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ABSTRACT: A critical set in a latin square of order n is a set
of entries in a latin square which can be embedded in precisely
one latin square of order n. Also, if any element of the critical
set is deleted, the remaining set can be embedded in more than
one latin square of order n. A smallest critical set in a latin
square is a critical set of minimum cardinality. In this paper we
find smallest critical sets for all the latin squares of orders six
and seven. We also find smallest critical sets of orders six and
seven which are also weak critical sets. In particular, we find a
weak critical set of size twelve for the dihedral group of order
six.

1 Introduction

A latin square L of order n is an n x n array with entries chosen from a set
N, of size n, such that each element of /V occurs precisely once in each row
and column. For convenience, a latin square will sometimes be represented
as a set of ordered triples (3, j; k), this is read to mean that element k occurs
in cell (,7) of the latin square L. For a latin square of order n we shall
use 1,2,3,...,n as the entries, and rows and columns will also be labelled
from 1 to n. If a latin square L contains an s X s subarray S and if Sis a
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latin square of order s, then S is said to be a latin subsquare of L. A partial
latin square P of order n is an n X n array with entries chosen from a set
N, of size n, such that each element of N occurs at most once in each row
and column. Thus P may contain a number of empty cells. We sometimes
denote P by the set {(¢, j; k)|i,J,k € N}. A critical set in a latin square L
of order n, is a set C = {(¢, j; k) | i, 4, k € N}, such that

(1) L is the only latin square of order n which has element k in cell (4, j)
for each (¢, j; k) € C; and

(2) no proper subset of C satisfies (1).

A smallest critical set in a latin square L is a critical set of minimum
cardinality.

Let P = {(i,7;k) | 4,5,k € {1,2,...,n}} be a partial latin square of
order n. Then |P| is said to be the size of the partial latin square and the
set of cells {(%, j) | (i, j; k) € P} is said to determine the shape of P. Let P
and P’ be two partial latin squares of order n, with the same shape. Then
P and P’ are said to be mutually balanced if the entries in each row (and
column) of P are the same as those in the corresponding row (and column)
of P'. They are said to be disjoint if no cell in P contains the same entry
as the corresponding cell in P’. Given two partial latin squares P and P’
of order n, of the same size and shape, with the property that P and P’
are disjoint and mutually balanced, then P is said to be a latin interchange
and P’ is said to be a disjoint mate of P. Note that, given a latin square L,
any latin subsquare in L, with order greater than one is a latin interchange.

The following lemma states the relationship between critical sets and
latin interchanges in a latin square.

Lemma 1 Let L be a latin square and C a partial latin square contained
in L. Then C is a critical set if and only if the following hold:

1. for any latin interchange I in L, |CNI| > 1; and

2. for each (i, j; k) € C, there exists a latin interchange I in L such that
Inc= {(i1j; k)}

Let L be a latin square of order n and let {a,b,c} = {1,2,3}. The
a, b, ¢)-conjugate of L, L(qp ¢, is defined as follows:
(a:bsc)

L(a,b,c) = {(.’Ba, Tby zc) ' (2711 Z2; 2}3) € L}

Two latin squares L and L’ of order n are isotopic if there are three bijec-
tions from the rows, columns, and symbols of L to the rows, columns, and
symbols, respectively, of L', that map L to L’. Two latin squares L and L’
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of order n are main class isotopic if L is isotopic to any conjugate of L’.
Table 1 shows the number of main and isotopic classes for latin squares of
order 1 < n < 7 (see Denes and Keedwell [7]).

n= 112(3|4]|5]| 6 7
Main classes 1{1(1]2 12 | 147
Isotopicclasses | 1 | 1 | 12| 2] 22| 563

[

Table 1

In the process of completing the critical set C to the latin square L of
order n which it characterizes, we say that adjunction of a triple ¢t = (r, ¢; s)
is forced (see [11]) in the process of completion of a set T of triples (|T'| <
n?, C C T C L) to the complete set of triples which represents L, if either

(i) Vr' # r, 3z # ¢ such that (1, z;5) € T or Iz # s such that (r',¢;2) €
T (that is, in the partial completion F of L, each cell of column ¢
except that in row r is either in a row of F which already contains
the symbol s or else is already filled with an element z distinct from
s), or

(i) V¢’ # ¢, 3z # r such that (z,¢';5) € T or 3z # s such that (r,c';2) €
T (that is, in the partial completion F of L, each cell of row r except
that in column ¢ is either in a column of F which already contains
the symbol s or else is already filled with an element z distinct from
s), or

(i) Vs’ # s, 3z # r such that (z,¢;8’) € T or 3z # c such that (r, 2;§') €
T (that is, in the partial completion F of L, every symbol except s
already occurs either in column c or else in row 7 of F).

