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Abstract: Let G be a (p,q)-graph with p vertices and q edges. An edge-labeling
assignment L : E — N is a map which assigns a positive integer to each edge in
E. The induced map L* : V — N defined by L* (v) = X {L(u,v) : for all (u,v) in
E} is called the vertex sum. The edge labeling assignment is called magic if L*
is a constant map. If L is a bijection with L(E) = {1,2,...,q}and L is magic then
we say L is supermagic. B. M Stewart showed that K; is not supermagic and
when n = 0 (mod 4), K, is not supermagic. In this paper, we exhibit
supermagicness for a class of regular complete k-partite graphs.
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L.Introduction Let G be a (p,q)-graph with p vertices and q edges. An edge-
labeling assignment L : E — N is a map which assigns a positive integer to each
edge in E. The induced map L* : V — N defined by L* (v) = X {L(u,v) : for all
(u,v) in E} is called the vertex sum. The edge labeling assignment is called
magic if L" is a constant map. If L is a bijection with L(E) = {1,2,...,q}and L is
magic then we say L is supermagic [1, 11]. Figure 1 shows a magic graph which
is not supermagic and another which is a supermagic graph.
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The concept of a magic graph was first introduced by J. Sedlacek [3, 4]
in 1963 where he used label values as distinct non-negative real numbers.
Jeurissen [2] called a magic labeling pseudomagic if the labels were pairwise
distinct.

It is obvious that K3, K, are not supermagic. B. M. Stewart [11] showed
that the complete graph Ks is not supermagic and when k = 0 mod 4, Ky is not
supermagic. Stewart used induction to show that K is supermagic when k = 2
(mod 4). Hartsfield and Ringel gave a short direct-construction-proof in [1]. In
fact, for k>5, K, is supermagic if and only if k # 0 (mod 4) [11].

The second author, Seah and Tan, introduced another labeling concept
which is a generalization of supermagic graphs [6]. A (p,q)-graph G = (V,E) is
said to be edge-magic if there exists a bijection L. : E — {1,2,..., g} such that the
induced map L* : V — {0,1,...,p-1} defined by L* (v) =X {L(u,v) : for all (u,v)
in E}(mod p) is the constant map. It is clear that any supermagic graph is an
edge-magic graph, but not conversely. The complete graph Ks is not supermagic
and it was shown in [6] that it is edge-magic. Figure 2 exhibits one of the edge-
magic labelings of Ks.
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Given two graphs G and H. The composition of G with H, denoted as
G[H], is the graph with vertex set V(G) x V(H) in which (u;,v) is adjacent to
(uz,vy) if and only if either (u;,u;)e E(G) or uy=u, and (v,,v;) € E(H). For
example, K3[N,] where N, is the null graph with two vertices is shown in Figure
3.

Figure 3



A regular complete k-partite graph Ky[n] is isomorphic to the
composition of a complete graph K; with null graph N, with n vertices. For a
regular complete k-partite graph Ky[n], we have |V(K[n] )|= nk and |[E([Ky[n] ]
)| =n? x k(k-1)/2. Let V(Ky[n]) = {u;,3,...,up} and E(Ki[n] ) = {(uax, up ) : & <
B} wherea,B=12,...nk.

In this paper we want to know for what k and n the complete k-partite
graph K,[n] is supermagic. We will use the following result which was
established in 1998 by the second author, W.C. Shiu and P. Lam [9] to solve the
problem.

THEOREM. If G is an r-regular supermagic graph, then G [N,] is an m-regular
supermagic graph for n>2.

By the result of Stewart and the above theorem we see that to solve the problem
of supermagicness of a regular complete k-partite graph K,[n] we only have to
consider the following cases:

Case 1. Ky[n] for k=3,5 and n >1.
Case 2. Ky[n] for k=0 (mod 4) and n even.

It is clear that Ky[2t+1] is not supermagic for all 0.
Case 3. Ky[2] for k>5.

We prove the following result.

THEOREM. The regular complete k-partite graph Kk[n] is supermagic if and
only if n and k are not of the form

1. k=2andn=2or
2. k=0 (mod 4) and n is odd.

2. Notations. Let G=(V,E) be a graph and S be a set. If f: E > S is a mapping
then a labeling matrix for the labeling f of G is a matrix whose rows and
columns are named by the vertices of G and the (u,v)-entry is f(u,v) if (u,v) € E,
and is 0 otherwise. Thus G is supermagic if and only if there exists a labeling f:
E(G) = {1,2,...,q} such that the row sums and the column sums of the labeling
matrix of G associated with f are equal.

The labeling matrix of K,[n] is of the form (Figure 4):



Bij 0

Figure 4

where each entry By is an nxn submatrix and By is the transpose of Bjand O is
the nxn zero matrix. Thus if L : E = {1,2,3,...,q} is a supermagic labeling on
Ky[n] then for each vertex u, we have L*(u) = q(q+1)/p.

