 (mod 1) for all k such that 1 <k < n.

Proof: Sufficiency follows from Theorem 3, taking m = 1. To prove necessity,
it suffices. in view of (5). 1o consider » > 3.2 < k < n — 1. Suppose that

n is composite and that p is the least prime factor of 7. We will show thai
n
(p_f_]).,:é 1 (mod n) .

Let n = p*m where p is prime, £ > 1, m > |, and pfm. By (8). we have

,)-(p+l)"—(n+np +("+')(p 0" +...

s () s (1)

‘Therefore ( ] Y=(p+ 1) =pt 4+ (=) (" ;. l) (mod ) , so that

Gz (73 oot

This yields

n—1
Grp=X (1) ("EY) e

J=u
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By Lemima 3 and hypothesis. we have & < n — 1 =0 thal

kK
p+| Z( )l""’ ])"("; l) (mod pk]

i=0

III

Now (4) implies that ()p((t;)) = op{ (I’Aj’") =k=o,(j). If j > 0. then Lemma
3 implies op(j) < j. 50 o0p( ( ';) >k —j. Then (1) implies
01»(( ) pi) > k. ‘Thercfore we have (' nt l) (-1)P (n : l) (mod p*) .

Now (f ') = (n+n)n(n-n(n—2)~--(n-~z+m/p!. 30 that o,,((" * ‘)) -

op(n) = 1 =k — 1. This implies that (n-; l) 2 0 mod(p*) , hence

{ | Y# 1 (mod p*) | and ( ) # 1 (mod n) . so we are done. QED

P+

Remark: As we haveseen in the proof of Theorem 4, il 22 is composite and if pis

the least prime factor of n (so that p < [n#]), then (p_’:_ 1 y £ 1 (mod n) . This
suggests the following algorithm: Compute (;: ) for all k such that 2 < & < [n3].

if (:) = 1 (mod n) for all such k, then n is prime: otherwise n is composite.
Note that. [n’f‘] — 1 computations would be required to verify that n is prime.
Thus our algorithm provides an inefficient method to verify primality. On the
other hand, if n is composite, then it may well be that ('Z) #Z 1 (mod n) for

some k < p+1, where p is the least prime factor of n. Still, our algorithm would
“not be an efficient way to verify that u is composite, for reasons that we will
demonstrate below.
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Theorem 5: Suppose thal n is composite and that (n.j) = | for all j < k-1
Then (:') = 1 (mod w) for all j <kl n s a psendoprime to base j for all j
such that 2< j < k.

Proof: (8) implies

<">—1"+(n+1)u—1)+2( n‘("“)u—n"

=2

Since (n,j) = } for allj < k =1 by hypothesis, we have ("-:- ! ) =0 (mod n)

for 2< i< j—1, hence (.’;) =M =G=1)" (modu) for 1 < j<k. Unisa
pseudoprime to base j for all j such that 2 < j < &, then

(T;)_J— (J-1)=1(modn} for2<j<hk. Smw( \_l we have

(j) =1 (mod n) for I < j < k. Conversely. if { ') =1 (inod n) for all j < k.
then 7% — (j = 1)" =1 (mod n) for all j < k. 1t is casily scen by induction on

yH =

J that j
QFD

= j {(mod n) . that is, n is a pseudoprime to the base j, for all j < k.

Remark: Suppose that n is a Carmichael number, that is, n is composite, yvet
= b (mod n) for all b such that (b,n) = 1. Let p be the least prime factor of

n. Since n has at least three distinct prime factors, we inust have p < [n*]. By

Theorem 5. we have ( =1 (mod n) for | <k < p-1. Thus our algorithm

e
could require as many as 1+ [n7] iterations to verily that n is composite. This

would not. be computationally [easible.

Theorem 6: If p is prime, m > 1, and 2 < k < p™, then
)"l + l .
(’ k } =2 (mod p) .

Proof: By (5) , we have (I ) ="+ l)(LI' Y+ k( ) ‘I'heorem 3

lnlplles(’ by = "+ 2 - k)1 4+ (1) = 2 (mod n) QED
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We now turn our attention Lo the divisibility properties of the Eulerian nnmbers
n

()

m

) . gm | , ‘( 2
Theorem 7: 1 m > 2 1hen ( 9 y=2"(2

-1

Proof: By (&), we have (;) =2~ (n+1). Thus

(2'"2" ' y= 2Tt gm o gm (2T gy = 2'"(2( 73 ~-1)
QED
,Corollary 1: 2”'](2'" 2— ])
Proof: This follows directly from Theorem 7. QED

Theoremn 8: For each prime. p. and for each k > 1. there exist infinitely many

n such that p‘](;)

Proof: Iu view of Corollary 1, we may assuine that p is odd. First note that
9 = j4+1iff j = 0or I. Let 2 have order d (mod p¥), where d|¢(p*). Let
m = [d,p¥]. Let 0 = j + tm, where j = 0 or 1 and { is an arbitrary natural
number. Then 2" = 2i+tm = 9igtm = 9i(29)tm/d 4 that 2" = 2 mod(p*) ,

and also n = j (mod p*) . Now (';) =2 —(n41) =Y —(G+1)=0mod(p*),
that is. pk|(’,;). QED
Remark: If p is a given prime, let n be the least positive inleger such thal

pl¢ 721 }. By Theoremn 8, n exists. and n < {d, p], where 2 has order d {mod p). It

may well occur that n < dp. For example, if p=5,thend=4,but n = 7.
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Theorem 9: Let py.ps he distinet primes. Let k) > | ks > 1. Let hy = p’]"'.
hy = pé’. Let 2 have order dy (mod Iry). Let 2 have order dy (mod hy). Let
ny = {dy, ). na = |da, ha). then /nh-_yl(["l,'z"."l ).

Proof: We wish to show that 2073 = F+{ny ma] (modd hyhs) . Since {h.hy) =
I by hypothesis, it sulfices to show that 207 = | 4 {111 2] mod( h;) for
i = 1.2. Since hi|n,. we have hi|[ny.n2]. so [ny. 4] = 0 (mod h;) . Further-
more, di|n;, so d;|[n), na]. Therefore we have

A2 = 1 = 1 4 [ny.n4] (mod hy) . QED

Theorem 10: If ) is an odd positive integer, then there exists # such that
n
hi(,)-
I(5)

Proof: Without loss of generality, let A > 1. Then h = [];_, hs, where each
hy = pi*. the pi are distinet primes, and ecach ¢; > 1. The case r = 1 follows
from Theorem 8. The case r = 2 follows from ‘Theorem 9. If » > 3, we complete

the proof using induction on r. Specifically, for each index, i, let 2 have order

d; (mod h;) and let n; = [d;, hy], so that h;](vfz"). If n = [n),ng,....n,], then

hl(G )- QED

We conclude by using Eulerian numbers to derive an alternate proof of a
known result regarding Bernoulli numbers. Note that (9) is a relation between
Eulerian and tangent numbers, while (10) is a relation between tangent and
Bernoulli numbers. Using (9) and (10) and Theorem 3, we obtain:

Theorem 11: Let B, = N,,/D,. Let p denote an odd prime. Then 12N, =
Dpyy (mod p) .

Proof: By (9), Theorem 3, and hypothesis, we have Ty
(10) implies 7y, = 2°(2P+1 — 1) By oy /(3(p + 1)). This yields:
PLARY PLa 1)Byyr = p+1 (nod p) . Applying Fermat’s Little ‘Theorem, we

I (mod p) . Now

get 128,41 = 1 (mod p) . from which the conclusion follows. QED
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