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Abstract

A cycle C of a graph G is called a g-dominating cycle if every
vertex of G which is not contained in C is adjacent to at least g ver-
tices of C. Let G be a k-connected graph with k& > 2. We present a
sufficient condition, in terms of the degree sum of k£ + 1 independent
vertices, for G to have a g-dominating cycle. This is an extension
of a 1987 result by J.A. Bondy and G. Fan. Furthermore, examples
will show that the given condition is best possible.
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We consider finite, undirected, and simple graphs G with the vertex set
V(G). For u € V(G), let Ng(u) = N(u) be the neighborhood of u. We
denote by dg(u) = d(u) = |N(u)| the degree of a vertex u and by §(G)
the minimum degree of G. If H is a subgraph and v a vertex of G, then
Ny (v) denotes the set of neighbors of v in H. If ¢ is a positive integer,
then a subset D of V(G) is a g-dominating set if each vertex of V(G) — D
is adjacent to at least g vertices of D. The concept of ¢-domination was
introduced by Fink and Jacobson [2], [3]. Thus, we call a cycle C of a graph
G a ¢g-dominating cycle if every vertex of G which is not contained in C is
adjacent to at least ¢ vertices of C'. In this situation we also say that every
vertex in G — C is g-dominated by C. Note that a 1-dominating cycle is
the classical dominating cycle introduced by Lesniak and Williamson [5] in
1977. For other graph theory terminology we follow the book by Haynes,
Hedetniemi, and Slater [4].
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In 1987, J.A. Bondy and G. Fan [1] presented the following sufficient
condition for the existence of a dominating cycle.

Theorem 1 (Bondy, Fan [1]) Let G be a k-connected graph on n vertices,
where k > 2. If

k
> d(zs) >n—2k
i=0
for any k + 1 independent vertices zg,2;,...,zx with N(z;) N N(z;) =0
for 0 < i # j <k, then G has a dominating cycle.

The proof of this theorem can also be found in [4] on the pages 177-
179. Similarly to Bondy and Fan [1], we derive in this note the following
extension of Theorem 1.

Theorem 2 Let £ and ¢ be positive integers and let G be a k-connected
gra.ph on n vertices, where k > 2. If for any k& 4+ 1 independent vertices
Zo,%1,..., % with IN(:c.)ﬂN(:v,)| <2¢—-2for0<i#j<k,

k
D d(z) > n+(k+1)(g—3)+2,

=0

then G has a g-dominating cycle.

Proof. Suppose that G satisfies the hypotheses of the theorem, but
has no g-dominating cycle. Since G is k-connected, G has a cycle of length
at least k. Let C be a cycle in G with |V (C)| > k such that

(i) C g-dominates as many vertices as possible.

Since C is not a g-dominating cycle, there is a component H of G — C
containing a vertex z¢ such that |[N¢(zo)| < g — 1. Choose C, subject to
(i), in such a way that

(i) H has as few vertices as possible.

Since G is k-connected and |V(C)| > k, there are k paths Py, Py, ..., Py
from z¢ to C, pairwise disjoint except for o and with all internal vertices
in H. Let u; be the end-vertices of the paths P; for 1 < i < k, taken in
order around C, and define ux41 = u; and Peyy = Py

Let ¢y, ¢2,. .., s be the vertices in order around C and define C(c;, ¢j) =
{ct : i <t < j} and Clei,cj] = {c: : i <t < j}, where the subscripts are
taken modulo s. The sets C(c;, c;] and Clc;, ¢;j) are defined analogously.

If, for some 7 and every v € C(ui, 4i+1), Ne—c(v) U {v} is ¢-dominated
by C — C(ui,ui+1), then by deleting C(u;,ui+1) and adding the path
P;zy P, 1, we obtain a new cycle which has length at least k and ¢-dominates
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more vertices than C, contradicting (i). Thus, for each i, there is at least
one vertex y; € C(u;, ui4+1) such that

(a) Ne-c(¥i) U {v:} is not g-dominated by C — C(u;, uiy1).

Now subject to (a), choose y; as close to u; along C(u;,u;+1) as possible.
Thus we have

(b) for each v € C(u;,¥i), Ng-c(v) U {v} is g-dominated by C —
C(ui, tiyr).

Using (b), we shall show that

(c) there is no edge joining H and C(u;,y;] for 1 <i < k.

Suppose to the contrary, that there is an edge e = hw, where h € V(H)
and w € C(u;, y;]. Choose e such that w is as close to u; along C(u;,y;] as
possible. Since H is connected, there is a path P from u; to w, containing e,
with all internal vertices in H. By adding the path P and deleting C(u;, w),
we obtain a new cycle C’ such that [V (C’)| > k. If C’ g-dominates z¢, then
by (b), C’ g-dominates more vertices than C, contradicting (i). If C’ does
not g-dominate zo, then by (b), C' g-dominates at least as many vertices
as C. However, in this case, the component of G — C’ containing z¢ has
fewer vertices than H and so contradicts (ii). This completes the proof of
(c)-

Next we show for 1 < i # j < k that

(d) there is no path from C(u;, ¥ to C(u;,y;] with all internal vertices
inG-C.