We illustrate these concepts with three examples.

Example 1. K;[3] has the following supermagic labeling matrix. For simplicity
we will omit the zero submatrices and the transpose matrices (Figure 5).

Supsmagic lebeling matnix of K3[3]

( ul w2 u3jud u5 u6|u? u8 ud
ul

u2

u3

ué 1 23 13
us 27 3 15
ué 2 26 16
u? 25 4 1121 9 14
ud 5 22 121 7 20 18
w9 24 6 17119 10 8

Figure 5

We can further simplify the labeling matrix as follows (Figure 6):



( ul w2 w3jud u5 u6|u? u8 ud
ué 1 23 13

us 27 3 15
ué 2 26 16
u?7 25 4 11|21 9 14
u8 5 22 12|17 20 18
U9 24 6 17119 10 8

/ Figure 6

Example 2. A supermagic labeling matrix of K;[2] (Figure 7).

1
v
1 8

113
un 6%—\
U2 9105

u612 374

Figure 7

Example 3. A supermagic labeling matrix of Ks[2] (Figure 8).

u;, 3 37[10 31
u, 38 4 (32 9
u, 5 35[11 29]26 16
u; 36 6 (30 1215 25
u, 7 33[13 27(24 17 [22 21
u, 34 8 (28 14118 23120 19

Figure 8

3. Supermagicness of K;[2t+1]



The proof of Ks[2t+1] is supermagic is done by induction. First we show
K;[3] is supermagic, then we extend a supermagic labeling matrix of K;[3]
to a supermagic labeling matrix of K3[7]. We then explain how to extend a
supermagic labeling matrix of K;[2m+1] to a supermagic labeling matrix of

K3 [2m+3].

i. A supermagic labeling matrix of K;[3] is shown in Figure 9.

Uy

Ug

Ug
Ug
Uy

1 23
27 3
2 26
5 22
25 4

24 6

13
15
16
12
11
17

7 20 18
21 9 14
19 10 8|

Figure 9

The sum of each vertex is q(q+1)/p=84.

U; u; U3 U, Ug U,

ii. We extend to a supermagic labeling matrix K;[5] as follows:

a. Embed B, and [B;; By,] of the labeling matrix of K;[3] into
the labeling matrix of K;[5] in the position indicated as
follows (Figure 10):

U Uy U3U4 U5 6
ug| 1 2313
ug| 27 3 15
ug| 2 26 16
up[ 5 22127 2018
ug{ 254 1121 9 14
ug| 24 6 1719 10 8

Figure 10

[

Ujuzu3 U4 U5 uf U7 uguguyg
1 2313 i
273 15
2 2616

522127 20 18
254 1121 9 14
24 6 1719 10 8

b. Calculate the increment value d where d=3(52-3%)/2=24. Then
we change the value of two blocks of matrices by adding two
matrices d(13,3) and d(13,¢) respectively, i.e. By; + d(133) and
[B2) By,] + d(13xs) (Figure 11).



U] U7 U3 U4 U5 UG U7 UgUgu|Q

U| U3 U3Uq U5 Ug s T 25 47 37

w1l 2313 v7 51 27 39

us| 273 15 b 26 50 40

ug| 2 26 16 U9

up[ 5 22127 2018 | %10

ug| 254 1121 9 14 §|

ug| 246 1719 10 8 Y12 29 46 36 31 44 42
Y13 49 28 35 45 33 38
Y14 48 30 41 43 34 32
uls L .

Figure 11

c. Arrange {1,2,...,d=24} and {q-d+1=75-24+1=57,...,75=q} in
the remaining empty slots as follows (Figure 12):

U U U3 U4 Us UG U7 UguQUYQ
Us 175 7
u7 |74
ug |73
Ug | 4772 24,53 54
Yg| 571 52 2322
Uiy (706 21 55
up |69 7 20.56
U3 g/rss 57 19-
67 65 ,12~13.62 61 /16-17.58
U5 L66N0—1 1764 o§\14—15/ 60 56 184

Figure 12

For each "x" along the "Snake 1-2-3-...-24" we assign the
mirror image by "q+1-x", then we have the mirror-image of
the "Snake 57-58-...-75".

d. Interchange the diagonal pair {66,67} from the lefi-bottom
corner and the diagonal pair {58,59} from the right-bottom
corner of the Snake 57-58-...-75. We obtain the following
(Figure 13):
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U U U3 U4 U5 UG U7 uguguyg
ug [1.75
u7 | 747
ug (73 3
ug | 4772 24 53 54
v | 571 5223~

