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Abstract

A connected graph G = (V. E)is (a.d)-antimagic if there exist positive integers
a.d and a bijection g : £ — {1,2,...,|E|} such that the induced mapping

fo = Z{g(u.v): (u,r) € E(()}is injective and

LlV)={e,a+da+2d.....a+ (V] = 1d}
In this paper we prove two conjectures of Baca concerning (a, d)-antimagic labellings
of antiprisms.

1 Introduction

In this paper all graphs arc undirected. connected and simple. Let G be such a graph with
the vertex set V() and the cdge set E(G), where |V(()] and |E(G)| are the number of
vertices and edges of G.

The concept of an antimagic graph was introduced by Hartsfield and Ringel [3]. An
antimagic graph is a graph whose cdges can be labeled with the integers 12, .. | F(G)] so
that the sum of the labels at any given vertex is different from the sum of the labels at any
other vertex, that is. no two vertices have the same sum. Hartslield and Ringel conjecture
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that every tree other than K, is antimagic, and, more strongly, that every connected
graph other than K’ is antimagic. Bodendiek and Walther [2] defined the concept of an
(a.d)-antimagic graph as a special case of an antimagic graph as follows.

A comnected graph G = (V, E) is said to be («, d)-antimagic if there exist positive integers
a.d and a bijection g : £ — {1.2,....|E]} such that the induced mapping f, is also a
bijection. where W' = {w(r): v € V(G)} = {e,a+d.a+2d, ... .a+ (|V] - 1)d}.

The antiprism Qn, n 2 3 is a regular graph of degree r = 1 (Archimedean conver polytope).
In particular, Q3 is the octahedron.

Baca [L] showed that (,d)-antimagic labellings of antiprisms do not exist for all values
of (a,d) other than (6n +3,2), (4n +4,4) and (2n +5,6). In the same paper he also gave
the following labellings of @,..

o (6n + 3,2)-antimagic labelling for n > 3, n £ 2 mod 4 and

o (4n + 4,4)-antimagic labelling for n > 3, n # 2 mod 4.

In this paper we give (6n + 3, 2)-antimagic labelling and (4n + 4, 4)-antimagic labelling of
Q. for every even n, thereby proving two of Baca’s three conjectures listed in [1).

2 New results

Let I = {1,2,...,n} be an index set. We will label the vertices of @, by z;; where
i € {1,2} and j € [I. For simplicity, we use the convention that r;.4 = z;; and
Tio = Lin.

The weight w(v) of a vertex v € V() under an edge labelling g is Lthe sum of values g(e)
assigned to all the edges incident to a given vertex v.

Theorem 1 Ifn =2 mod 4, n > 6, then the entiprism Q, has a (6n + 3,2)-antimagic
labelling.

Proof. We assume that n = 2 mod 1, n 2 6. The desired (6n + 3, 2)-antimagic labelling
of .. can be described by the following formulac.

Grlrnirie) = (20 = 1)6(0) + (200 +3) - 3J8(i + 1)
n{rariv) =20

gr(rriday) = 3AL 4 1) + [Hn = 1) + TJA(20iin)

il i) = (20 + DA, 1) #2020 ~ 0 4+ 2)A(2.0.0)

for + € I. where
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0 fy<uzr
1 fr<y<:
0 ify>:z

Ma,y,2)=

§(x)= 0 ifr=0mod?2
1 ifzx=1mod?2

It is simple to verify that the labelling g, is a bijection from the edge set E((Q),) onto the
set {1,2,...,]E(Qu)}-

Let us denote the weights (under an edge labelling g) of vertices z,; and x3; of @, by

o wy(z1i) = g(z1iTrier) + g(Tricizra) + 9(T1i224) + g(21i2201)

o wy(r2:) = g(z2.%2.41) + 9(22i1224) + 9(T1,224) + 9(21i41224)

foriel.

The weights of vertices under the labelling g1 constitute the sets

o W, ={wy(z1;):i€l}={6n+3,8n+582+7,...,10n + I} and
o Wy ={wy,(z25):i €1} ={6n+356n+7,6n+9,...,8n +3}

We can see that each vertex of @, receives exactly one weight from W), U W, and each
number from WU W, is used exactly once as a weight. This proves that the edge labelling
g1 is a (6n + 3, 2)-antimagic labelling. a

Theorem 2 If n = 2 mod 4, n > 6, then the antiprism Q, has a (4n + {.1)-antimagic
labelling.

Proof. We assume that n = 2 mod 4, n > 6. The following formulae, where the functions
A(r.y.2) and 6(x) are defined as in the proof to Theorem 1, yield the desired (1n + 1, 1)-
antimagic labelling of Q...
Do) = (204 8+ DAL [E2]) + (6n - 8i = DMER] + 1,090+

+(1i=2n = 3)AMF+ Lii,n = 1)+ (2n + 1)A(n,{,n)
gl rrivn) = (20 + 2 + D8(E) + (20 + 380+ DAL ion = 1) +3X(n.2.n)
yalry oy} =i

ey ) = (20 20D + (20 = 4+ 6)M20. 5 + 1) 4 (6n = 1 + 6IME = 20.n)
forr ¢ |/
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It is not difficult to check that the values of ¢, are 1,2,...,4n. By direct computation we
obtain that the weights of vertices under the edge labelling g, comprise the scts Wy and
Wy, where wy(ry.) and wy(rz,) are defined as in the proof of Theorem 1.

o Wiy = {w,(r,): 1 €1} ={4n+1.6n +8,6n+12,...,10n} and

o Wy = {wy,(r2):i€l}={dn+8.n +12.4n +16,...,12n}

We sce that the set Wy U Wy = {e,a +d,a +2d,...,a + (2n — 1)d}, where a = dn + {
and d = 4, is the set of weights of all the vertices of @,. Moreover, it can be seen that
the induced mapping f,, : V(Qn) — W3U W, is a bijection. o

Note that the functions g, and g, used in the proofs of Theorems 1 and 2 define a
(2n + 5, 6)-antimagic, respectively (4n + 4,4)-antimagic labelling of antiprisms @, for all
even n, not only n =2 mod 4.

In this paper we have proved two conjectures of Baca [1], namely that every Q, is (6n +
3. 2)-antimagic and (4n + 4,4)-antimagic.

However, Baca also considered (2n + 3, 6)-antimagic labellings of antiprisms and showed
that @3 does not have a (2n + 5,6) = (11,6)-antimagic labelling. He gave (2n + 5,6)-
antimagic labellings of Q4 and @7, and he conjectured that every Q, other than Q5 is
(2n + 5,6)-antimagic. This conjecture is still open. We list it below for completeness’
sake.

Conjecture 1 Every antiprism Q,, n > 3 is (2n + 5,6)-antimagic.
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