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Abstract

By definition the vertices of a de Bruijn graph are all strings of
length n — 1,(n > 1), over a fixed finite alphabet. The edges are
all strings of length n over the same alphabet. The directed edge
@y ---an joins vertex @ ---an—1 to vertex az---an. A block code
over an alphabet of o elements is comma-free if it does not contain
any overlap of codewords. Representing the codewords of comma-
free codes as directed edges of the de Bruijn graph, we give sufficient
conditions that a bipartite subgraph of the de Bruijn graph whose
underlying undirected graph is connected is a comma-free code.

1 Introduction

The de Bruijn graph, Bn(c) , (n > 1) is the directed graph whose vertices
are the o"~! stringsa = a;...a,- of length n—1 with entries from an
arbitrary finite alphabet ¥ of cardinality o. It is often convienient to take
¥ ={0,.--,0 — 1}. We will always assume that ¢ > 1. There is a directed
edge from vertex a = @y +ap_1 to vertex b = by---by-1 in Bp(c) pre-
cisely when az - - -@n-1 = by ++-bp_2. The edge is labelled by a; -+ <an—-1bn-1
or equivalently by @1b; - - -b,—1. The de Bruijn graph is clearly regular with
indegree and outdegree equal to o at every vertex. It contains o" directed
edges including o loops, one at each vertex a"~! = @ --a, a € . Many
authors prefer to define this graph by taking as vertices the strings of length
n and the edges as the strings of length n + 1, but the above definition is
more convenient here.

Any code with block length n over the finite alphabet X may be viewed
as a set of edges in B, (o) or, equivalently, as a set of vertices in By 41(0).
It will be convenient to use the first representation.

A subgraph G of B, (o) with vertex set V(G) is bipartite if its vertices
can be partitioned into two sets U,V in such a way that every edge of G
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is directed from a vertex of U to a vertex of V and V(G) = UU V. If
this is the case we write G = B(U, V) . Equivalently, a bipartite subgraph
of By (o) is a collection of edges no two of which form a directed path of
length 2. Although B, (o) is a directed graph, we will say that a subgraph of
By, (o) is connected if its underlying undirected graph is connected. Ifu € U
we denote the set of edges starting at u by D(u). Note that no bipartite
subgraph of By, () can contain a loop at vertices a”~!=aq--.qa, a € Z.

We will say that a code with block length n over the alphabet X is
comma-free, or a CF(n, o) code, if, whenever a = a;+--a, andb = b, - - - b,
are codewords, each of the words

a,-+1---a,,b1---b,-, i=1,...,n

(called overlaps) are not in the code. No CF(n,) code can contain both
a codeword and one of its n — 1 proper cyclic shifts since then the word
would be an overlap of two copies of itself. In particular, no CF (n,0) code
can contain a periodic word. We will discuss the meaning of periodicity in
this context in section 3.

We denote by cf(n, o) the maximum number of words in any CF(n, o)
code. It was first proved in [5] that

cf(n,o) < w(n,a):%Zp(n/d)ad,

dln

where p is the Mdbius function of elementary number theory. This upper
bound is known as the Witt function in other contexts [3]. Golomb, Gordon
and Welch [5] conjectured that (1) was exact for all odd n. Seven years
later, Eastman [4] found a construction which resolved their conjecture
affirmatively. An easily implemented algorithm was given by Scholtz in [7].

When n = 2 Golomb, Gordon, and Welch [5] showed that cf(2,0) = L%J

2 Bipartite Subgraphs of B,(0)

In this section we explore, quite independently of the alphabet, the con-
straints imposed on subgraphs of B, (o) if they are bipartite.

Lemma 1 Ifn > 2 and G = B(U,V) is any connected bipartite subgraph
of Bn(o) then |[U| < a.

Proof: Every vertex u € U has the form za,---a,_, € U for some
x € ¥ and there is v=a,---a,_2y € V such that za,...a,_sy is an edge
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of G because G is connected. If
U = 201 Ap_2 F Uj = Tja1...0n_2

in U then z; # z; in £ by the definition of B,(o) . That is, the mapping
u; > z;isl1—1.

Theorem 1 Any connected bipartite subgraph G = B(U, V) of B, (o) has
at most o? edges.

Proof: Let U = {u,,...,u,;}. By lemma 1 we know that ¢t < o. Further,
each D(u;) < o by the definition of B,(¢) . Hence the number of edges in
B(U,V) is

t
> ID(w)| < to < 0.

i=1

Corollary 1 If 0 =2 and n > 2 then B, (c) has only connected bipartite
subgraphs of the form K1, K2, or K.

Thebrem 2 Ifn > 2 and G is a connected bipartite subgraph of B, (o) then
there exist ay,...,an_9 € ¥ such that

G C{zay1---an_2y | z,y € Z}.

Proof: Let G = B(U,V) . Choose any edge u; € C. Since every
edge of By, (o) is labelled, there exist 1,y and @1,...,an_2 € ¥ such that
u; = r1d1...8n-2Y1.

If [U| = 1 then any other edge of G must be of the form = z,a; -+ -a, -2y
for some y € X, y # y; and we are done.