U | 7076 21 55
U2 | 69 /j 20,56
U3 g 68 57 19;
Yiq| 9 66 65/12~13,62 61 /16-17,59

U5 L67M0-11764 63 14-15"60 58 184

Figure 13

The following is the supermagic labeling matrix of K;[5] (Figure 14):

u
Uy
U3
Uy
Us
Us
Uy
Ug
Uy

Y10

Uy

Uz

Uys

3
U; U3 Uz Uy U5 Ug U; Ug Uy Y Uy Uy Uz Uy Uy

74 2 51 27 39
73 26 50 40
72 24 53 54

w

70 6 29 46 36 31 44 42 21 55
69 7 49 28 35 45 33 38 20 56
8 68 48 30 41 43 34 32 57 19
9 66 65 12 13 62 61 16 17 59
67 10 11 64 63 14 15 60 58 18

Figure 14

Having thus explained these specific lines of construction, the general
method of contructing a labeling matrix of K;[2m+3] from K;[2m+1]
may now be formulated:

1. Suppose we already have a labeling matrix of K;[2m+1]. We
embed By, and [B;, By,] of the labeling matrix of K;[2m+1] into the
labeling matrix of K;[2m+3] in the position indicated as above.
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2. Each value in the blocks add the increment value d, which is
given by the formula d=[3(2m+3)2-3(2m+1))/2 = 12(m+1).

3. Arrange {1,2,...,d=12m+1} and {g-d+l,...,q} in the
remaining empty slots as follows. We create two intertwining snakes:
Snake 1-2-...d and Snake g-d+1-...q. Each x in Snake 1-2-...-d is
corresponding to the mirror image "q+1-x" (Figure 15).

“1“2 U3 U4 Us ug l“7“8“9‘110

Ys [1.75

u7 (747

ug (73 /3

Ug | 4772 24 53 54

Yo | 571 5223~

Y1 706 21 55
Uip |69 7 20,56
uj3 S/’ss 57 19,
Y| 9 66 65 12~13\12 61/16-17,59
Uy L67N0-11764 6314-15760 58 154
Figure 15

4. Interchange the diagonal pair {c,d} from the left-bottom

corner and the diagonal pair {e,f} from the right-bottom corner where
c,d,e,f are not in the "Snake 1-2-...-d". We obtain the supermagic
labeling matrix of K;[2m+3].

The reason why this construction has worked is that:

For each row of labeling matrix of K;[2m+3], its sum is:

2(q+1) + (the row sum of labeling matrix of K;[2m+1]) + (4m+2)[12(m+1)]

=2[3@2m+1)%+1] + @m+1)[3(2m+1)2+1] + (48m® + 72m + 24)

Simplifying the sum, we obtain 24m’+108m>+164m+84, which can be
expressed as (2m+3)[3(2m+3)2+l] a(q+1)p.

Thus K;[2m+3] is supermagic.

Using the above scheme, the reader can construct the supermagic labeling
matrix of K5[7].

Example 3. The supermagic labelling matrix of K;[7] (Figure 16).
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ul 02
[ 1447

146

145

4’1'24
143

144 g

141
§/14n

139
138710
13701
12/136

]

135 14==15"132 131

u3 114 lls

37 111 61 83 73
110 38 87 63 75
109 39 62 36 76
40 108 60 89 90

41 107 88 59 58

36 113 114/33-32
112 35=34"115 116

% U7 % Y 1011 %2%3%1

W

106 42 65 80 72
105 43 85 64 71
44 104 84 66 77
45 102 101 48 49
103 46 47 100 99

67 80 78 57 9l
81 69 74 56 92
79 70 68 93 55
98 97 52 53 95
50 5196 %4 54

J 1
17 3
118,30
g u

120
121\

133116-17\130 129

18-19 128 127 "22=2

942011

Figure 16

4. Supermagicness of Ksj2t+1]

126 125 225, ]
124 122

i

The labeling scheme of Ks[2t+1] is similar to K;[2t+1]. The only difference
is in step 5 in which we interchange only one diagonal pair.

1.

2.

First we exhibit a supermagic labeling matrix for Ks[3] (Figure 17).