Suppose that there is a such a path P from w € C(u;, ¥ to z € C(u;, y;].
By (c), V(P) N V(H) = 0, and so

wPz...yj.. Ujpr ... G BizoPjuj . uipr . i w

is a cycle C" with |V(C")| > k. We choose P in such a way that w is as close
to u; along C(u;,y;] as possible. By this choice, there is no path joining
C(us, w) and C(uj,z), and so, for every vertex v € C(u;,w) U C(uj, 2),
N(v)U{v} is g-dominated by C”, by (b). Therefore, C" g-dominates more
vertices than C. This contradiction established (d).

It follows from (a) that

(e) for 1 < ¢ < k, there exists a vertex z; € Ng-c (%) U {vi} which is
not g-dominated by C — C(u;, ui41).

In view of (c) and (d),

(1) the z; for 0 < i < k are k + 1 independent vertices.
Next, we shall show that

(2) IN(z:) N N(zj)| <22 for 0< i j <k.
Suppose that there is exists a vertex v € N(z;) N N(z;) which is not
contained in C. For 7,5 # 0, the path y;2;vz;y; yields a contradiction to
(d). The case i = 0 and j > 1 leads to v € V(H). If z; # y;, then also
z; € V(H), contradicting (c). If z; = y;, then we have also a contradiction
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to (c). Consequently, N(z;) " N(z;) C V(C) for 0 < i # j < k. Since C
does not g-dominate z, it follows therefore from (e)

IN(z:) A N(z;)] < |N(zi) N (C = C(ui, uig1))]

IN(z:) N N(z5) 0 C(ui, uita)]
IN(2;) N (C — Cui, uiy1))|
IN(z;) 0 (C — C(uj, uj41)l
g—1+g-1=2¢-2.

IN + IA + |

Now let J = {i : 2; = y;, 1 < ¢ < k}. Since z; is not g-dominated by
C — C(u;,ui41) for 1 < i < k, we obtain for i € J

n—|V(O)|

INg-c(z:)| > d(z:) — |C(ui, wig1)| — (g — 1) +1
and fori ¢ J

ING-c(z:)| 2 d(z:) — IC(ui, wig1)| — (¢ — 1).

Because of N(z;) N N(z;) C V(C), we have Ng_¢(zi) N Ng-c(z;) =0 for
0 <1i# j < k. This implies

v

\Y

k
V(G - C) 2 Hzo}| + Y INg-c(=:)l + Y =i}l

i=0 igd

{zo}| + N (zo)| = (¢ - 1)

D INg-c(@)l+ Y INg-c(@:)l+ D [{z:}|

igJ ieJ igJ

1+d(zo) — (g - 1)+ 2;@(3:’) = [C(ui,uig1)| — (g - 1))
ig

> (d(=:) = [C(ui, visa)l = (g = 1) + 1) + (k — |J])
icJ

k k

> d(z:) = 3210w, uie) = (k+1)(g - 2)
k

> d@:) = (IV(C)| — k) - (k+1)(g—2).

i=0

In view of (1) and (2), this is a contradiction to the hypotheses and the
proof is complete. O
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Corollary 3 Let k and ¢ be positive integers and let G be a k-connected
graph on n vertices, where k > 2. If

5(C) > 2*2

k+1+q 3,

then G has a g-dominating cycle.

Corollary 4 (Bondy, Fan [1]) Let G be a k-connected graph on n ver-
tices, where k > 2. If §(G) > (n — 2k)/(k + 1), then G has a dominating
cycle.

Example 5 Let k and ¢ be positive integers such that 2 < ¢ < k+1,

and let Hy, H),..., Hgqy be k + 2 disjoint copies of the complete graph
Ky. For each 0 5 i < k, we firstly join the vertices of H; with the vertices
of Hyy) by exactly k non-incident edges, and then we join every vertex of
H; with g — 2 further vertices of Hy41. Certainly, the resulting graph H is
k-connected. In addition, H has k + 1 independent vertices y; € V(H;) for
0<i<kwith [Ny(y) NHy(y;)| <q—1<2¢g—2for 0<i#j<kand

Zdy(y,-) =(k+1)(k+q—2) = |V(H)|+ (k+1)(g—3) +1.

=0
Clearly, a ¢-dominating cycle of H contains at least one vertex from H;
for 0 < ¢ < k. However, since such a cycle doesn'’t exist, the graph H has
no g-dominating cycle. Thus, the graph H shows that Theorem 2 is best
possible.
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