If |[U|>2let uy = 21a;1...0,_2 € U. Then,

D(u;) C {z1a1---an_2y |y €T}

by the definition of B, (o) . Since G is connected, there exists an edge from
some vertex uz € U, uz # u; to one of the vertices a; ...a,_2y € V such
that rya;...a,_2y is an edge of D(u;). By the definition of edges in B, (o)
the edge u; has the form zsa; ...an_oy for some z2,y € T, z3 # z;. Further
every edge in D(u;) will have the form z3a;...a,_2z for some z € I, i.e.,

D(ul1u2) - {171(11 ccrlnY | T,y € 2} (l)

In a finite number of steps we have

V=D(U)C {zar---an-2y | z,y € T}. (2)
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Corollary 2 Every connected bipartite subgraph G of Bp(o) (n > 2) de-
fines an undirected graph G(X) with vertices * € ¥ and edges (z,y) when-
ever xay---an-2y € G.

We will utilize G(X) in the next section to express sufficient conditions
for a connected bipartite subgraph of By, (o) to be comma-free for all n > 2.

3 Comma-Free Bipartite Subgraphs of B, (o)

We remarked in the introduction that we would consider the definition of
periodicity in this section. It plays a curious role in this context.

There are two distinct but frequently used definitions of periodicity in
strings.

P1: A string s is periodic if there exists a string u such that
k

s=u*=u---u,k times.
P2: A string a = a; - - -a, is periodic if there exists 0 < i < n
such that ax4; =ax fork=1,...n -1

It is easy to see that P1 is a special case of P2.

Definition 1 We say that a string s = a;---a, is pre-periodic if it is
periodic with respect to P2 above and either zs or sx is periodic with respect
to P1 for some z € X.

Theorem 3 Let C be the edges of a mazimal star of By(o) (n > 2) of the
form

C= {1!(11"'(1,,-1'1' € 2},

where ay -+ -a,_ is not pre-periodic. Then C is a CF(n,o) code.
Proof: Suppose C contains the ith overlap
Oi = @iyl Cn-1Yay -0

of xa;---an_y and ya, +--an_y forsome i = 1,...,n — 1. From the defini-
tion of C, there is z € ¥ such that o; = za; - --a,—;. But if two strings are
equal then, in particular, they have the same frequency vectors; i.e., the
same number of occurrences of each letter. Therefore, y = z. This means
o; is also a proper cyclic permutation of zay « - -a,_1. But a string which is
a proper cyclic permutation of itself is periodic in the sense of the definition
P1. This contradicts the assumption that a; - - -a,—) was not pre-periodic.
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We remark that a; - - -an_; cannot be a constant string ¢*~! because it
would then be pre-periodic.

It is natural to ask whether a set of edges {za;---an—_2y | 2,y € L}
could represent a CF(n,o) code. Over ¥ = {0,1} for example, the set
{z010y | z,y € X} of edges in Bs(2) is not comma-free since, say, 10100 is
an overlap of both 10101 and 00101. Of the edges in this set, both 00100
and 10101 are periodic with respect to P2. Even if these edges are removed,
the remaining set of edges is still not a CF(5,2) code because 00101 and
10100 are cyclic permutations of one another and hence cannot both be in
the same comma-free code.

In the proof of Theorem 3 we used the notion of the frequency vector
of a string. We now give a more formal definition.

Definition 2 Ifa € £ = {a1,...,an} and s is a siring with entries in
¥, define |s|, to be the number of occurrences of a in s. Further define

#(s) = (Islays---» Isla.)-
The non-negative integer vector ¢(s) is called the frequency vector of s.

It is easy to see that if xy is the concatenation of two strings x and y
then

p(xy) = ¢(x) + (y)- (3)

Theorem 4 Let C be a connected bipartite subgraph of B,(c) (n > 2)
without pre-periodic vertices. If C(X) has no path of length 3 then the
edges of C form a CF(n, o) code.

Proof: Since n > 2 and C is a connected bipartite subgraph of B,(o) ,
Theorem 2 shows there exist aj,...,an-2 € ¥ such that

C C{za;:--an_2y | z,y €L}
Suppose for some i = 1,...,n — 1 that C contains an overlap
0; =a;* " Ap_2Y1T201 " -Qij_]

of two codewords z1ay -+ -ap_1y and &2a; - - -ay—2y2 . By Theorem 2 there
exist z*,y* € ¥ such that

0; =i Gp_2Y1T201+ Gi_1 =2 a1+ An_2Y". (4)
Hence ¢(0;) = ¢(z"ay -+ -ap—2y™). It follows from equation (3) that
¢(z"y") = ¢(y122).
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Since there are only two entries in each frequency vector there are precisely
two cases.

Case 1: z* =23 and y* = y,. Here 0; = a; - --an_2nZ2a;---a;_1 is a
proper cyclic permutation of the edge za;---a,-2y; and yet equal to it.
Therefore, zsa;---a,_2y is periodic (P1), contradicting the hypothesis
that C contains no pre-periodic vertices, or equivalently no periodic edges.

Case 2: z* = y; and y* = x2. Here 0; = a;--+an_sy122a1 -+ a;_q
is not necessarily a proper cyclic permutation of y;a;---a,_222 unless
T2 = y; in which case the argument of Case 1 applies. Otherwise,

0i = Qi *Ap-21T2a1**-Qi—1 = Y181°°*Ap_22T2.

But then the undirected graph C(X) necessarily contains the edges
(z1, ¥1), (¥1, 22), and (z2,y2) which contradicts the hypothesis that C(X)
contained no path of length 3.
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