The critical set C is called strongif we can define a sequence of sets of triples
C=FCF,C F3C...C F, = L such that each triplet € F;;, \ F; is
forced in F; for 1 <7 < r— 1. A critical set which is not strong is called
weak.

This paper mainly deals with smallest critical sets for the latin squares of
orders six and seven. The sizes of smallest critical sets for the latin squares
of orders four and five have already been determined (see [8, 6]). Recently,
Howse in [10] finds smallest critical sets for all the latin squares of order
six. She also finds smallest critical sets of orders seven and nine which are
based on the groups Z7 and Zg. Donovan and Howse in [9] provide a general
method for finding a critical set for any latin square of order n. Using this
method they produce a critical set for each latin square of order seven.
However, this method does not necessarily generate a smallest critical set
for a given latin square of order n. In this paper we find a smallest critical
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set for each main class of latin squares of order seven. Using the fact that
smallest critical sets for the latin squares in the same main class have the
same size (see [8]), the size of smallest critical sets for all the latin squares
of order seven are determined.

Keedwell in [11] proves that the smallest order for which there exists a
latin square which has a weak critical set is order five. Burgess in his PhD
Thesis (see [3]) finds a weakly completable set of order n for each n > 5.
Sittampalam and Keedwell find a weak critical set of size twelve in the
dihedral group of order six (see [15]). In this paper we also find smallest
critical sets of orders six and seven which are also weak critical sets. Given
that the weak critical sets are also smallest critical sets, these results are
“best possible”.

Define scs(n) to be the cardinality of smallest critical sets in any latin
square of order n. Mahmoodian in [14] and Bate and van Rees in [2]
independently conjecture that scs(n) = [n?/4). This conjecture has been
shown to be true for 1 < n < 6 (see [2, 8, 6, 10]). We show that the
conjecture is also true for n = 7.

2 Technique

In this section we describe how to get “close” to a smallest critical set for a
given latin square. This method was first used by Khodkar in [12, 13] and
then by Adams and Khodkar in [1].

Let L be a latin square of order n with the entries on {1,2,...,n}, and
let {P;}ics be a family of latin interchanges of L. Let

T; = {(r,-,si) | (r;,s;;t.-) eP, 3; € {l,2...,n}}

be the shape of P;. We form the inequality
Z Tn(ri-1)+s; = 1
(ri)s:)€T;
for each T;.

Now consider the following integer programming problem.

Minimize sz, where J = {1,2,...,n%}
jed
subject to:

> Zagictype > 1 forall i € I;and
(riya;)eT;

zj=0or1forall jeJ.
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Let m be the integer optimal solution for the above integer programming
problem. Then, by Lemma 1, the size of a smallest critical set for L cannot
be less than m. Moreover, if S = {z;}ick is a feasible solution for the
above system such that S\ {z:} is not feasible for all i € K, then the
corresponding partial latin square with S is a critical set in L if it can
uniquely be completed to L (see Example 2.1 in [1]).

Now we describe a procedure for finding smallest critical sets for a given
latin square.

Procedure: Let L be a latin square of order n. The procedure for finding
a critical set with smallest size in L is as follows.

(1) Find all the latin subsquares of sizes 2,3,4,...,n in L.

(2) Form the corresponding integer programming problem with these
latin interchanges.

(3) Find the optimal integer solution for the system. Then form the
corresponding partial latin square, P say, in L.

(4) Stop if P has only one completion, otherwise there is at least one latin
interchange in L which does not intersect P (see Lemma 1).

(5) Add the corresponding constraints with the latin interchanges to the
system and return to Step (3).

By means of this method we have determined a smallest critical set
in one latin square of order six from each of the 12 main classes and a
smallest critical set in one latin square of order seven from each of the 147
main classes. Here, we state our main result.

