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The graphs considered here are finite, undirected, without loops and mul-
tiple edges. The symbols V(G) and E(G) denote the vertex set and the
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Abstract

We deal with (a,d)-face antimagic labelings of a certain class
of plane quartic graphs. A connected plane graph G = (V| E, F)
is said to be (a,d)-face antimagic if there exist positive integers a
and d, and a bijection g : B(G) = {1,2,...,]E(G)|} such that the
induced mapping @, : F(G) = N, defined by ¢o(f) = > {g(e): e €
E(G) adjacent to face f}, is injective and @y (F) = {a,a +d,...,a+
(IF(G)| - 1)d}.

Introduction and Definitions

edge set of a graph G.

Hartsfield and Ringel [7) introduced the concept of an antimagic graph. An
antimagic graph is a graph whose edges can be labeled with the integers
..|B(G)| so that the sum of the labels at any given vertex is different

1,2,.
from the sum of the labels at any other vertex, that is, no two vertices have
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the same sum. Hartsfield and Ringel conjecture that every tree different
from K is antimagic, and, more strongly, that every connected graph other
than K, is antimagic.

Bodendiek and Walther started looking for a new edge labeling arising from
antimagic labeling. They defined the concept of an (a, d)-antimagic graph
and in [5,6] described (a, d)-antimagic labelings for the special graphs called
parachutes.

In [1], there is a complete characterization of (a,d)-antimagic graphs of
prisms D,, when n is even and it is shown that if n is odd, the prisms D,
are (2842 2)-antimagic.

Furthermore, (a, d)-antimagic labelings for the antiprisms @, are given in
(2].

In this paper we concentrate on finite connected plane graphs. A graph is
said to be plane if it is drawn on the Euclidean plane in such a way that
edges do not cross each other except at vertices of the graph. Assume that
all the plane graphs considered in this paper possess no vertices of degree
one so that it makes sense to determine the face set F/(G) of a plane graph
G=(V,E,F).

The weight w(f) of a face f € F(G) under an edge labeling g : E(G) —
{1,2,...,|E(G)|} is the sum of the labels of the edges surrounding that
face.

A connected plane graph G = (V, E, F) is said to be (a, d)-face antimagic
if there exist positive integers a and d, and a bijection g : E(G) —
{1,2,...,|E(G)|} such that the induced mapping ¢, : F(G) = W is also
a bijection, where W = {w(f) : f € F(G)} = {a,a+d,a +2d,...,a +
(|F(G)| — 1)d} is the set of weights of faces.

If G = (V,E, F) is (a,d)-face antimagic and g : E(G) — {1,2,...|E(G)|}
is a corresponding bijective mapping of G then g is said to be an (a, d)-face
antimagic labeling of G.

Notice that (a,d)-face antimagic labeling of a convex polytope G is equiv-
alent to (a,d)-antimagic labeling of its dual graph G*.

Now, we provide the construction of a certain class of convex polytopes D'
whose (a, d)-face antimagic labelings will be investigated in this paper.

The m-prism D}, n > 3, m > 1, is a trivalent graph of a convex polytope
which can be defined as the cartesian product Pp4; %X Cp of a path on
m + 1 vertices with a cycle on n vertices, embedded in the plane.

210



Let I = {1,2,...,n} and J = {1,2,...,m} be index sets. Let us denote
the vertex set of m-prism D™ by

V(DR) = {zj;:i€Iand j € JU{m+1}} and the edge set by E(D™) =
{zjizji41:i€Tand j€ JU{m+1}}U {z;zj41::i€ I and j € J}.
We make the convention that zj,41 = zj1 and zjn4e = zj2 for j €
JUu{m+1}.

The face set F/(D7) contains nm 4-sided faces, an internal n-sided face and
an external n-sided face.

Now, we insert exactly one vertex y (respectively z) into the internal (re-
spectively external) n-sided face of DJ.

Suppose that n is even, n > 4, and consider the graph D™ with vertex set
V(D) = V(D) U {y,z} and

(i) if m is odd, the edge set E(D}}) = E(D7)U{z1 241y : k=1,2,...,2}U
{Tmyr,2e2: k=1,2,...,2} ; and

(i) if m is even, the edge set E(D') = E(D?)U{z1,2k1y : k=1,2,...,3}U
{Zm+1,2k_12 k= 1, 2, cee %}.