U 2 1B U Us Ug Uz 1 Ug Wyglly; U2
u4
us
u6
|'l‘l
uB
l,l9 ]
u, s e 1230 93|35 13 76
u,f2 4« 5 73 15 1| 30 &3
u K7 51 5l §7 74 73[l1c 34 18 ]
u,pi e 57 2 63| [iF 79 %6 12
u,fr 4 56 €6 54 [T 16 &l i 5
u, 2 31 52 €4 si s3l[ez 32 10 s 4

Figure 17

We embed the block matrices B“, [Bu Bzz], [B3| Bgz], B33, [B“ B42],
Ba3, Bys of the labeling matrix of Ks[3] into the labeling matrix of Ks[5]
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in the position indicated as follows (Figure 18):

WO R G U B W Wyt Uy Uy Oy Uy e Wy Uy Oy Uy

8 CROAR
¢
q; X 9. 8
n 0 124 14
U0l WUy U I 1 U Uplly, 5
% 1
1, iT @ 0 16 18 1] -
L Iz m o1 07 T
b o4 .13 10 18 1
LB EDIL %
s 1 |
13
b ¥ 18BN IBM 15 3 15 -
Uy ¥ 5, 50t 019 W N 181 16 ——
e s ABEWMERET 1410 54 18 o 1 B
u kg a7 uRBIky 18 A
) l‘b
u T 51 1
B un LI
CM R L R R TR | i, TR R R » 1% 1o CRETE
0, ”ﬂl“"‘”'w3 ‘% 120 5 16 14 1 17 %6 9 5 %
= |15 ;@ 14 15 13 CRUE c BT
1 ]

Figure 18

Each value in the blocks is increased by the increment value d, which is
given by the formula:

d=[10(2m+3)>-10(2m+1)*}/2 = 40(m+1)=80.

See Figure 19.
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Figure 20

Interchange the diagonal pair {213,214} from the right-bottom corner.
We obtain the supermagic labeling matrix of Ks[5].

We see that d=10(2m+3)?-10(2m+1)?)/2 = 40(m+1). Thus the row sum
for each row of Ks[2m+3] is given by:

4(q+1) + (row sum of Ks[2m+1]) + 4(2m+1)

4[102m+3)2+ 1 }+[2(2m+1)][10(2m+1)*+1]+1602m>+3m+1)

= 160m>+720m>+1084m+546

=2(2m+3)[10(2m+3)*+1]

=q(q+1)/p
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Example 5. A supermagic labeling matrix of Ks[7] (Figure 21).

"y

u
w,

U
W,
o
uw,
“l
s
Y
W,
U
L]
Uy
Uy
W,
Uy

o

&

FFFFFF

Uy
Y
Uy
U,
U
Uyg

nouou U % % W U iy By Wy U Wy W Uy Uy Ty U Uy Uy Uy Uy Uy Uy Uy Wy U
1 490121 370 219 241 231

489 2 369122 245 221233

488 3 368 123 220244 234

4 487124 367 302190 191

5 486125 366 189 301 300
485 6 390102 103 387 386

484 7 101 389 388 104 105

8 483 365 126 223 240 230 225 238 236 299 192 106 385

9 482364 127 243 222 229 239 227 232 298 193 107 384

481 10 128 363 242224 235 237 228 226 194 297 383 108

480 11 129362318174 175315314178 179 311 382 109

12 479361 130173317316 176 177 313 312 180 110 381

13 478414 78 79 411410 82 83 407406 86 87 403

477 14 77 413412 80 81 409408 84 85 405404 88

476 15 360 131 246 268 258 212 289 290 195 296 111 380 275 213 276 310 181 402 89

16 475132 267272248260 273 217 211 295 196 379 112 288 280 283 132 309 90 401

17 474133 258247 271 261 287 274 278 294 194 378 113 214 284 218 183 308 91 400

473 18 357 134 172320 321 169 168 324 325 165 114 377 164 328 329 307 184 399 92

472 19 356 135 319 171 170 322 323 167 166 326 115 376 327 163 162 306 185 398 93

20 471 76 416417 73 72 420421 69 68 424425 65 64 428429 61 60 94 397

21 470415 75 74 418419 71 70 422423 67 66 426426 63 62 430431 95 396

469 22 136 355 250 267 257 252 265 263 198 293 375 116 215 279 286 186 305 395 96 209 201 202 161 330 432 59
468 23 137 254 270 249 256 266 254 259 199 292 374 117 277 216 281 187 304 394 97 207 205 206 160 331 433 58
24 467 353 138 269 251 262 264 255 253 291 200 118 373 285 282 210 303 188 98 393 203 208 204 332 159 57 43
25 466 252 139 240 142 143 347 346 146 147 343 119 372 342 150 151 339 338 99 392 154 155 335 333158 56 43
465 26 140 251 141 349 348 144 145 345 344 148 371 120 149 341 340 152 153 391 100 337 336 156 157 334 436 55
464 27 462 30 31 459458 34 35 455454 38 39 451450 42 43 447446 46 47 443442 50 51 439437 54
28 463 29 461460 32 33 457456 36 37 453452 40 41 449448 44 45 445444 48 49 441440 52 53 43

Figure 21

Conclusion

We have proved in this paper the following results:

1. Kj;[2], Ks[2] are supermagic.

2. Kj[2t+1], Ks[2t+1] are supermagic for all t.

In a subsequent article we will complete to solve the remaining cases.
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