Theorem 1 (I) (See also [10]) Of the 12 main classes for latin squares of
order siz, there is one class with smallest critical set of size 9, five classes
with smallest critical sets of size 10, five classes with smallest critical sets
of size 11 and one class with smallest critical set of size 12.

(11) Of the 147 main classes for latin squares of order seven, there is one
class with smallest critical set of size 12, two classes with smallest critical
sets of size 13, 116 classes with smallest critical sets of size 14, twenly siz
classes with smallest critical sets of size 15, one class with smallest critical
sel of size 16 and one class with smallest critical set of size 17.

Corollary 2 scs(7) = 12.

Remark 3 The critical sets 6.3, 6.7 and 6.8 are weak critical sets of order
six. Note that the latin square 6.7 is based on the dihedral group of order
six and has a weak critical set of size twelve. The critical sets 7.3 and 7.42
are weak critical sets of order seven.
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We conclude this section with the following open problem.

Open problem. For a given latin square of order n > 6, does there exist
a weak critical set among the smallest critical sets in this latin square?

Computational details. The integer programming was carried out us-
ing CPLEX [5] on the Silicon Graphics Origin 2000 supercomputer at the
University of Queensland, Australia.

3 Table of results

In this section we give a smallest critical set for each main class of latin
squares of order 4 < n < 7. Here we use the numbering system used in
[4] but the entries in a latin square of order n are 1,2,3...,n. Denes and
Keedwell in {7, Chapter 4] exhibit a classification list for latin squares of
order 2 to 6 with different numbering system. When the order is less than
6 it is easy to match their numbering system with the numbering system
in this paper. The latin squares of order six in [7, Chapter 4] are matched
with the latin squares of order six in this paper as follows: 6.1 and 6.1.1.1,
6.2 and 6.4.1.1, 6.3 and 6.8.1.1, 6.4 and 6.11.1.1, 6.5 and 6.12.1.1, 6.6 and
6.9.1.1, 6.7 and 6.2.1.1, 6.8 and 6.5.1.1, 6.9 and 6.10.1.1, 6.10 and 6.7.1.1,
6.11 and 6.6.1.1, and 6.12 and 6.3.1.1.

For each critical set, an identifying number is given, followed by four
integers. The first three integers (see also [4]) give the number of transver-
sals, the number of 2 x 2 subsquares, and the number of 3 x 3 subsquares,
respectively, in the completed latin square. The fourth integer gives the
size of the smallest critical set for the corresponding latin square. In the
following critical sets, * indicates an empty cell.