Then D}, n > 4, m > 1, is the plane graph of the convex polytope on
IV(DFY)| = n(m+1)+2 vertices, |E(D)| = 2n(m+1) edges and consisting
of |F(D3})| = n(m + 1) 4-sided faces. Let vertices of D™, if m is odd, be
labeled as in Figure 1.

2 Necessary Conditions

In this section we present several necessary conditions for the graph D™ to
be (a, d)-face antimagic.

Theorem 1. If D} is (a,d)-face antimagic then either d = 2 and a =
3n(m+1)+3,ord =4and a = 2n(m+1)+4,0ord = 6 and a = n(m+1)+5.

Proof. Assume that D} is (a,d)-face antimagic and W = {w(f) : f €
F(DOM)} ={a,a+d,...,a+[n(m+1)—1]d} is the set of weights of faces.

The sum of weights in the set W is n(m +1)[a+ §(nm +n —1)]. The edges
of D' are labeled by the set of consecutive integers {1,2,...,2n(m + 1)}
and each of these labels is used twice in the computation of the weights of
faces.

Thus, the sum of all the edge labels used to calculate the weights of faces

211



Figure 1: Plane graph D}
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is equal to
n(m + 1)(2nm + 2n + 1).

We have the following equation

2mm+20+1) = a+yamtn-1) (1)

or, equivalently,

d = 8n(m+1)+4—2a. @
nm+n-—1

The minimal value of weight which can be assigned to a 4-sided face is
equal to 10.

From (2), if a > 10, we get the upper bound on the parameter d, i.e.,
0 < d < 8. Since n is even then from (1) it follows that d is also even. This
implies that the equation (1) has exactly the three solutions

(a,d) = 3n(m +1) +3,2) or
(a,d) = (2n(m + 1) +4,4) or
(a,d) = (n(m + 1) + 5,6).

3 (a,2)-Face Antimagic Labelings

Armed with the results from the previous section, we are now ready to
study the (a, d)-face antimagic labelings of D*. Let us start with the case
d=2.

An (3n(m + 1) + 3, 2)-face antimagic labeling of D} for m =1, n > 4 was
described in [3] and for m = 2, n > 4, in [4]. Here we shall consider m > 3.

We will make use of the following functions to simplify later notations.

[ 1 ifu=1(mod?2)
‘”(“)‘{o ;f:soéﬁgdz)
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_J1 ifp<gqg
Mpg) = { 0 otherwise

1 ifu=1 (mod4)

“(“)={ 0 if u=3 (mod 4)

Theorem 2. If n =0 (mod 2), n > 4and m = 1 (mod 2), m > 3, or if
n =2 (mod 4), n > 6 and m = 0 (mod 2), m > 4, then the graph of the
convex polytope D has (3n(m + 1) + 3, 2)-face antimagic labeling.

Proof. First suppose m is odd, m > 3, and construct the edge labeling g,
of D7 in the following way.

91(%5,i%j,i41) =

([(G = Dn+i+1A@, 2E)

+[(m =g+ Dn+i+ A2 +1,5)9()
+[((m + 2 — j)nA(n — 1,7)

+[(m +2 — j)n — 1 - i]A(i,n — 3))AG, 2FL)
+[njA(n - 1,7)

+(nj — i — DAG,n - )AL + 1, /)9 +1)

fori €I odd and j € JU{m+1},

91(Z5,iTji41) =

(([(m +2 = 5)n = 1]A(n, 1)

+[(m +2 - j)n - L =A@, n — 2))A3F, ZF)
+[(nj — 1)A(n,1)

+(nj — 1 —9)A3E,n — 2)]A(ZFL + 1, 7))
+([(7 — L)n + 1]A(n, 1)

+[(j - 1)71, +1+ 2]/\(’&,7& - 2))A(]’ ﬂiﬁ)

+([(m +1 - j)n + 1]A(n,1)

+[(m+ 1~ j)n + 1+ A3, n - 2))A(BE +1,5)]
Y +1)

forieIevenand j€ JU{m+1}.

