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ABSTRACT. A (p.q) graph G is total edge-magic if there exits a bijection f: V
VE—>({L,2,...,p+q} suchthat Ve = (u,v) € E, f(u) + f(e) + f(v) = constant. A
total edge-magic graph is a super edge-magic graph if f(V(G))= {1,2,....p}. For
n>2, letay,a as, ..., a, be a sequence of increasing non-negative integers. A
n-star St(a,;,az,a3,...,a, ) is a disjoint union of n stars St(a;), St(a,),..., St(a,). In
this paper we investigate several classes of n-stars that are super edge-magic.

1. Introduction.

In this paper we consider graphs with no loops. For undefined concepts
we refer the reader to [1]. A (p.q)-graph G= (V, E) with p vertices and q edges is
called edge-magic if there is a bijection f: E — { 1,2,...,q} such that the induced
mapping f+:V — Zp, given by f(u) = Z{f(u,v): (u,v) in E} (mod p) is a
constant mapping. This concept of edge-magic graphs was introduced by Lee,
Seah and Tan in 1992 [12]. An example of a (6,9)-graph with two different
edge-magic labelings is shown in Figure 1.

Figure 1
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A necessary condition of edge-magicness of G is given in [12]:
q(q+1 )= 0 (mod p).

Given a graph G, the problem of deciding whether G admits an
edge-magic labeling is equivalent to the problem of deciding whether
a set of linear homogeneous Diophantine equations has a solution. No
polynomial time bounded algorithm is known for determining
whether a graph is edge-magic. It was shown, however, that no trees
(except P,) and unicyclic graphs are edge-magic [12]. For more general
results and some conjectures on edge-magic graphs , the reader is
referred to [11,12,13,15,16].

Recently, another labeling problem was considered by Enomoto et al [4]
and Wallis et al [20]. A (p,q)-graph G = (V, E) with p vertices and q edges is
called total edge-magic if there is a constant s and a bijection f: VUE — {1,
2,..., p+q} such that ¥ e = (u,v) € E, f(u) + f(e) + f(v) = s. A total edge-magic
graph is called super edge-magic if f(V(G))= {1,2,...,p}. An example of a
unicyclic graph with 6 vertices and its total edge-magic labeling is shown in

Figure 2.
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Figure 2

It has been shown that a wheel with n spokes has a total edge-magic labeling
whenever n = 0, 1, or 4 (mod 8); however, they are not edge-magic. Trees with
more than 2 vertices, and all cycles, are not edge-magic. Kotzig and Rosa [10]
showed that all cycles and caterpillars are total edge-magic. Thus the theory of
edge-magic graphs and the theory of total edge-magic graphs are not related to
each other.

The original concept of total edge-magic graph is due to Kotzig
and Rosa [9]. They called it magic graph. They proved the following
results:

(1) All cycles, complete bipartite graphs, and caterpillars are total
edge-magic.
(2) A complete graph K is total edge-magic if and only if n € {1, 2, 3,

5, 6}.

(3) The disconnected graph nkK, is total edge-magic if and only if n is
odd.
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They also showed caterpillars are super edge-magic. In [4],
Enomoto et al gave a super edge-magic labeling for odd cycles. Several other
classes of graphs have also been shown to be total edge-magic [2, 3, 4, 5, 7, 14].

We note here that our magic graphs are different from those investigated by
Sedlacek et al [8, 17, 18, 19] and investigated in [8, 17]. In [6], Gallian
presented an excellent survey article on magic graphs and graph labeling in
general.

A subset S of integers is called consecutive if S consists of consecutive
integers. Chen [2] showed that a graph G is super edge-magic if and only if there
exists a vertex labeling f such that the two sets f(V(G)) and {f(u)+f(v) : (u,v) €
E(G)} are both consecutive. We will apply this result of Chen to show that
several classes of n-stars are super edge-magic.

Forany n> 2, let aj, a3, a3, ..., a, be a sequence of increasing non-negative
integers. We will use
St(ay,a2,a3,...,a,) to denote a n-stars, which is a disjoint union of n stars K(1,a,),
K(l,ay),..., K(1,a,). The graph St(a,,az,a3,...,a,) is shown in Figure 3.
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2. Super edge-magic 2-stars

Chen in [2] showed that if f:V—{1,2,...,p} is a bijection and f*({u,v}))
= f(u)+f(v) for all (u,v) in E has the property that f*(E) is consecutive with
f'(E)= {c, c+1, ...,c+q-1} then we can extend f to a total edge-magic labeling of
G by define f*: V U E—{1,2,...,p+q} with f*(u)=f(u) and *({u,v})=p+q+c-
'({u,v}). By applying the result of Chen, several classes of n-stars are shown to
be super edge-magic.