1 % % % % * % x 4 %
1 % % * 1 %3 *
* kX Kk Kk 21 % * %
* x4 % * k X %
* k x x 2 * k k k ¥
* * % 2 3 % * x
%3 %1 . x %2 * % %23 * 5 * 3 x
51 % % x * % 1 x4
4.1:8,12,0,5 4.2:0,4,0,4 5.1:15,0,0,6 5.2:3,4,0,7
* 2 x x § %= * x 3 % x 6 T » 3 = = = 1 2 % % » = * ok ok k 5 =
® x4 x K % 2 x ok ox ok ok x ] * = = 3 21 %x x 6 x 2 x4 x x x
R *x % 5§ x x x * x x 6 2 = * % 1 * x 5 * % % x 1 §
4 x 6 % x 1 4 %« x5 2 = * % k1 x x oK K o K W 4 x 6 2 x %
* x ] % x 4 x 61 » =3 * 6 * x x 4 *x 6 * x * *x * % % x x 2
* 5 % % x % * Kk x ® 3 x *x x 5 x 4 % * % 5 x % 6 % % % % x
6.1:0,9,4,9 6.2:32,9,0,11 6.3:24,15,0;11 6.4:8,7,0,10 6.5:8,5,0,10
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x 2 x ox wx % * 23 % % = * x 3 4 % = x x 3 ok x x 1 =3 4 = x
= 1 4 x 6 = 2 *x = = x5 2 x x » 6 = 2 x x x 6 = »* = x x B *x
x x x x 2 *x *x x B = = * 5 x » x = *x x x 6 2 4 3 =1 % x x
x = B x x = 4 = x5 ] = x x 2 = = 3 x Xk o® K K K * 6 x x 2 =
=612 = = x 3 x = 4 = x 3 % = 41 x x x 2 1 = 5 % = x x %
x % ®x x x5 x = 5 x = | B = % % x = x 35 % x = * % » x x |
6.6:0,9,4,11 6.7:0,27,4,12 6.8:0,19,0,11 6.9:0,15,0,10 6.10:8,11,0,10
1] * 3 = = x 1 = x4 = =
*x x *x 5 x = * 3 x x x 4
3 % x =« 1 x x ] *x 6 = =
« 652 = x * 65 =1 =
K K K XX x %k Kk X X X
* 5 x x = 2 * % 4 x x 2
6.11:8,4,0,10 6.12:0,0,4,11
x x 34 e x = xx 3 % x 6 x * W ok kD ow x * 2k x5 x % 12%x%x%x%x7
*x31%x47= 2% %54 xx x 3 % ok x T x x % ok ok % % B 2% 1 %xx xx
x % %k X * kD x % x 6 x x5 **x 267 x x 3 x k6 oxox x LR
*x6 %1 xx *%x B x13x* 4 %6 %% %l x5k xl2x * Kk ok K3k x
B oxoxoxxx2 R ] S54dxx%xxx3 * ox ok ok ok ok 2 ok k3 x4 x
* T4 %3 % x R EEE ] 674 % x xx 6 x x x x 4 x x*xxx %453
x ok 3 K Kk % ok x2 % xx * ok x 1 x 2 % Tx43xxx T oxx kxx3 x
7.1:3,18,1,15  7.2:23,26,3,18 7.3:63,42,7,17 7.4:23,14,1,14 7.5:19,6,0,14
P EE R 123 %% % x 1 % x % x 6 % * % ok 4 % ok x * % x4 5 6 %
23 %x%x6 = % 23 % x % % x YRR * 1 % % % T x 21 % %% T x
34 % xxx2 3ok ook ko x4 x27 %x I xxxxxB 34 %o xx
*xB 7 x5 % E R rEEEENE 4 % ox k% x3 * % B T % % x
* B 7 % *« x x * ok o % ok ok 4 S % xBx]lx *x ok T ok ok % % PR EE R D
x x ] 5 % xx * % x x x4 5 * T = x4 xx * T5 1 % x=x 6 %% xx13
TR EEE *xx x4 56 x x5 x3 % *x x x 2 x3 x4 FE R EEEER.
7.6:25,0,0,14 7.7:133,0,0,12 7.8:21,18,1,14 7.9:30,16,1,14 7.10:43,30,3,18
R 1] =% =6 = x 2 x % x 6 x P EEEL R 1 %3 %xx6x=
2%xx3xxpb wx ok d 3w oxx *xx3x x5 * %k 3% x5 21 % xx xx
x<f 1 x7 = x x4 xx7 == x*x]1 =%x56 34 xxT xx wxow w27 wx
x xx x x 3 2 IR R FE R R 4 ok ok ok ok ok *x PEENERE]
x x 7T % § % xx T x2 = x x BT %2 % x x x x ] % x x * 6 % x4 x x
»

* 75 % x x =

x x x5 xxJ

6xx]1xx3

xx 2 x x x4

x T 2 % x x %
T *xx xx xx

* Txx41
* x5 6 xx1

6 x x = x ] x

x x5 *x 2 m ow

7.11:43,18,3,14

7.12:55,22,3,14

7.13:13,18,1,15

7.14:33,22,1,15

7.15:15,22,1,15

* %3 xxx7 * % x ok x G x 1 % x xx6 x PEREEE R xx3 xx 6 x
2 %xx =06 % x *x 14 %x%=x5 x %k x 36 % x 2%xxxB67 = 2% %3 xxb
xx] 5 % x = wd ]l %% xx w4 x ok x * x wx x ] 5% 2= * % 1 x % % x
* 3 %o, ok ok x RN 4 xx kx5 x 4 % % % x x * EEE R R
* % T xx3d > ok % ok % x4 5T % xdx = x w2 % xl «B7 *x=x1=x
B xx2xxl1 67T x2m=x R YWEREE. x x5 1 % %= e EENEE
x ox ok B % ok % TxxB63 % x xx 263 % x Txxxd x= T o* x x x % %
7.16:30,8,0,14 7.17:14,15,0,14 7.18:20,12,0,14 7.19:22,11,0,14 7.20:15,14,0,14
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