91(25,iTj41,i) =

[(m+1)n+1)A(n,d) + [(m+ L)n+ 1 +3A(En - 1)

fori € Iand j =28,

91(Z;5,iTj41,6) =

[[n(2m + 1 - 25) + 1]A(n, 1)

+([n(2m +1-27) +1+3dY(i + 1)

+[n(2m + 2 - 25) + 1 + iJY (i) A(¢,n — 1))

A(J’ ﬂ;_l - 1)

+((2jn + 1)A(n,d) + [(2jn + 1 + )y (i + 1)
+[n(25 — 1) + 1+ Jep@)]AG n — DIMZF +1,5)
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forieland j€ J.

gi(z1y) = ni2m+1)+i
for i € I odd.

91(Tmt1,i2)=  [n(2m + 1) + 2]A(n,8) + [n(2m + 1) + 2 + i)A(i,n — 2)
for i € I even.

It is a matter for routine checking to see that the edge labeling g, uses each
integer 1,2,...,2n(m+1) exactly once and this implies that the labeling g;
is a bijection from the edge set E(D}') onto the set {1,2,...,2n(m + 1)}.

Let us denote the weights of the 4-sided faces of D, m > 3, m =1 (mod
2), (under an edge labeling g) by

wo(fii)=  9(25i%j,641) + 9(@ja1,i%it1,i01) + 9(5,:T541,0)+
9(Z5,i41%541,i41)
ifieland je€ J,
we(fo)=  9(21,i%1,i41) + 9(T1,i+1%1,i42) + 9(21,39) + 9(21,i429)
if 7 € I is odd,

Wo(fme1,4) = 9(Tm+1,iTm1,i41) + 9(Tmt1,i41ZTm1,i42)
+9(Tm+1,i2) + 9(Tm+1,i+22)
if ¢ € I is even.
The weights of faces under the labeling g; constitute the sets

wh ={'wg,(fj,,~):i€IandjeJ}
={3n(m+1)+3,3n(m+1) +5,...,5mn + 3n + 1}
and

Wa = {wg,(fo,i) :2 € I odd } U {wg, (fm+1,:) :i € I even }
= {dmn+3n+3,5mn+3n+5,...,5n(m+1) +1}.

We can see that each 4-sided face of D}}! receives exactly one value of weight
from W UW: = {a,a+d,...,a+(|F(D})|-1)d}, wherea = 3n(m+1)+3
and d = 2, is used exactly once as a value of weight, which implies that the
edge labeling g, is (3n(m + 1) + 3, 2)-face antimagic.

If n =2 (mod 4) and m = 0 (mod 4) we define the bijective function

g2: E(D7}) = {1,2,...,2n(m + 1)}, where
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92(zjimiin) =  ((m+1=n+id() + (G - Dn + 390 + 1)9()
+[(n — )Y(@) + ([(m + 2 - j)n - i]A(i,n - 2)
+(m + 2= jinA(n, ))Y(i + DY +1)

forieIand jeJU{m+1},

92(z5i%i+1,i) = ([(2m — 25 + L)n +14]9(4)
+[(2m — 25 + 2)n + i|Y(E + 1)) A, %)
+((29n + )P(E) + [(25 — Dn + (e + D)AMF +1,5)

forieIand je€J.

92(z1,5y) =  [{(8mn + 5n — 20 + )Y(i, 3)
+%(8mn +9n — 2 + 4)P(3 + 4,9)]a(i)
+3(8mn + Tn — 2i + 4)a(i + 2)

forn#6andiel,

92(z1y) =  [(2m +2)n — HEa(i) + [(2m + 1)n + i — 2]a(i + 2)
forn=6andiel

92(Tm+1,2) =  3(4mn +3n—i+3)a(i) + (4mn +4n - i+ 3)a(i +2)
foriel.

If n = 2 (mod 4) and m = 2 (mod 4) we construct the bijective function
93 : E(D) = {1,2,...,2n(m + 1)} as follows.