Theorem 1. The 2-star St (n, n+1) is super edge-magic forall n> 1.
Proof. We will give two different super edge-magic labelings for St(n,n+1),
Method 1. We label the vertices by

f(x;)=3+2j,1<j<n, flcr) =1, f(xy)) =2j, 1< j<n+l,
f(Cz) =3.
Then we see that the edges in K(1, n) has labels {6,8,...,4+2n} and the edges in
K(1,n+1) has labels {5,7....,2n+5}. Thus St(n,n+1) is super edge-magic.
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Method 2.
g(x1)=2j-1,1<j<n,

g(c)) =2n+ 3,
g(xz)) =2j, 1< j < n+l,
g(cy) =2n+ 1.

Then we see that the edges in K(1, n) has labels {2n+4, ...4n+2} and the edges
in K(1,n+1) has labels {2n+3,2n+5, ...,4n+3}. Thus St(n,n+1) is super edge-
magic

Example 1. Super edge-magic labelings for 2-stars St(1,2), St(2,3), and St(3,4)
using the above two different methods.

(;5357@ (f@ ®
5] SRS,

® 9RO E w9 eQ® ®
o] o lef ot

@

RPEOQeO | PRY O C

(:01

6 8 19 5 79 10 12 14 9. 11 13
Figure 4

Theorem 2. The 2-star St(m,n) is super edge-magic for all n =0 (mod m+1).
Proof. Assume n = (m+1)k. The 2-star St(m,(m+1)k) has (m+1)(k+1)+1
vertices. We define a labeling

f: V(ST(m,(m+1)k) = {1, 2, ..., (m+1)(k+1) + 1}

as follows:
flc;) = (m+1)(k+1)+1,
fic;) = (m+1)(k+1)-k,
fix;)) = 1+(-1(k+D), 1<j<m,
f(x2s) = l+i,1<i<k,
f(xo;) = i+2,k+1 <i<2k.

Hence, f'(E(St(1,2k)) = {k+4, k+3, ..., 2k+4} and f is a super edge-magic
labeling.
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Corollary 1. The 2-star St (1,n) is super edge-magic if n is even.

Example 2. A super edge-magic labeling of the 2-star St(1, n)
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Figure 5
Corollary 2. The 2-star St (2,n) is super edge-magic if n is a multiple of 3.

Example 3. Super edge-magic labeling for 2-star St 2,n) n=3, 6.
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3. Super edge-magic 3-stars.
Theorem 3. The 3-star St (1,1,n) is super edge-magic, foralin 2 1.
Proof. A super edge-magic labeling of St(1,1,n) is given as follows:
Define f: V(St(1,1,n)) — {1, 2, ..., n+5} as follows:

fic) = 1,
flc) = 3,
f(cz) = 2,
f(x) = 5,
f(x21) = 4,

f(xs;) = S+i, l<ign
It can easily be verified that f induces a super edge-magic labeling.

Example 4. A super edge-magic labeling for 3-star St (1,1,n).
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Theorem 4. The 3-star St (1,2,n) is super edge-magic for all n > 2.

Proof. A super edge-magic labeling of St(1,2,n) is given in Figure 8.
For n=2,
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Theorem 5. The 3-star St (1,n,n) is super edge-magic for alln 2 1.
Proof. A super edge-magic labeling of St(1,n,n) is given in Figure 9.
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Theorem 6. The 3-star St (2,2,n) is super edge-magic for all n > 2.
Proof. A super edge-magic labeling of St(2,2,n) is given in Figure 10.
For n=2
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Figure 10

Theorem 7. The 3-star St(2,3,n) is super edge-magic for all n>3
Proof. A super edge-magic labeling of St(2,3,,n) is given in Figure 11.

Figure 11
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4. Super edge-magic 4-stars.

Theorem 8. The 4-star St(1,1,2,n) is super edge-magic for all n > 2.

Proof. A super edge-magic labeling for St(1,1,2,n) for n > 2 is shown in Figure
12.
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Theorem 9. The 4-star St(1,1,3,n) is super edge-magic for all n > 3.
Proof. A super edge-magic labeling for St(1,1,3,n) for n > 3 is shown in Figure
13.
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Figure 13

Theorem 10. The 4-star St(1,2,2,n) is super edge-magic for all n > 2.
Proof. A super edge-magic labeling for St(1,2,2,n) is shown in Figure 14.
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Figure 14
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Theorem 11._The 4-star St(2,2,2,n) is super edge-magic for all n > 2.
Proof. A super edge-magic labeling for St(2,2,2,2) and respectively St(2,2,2,n)
for n > 2 is shown in Figure 15.
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Figure 15

We propose the following

Conjecture. Given any odd integer n > 2. Let a,,a,,as,...,3, be a sequence of
increasing non-negative integers, the n-star St(a;,a,,a;,...,a, ) is super edge-
magic.
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