93(25,iT5,i41) = 92(%5,i%ji41)

’

93(zj,i%j41,0) =  ([(2m +3 = 2j)n — i + 1] (4)
+[(2m+2-2j)n—i+ (i + 1))A(F, ’—;—)
+[(2jn — i + 1)y(3)
+((25 + )n =i+ 1+ DINF +1,7)

forieIandjeJ,
g3(z1,:y) =  g2(=1,i9),
93($m+1,iz) = g2(Tm41,i2)-

For m > 4, m = 0 (mod 2), we denote the weights of the 4-sided faces of
D;* (under an edge labeling g) by

vg(fii) = we(fii)s
vg(fo,5) = wy(fo,i),
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Vg(fmt1,i) = 9(@m+1,iZma1iv1) + 9(@marit1Tmerins) i, € Tsodd.
+9(Tm+1,i2) + 9(Zm+1,i+22)

By direct computation we obtain that the weights of the 4-sided faces under
the labelings g» and g3 constitute the sets of consecutive integers

W; = {vg,(fj,,-) :i€landje€ J}
= {'Uga(fj,i) :i€landje€ J}
={3n(m+1)+3,3n(m+1)+5,...,5mn+3n+ 1}

and
W, = {’ng (fO,i) 11 €I is odd }U {‘ng (fm+1,i) :1 €1 isodd }
= {vgg(fo,i) : ¢ € I is odd } U {vgs(fm+1,i) : ¢ € T is odd }
={dmn+3n+1+2i:iel}.

We see that W3 N W, = @ and the set W3 UW, = {a,a+d,...,a+ (n(m+
1) — 1)d}, where a = 3n(m + 1) + 3 and d = 2, which implies that the
induced mappings @y, : F(DI') = W3 U Wy, k = 2,3, are bijections.

4 (a,4)-Face Antimagic Labelings

This section deals with (a, d)-face antimagic labelings of D' for d = 4. An
(4n + 4,4)-face antimagic labeling of DL, n = 0 (mod 2), n > 4, can be
found in (3] and (6n + 4,4)-face antimagic labeling of D2, n > 4 even, is
given in [4].

Theorem 3. If niseven,n > 4, and mis odd, m > 3, orif n = 2
(mod 4), n > 6, and m is even, m > 4, then the plane graph D™ has
(2n(m + 1) + 4,4)-face antimagic labeling.

Proof. Let us distinguish three cases.
Case 1. n =0 (mod 2) and m =1 (mod 2).

For n > 4 and m > 3 we define the edge labeling g4 of a plane graph D
as follows.
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ga(ziiziin) = (20 — Dn+ 20+ 220, )
+[2(m — § + D)n + 20 + 2 2FL + 1,5))9(3)
+[(2n(m — j + 2)A(n - 1,1)
+[2n(m — j + 2) — 2i — 2JA(i,n - 3))A(J, mil)
+(2jnA(n - 1,17)
+(2jn — 2t — 2)A(i,n — 3)))\(&.;,ii +1,7)]
PG +1)
fori€ I odd and j € JU {m + 1},
94(zjizjit1) =  [([2(m +2 — j)n — 2]A(n, 1)
+[2(m + 2 — j)n — 2i = 2JA(E,n - 2)A3G, BF)
+((25n — 2)A(n, i)
+(2jn - 2 — 2)A(5,n — 2))A(BEE + 1, 5)]¥())
+[([(25 = 2)n + 2]\ (n, )
+{(2i —-2n+2i+ 2]A(¢,n — 2)A(7, ﬂzﬂ)
+([2(m + 1 = j)n + 2]A(n, 1)
+[2(m + 1= f)n + 20 + 2JA(E, n - 2))A(ZBEL + 1, 5) ]9 + 1)
fori€ Ievenand j € JU{m +1}.
g4(a:j,i:cj+1,.-) = /\(n,i) + (2i + l)A(i,n - 1)
fori€ I and j = =L,
9a(zjizjv14) = (2n(m+1-25)+2i+ 1JA(4, ﬂzlﬂ -1)
+[2n(2j - m —2) +2i + 1])\(&;— +1,7)9(2)
+[([2(m - 25)n + 1]A(n, )
+[2(m - 2j)n+ 2i + 1JA(E, n — 2))A(7, %ﬂ -1)
+([2n(2j — m — 1) + 1]A(n, %)
+[2n(2j - m — 1) + 2i + 1]A(i,n — 2))
A +1, )+ 1)
forielandje€J.
ga(T1:y) = 2mn+2i—1fori€ I odd,

91(Tme1,i2) =  (2mn+ 3)A(n,i) + (2mn + 2i 4+ 3)A(i,n — 2)
for i € I even.

Case 2. n = 2 (mod 4) and m = 0 (mod 4).

For n > 6 and m > 4 use the following labeling gs.

95(%5,i%ji41) = 292(Tj,i%j,i41)-
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95(z55%i413) = ([(2m — 4g)n + 20 — 1]y(d)
+[(2m — 45 + 2)n + 2i — 1]y(i + 1)AG, )
+([(45 — 2m — 2)n + 2i — 1]9(3)
+[(45 — 2m — 4)n + 2i — 1 + 1))
MZ +1,75)

fori €I andj€ J.

g5(z13y) = ([F4m+1) —i+ 1A, 3)
‘ +[2(4m + 5) — i + 1JA(F + 4,9))e(d)
+[2(4m+3) — i+ 1]a(i +2)

forn#6andi€l,

g5(z1:v)=  [(2m + 1)n —i]a(@) + [2m + 2)n - d]a(i +2)
forn=6andi€l.

95(Tm+1,i2) = [p(2m +1) —i +2]a(@) + [p(2m + 2) — i + 2)ali + 2)
forn#6andie€l,

95(Tmy1,i2) = 2mn+2i+1
for n =6 and i € I odd.

Case 3. n = 2 (mod 4) and m = 2 (mod 4).

For n > 6 and m > 6 we construct the edge labeling g¢ of D' in the
following way.

96(2ji%5i41) = 203(Z5,iTji+1)-

96(Zjizj+1,:) = ([(2m — 45 + 4n — 2i + 1]a(2)
+[(2m — 45 + 2)n — 2i + 1]Y(i + 1))A(4, 3)
+([(4F — 2m — 2)n — 2% + 1}h(3)
+[(47 — 2m)n — 2i + (i + D)A( + 1,5)

forielandje€J.
g6(z1,9) =  95(71,4Y) -
96(Tm+1,i2) =  g5(Tm+1,i2) -

It is not difficult to check that the labelings g4, gs and gs are bijections
from the edge set E(D™) onto the set {1,2,...,2n(m + 1)}.

The weights of the 4-sided faces of D' under the labeling g¢, 4 < k < 6,
constitute the sets
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Ws = {wg(fji):i€landje€J}
= {vgs (fiq) i € T and j € J}
= {vga(fj,,-) :i€landje€J}
= {2n(m + 1) + 4,2n(m + 1) +8,...,6nm + 2n}

and

We = {wg,(fo,) 14 €1I,i0dd} U {wy,(fim+1,:) : % € I, i even}
= {vgs (foi) 11 € I, i 0dd} U {vgs(fm+1,:) : ¢ € I, 4 odd}
= {vge(foi) 11 € I, i 0dd} U {vgg(fm+1,:) : & € I, 4 odd}
= {6nm +2n +4,6nm + 2n +8,...,6n(m + 1)}.

The set WsUWs = {a,a+d,...,a+(|F(DF)|-1)d}, wherea = 2n(m+1)+4
and d = 4, is the set of weights of all the 4-sided faces of Dy'. This proves
that the edge labelings g4, g5 and gg are (2n(m + 1) + 4, 4)-face antimagic.
0

5 Conclusion

We have shown that there exist (a,2)-face antimagic and (a,4)-face an-
timagic labelings for the graph of the convex polytope D} for all n # 0
(mod 4) and m # 0 (mod 2).

We conjecture that

Conjecture 1 There are (3n(m + 1) + 3,2)-face antimagic and (2n(m +
1) + 4, 4)-face antimagic labelings for the plane graph D} for m = 0 (mod
4),n > 4,and m =0 (mod 2), m > 4.

Then to completely characterize the (a,d)-face antimagic graphs of DJ}
it only remains to consider the case of (n(m + 1) + 5,6)-face antimagic
labeling. This prompts us to propose the following conjecture.

Conjecture 2. If n is even, n > 4, m > 1, then the plane graph D] has
a (n(m + 1) + 5, 6)-face antimagic labeling.
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