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Abstract

This paper deals with the problem of labeling the edges of a plane
graph in such a way that the weight of a face is the sum of the labels
of the edges surrounding that face. The paper describes (a, d)-face
antimagic labeling of a certain class of convex polytopes.

1 Introduction

G is a finite connected graph without loops and multiple edges, V(G) is its
vertex-set and E(G) is its edge-set. A graph G = (V, E, F) is said to be
plane if it is drawn on the Euclidean plane in such a way that edges do not
cross each other except at vertices of the graph. Let F(G) be the face-set
of G and |V(G)| = p, |E(G)| = r and |F(G)| = s be the number of vertices,
edges and faces of G.

Hartsfield and Ringel [6] introduced the concept of an antimagic graph. An
antimagic graph is a graph whose edges can be labeled with the integers
1,2, ...,7 so that the sum of the labels at any given vertex is different from
the sum of the labels at any other vertex, that is no two vertices have the
same sum. Hartsfield and Ringel conjecture that every tree different from
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K, is antimagic, and, more strongly, that every connected graph other than
K is antimagic.

Bodendiek and Walther [3] defined the concept of an (a, d)-antimagic graph
as a special case of an antimagic graph.

The weight w(f) of a face f € F(G) under an edge labeling ¢ : E(G) —
{1,2,...,r} is the sum of the labels of the edges surrounding that face.

A connected plane graph G = (V, E, F) is said to be (a, d)-face antimagic if
there exist positive integers a and d, and a bijection g : E(G) — {1,2,...,7}
such that the induced mapping g* : F(G) — W is also a bijection, where
W = {w(f): f € F(G)} = {a,a+d,a+2d,...,a+ (s — 1)d} is the set of
weights of faces.

If G = (V,E,F) is (a,d)-face antimagic and g : E(G) — {1,2,...,r} is a
corresponding bijective mapping of G then g is said to be an (a,d)-face
antimagic labeling of G.

Note that (a, d)-face antimagic labeling of a convex polytope G is equivalent
to (a, d)-antimagic labeling of its dual graph G*. (a,d)-antimagic labelings
of the special graphs called parachutes are described in [4] and [5).

2 Construction of plane graph Q7

The antiprism Qn, n > 3, is a 4-regular graph (Archimedean convex poly-
tope) and for n = 3 it is the octahedron.

Let I = {1,2,..,n} and J = {1,2,...,m} be index sets. For n > 3 and
m > 1 we denote by @} the plane graph of a convex polytope, which is
obtained as a combination of m antiprisms Q,. Let us denote the vertex
set of Q7' by V(QR') = {yji:i € I and j € JU{m + 1}} and the edge
set by E(Q7) = {yji¥ji+1 11 € I and j € JU{m + 1}} U {yjiyj41,: : 1 €
I and j € J}U{yji+1yj+1,: 04 € I and j € J, j 0dd} U {y;iyj41,i41 1 4 €
I and j € J, j even}.

We make the convention that y;n41 = yj,1 for j € JU {m + 1}.

The face set F(QT') contains 2mn 3-sided faces, an internal n-sided face
and an external n-sided face. We insert exactly one vertex z (z) into the
internal (external) n-sided face of Q7 and connect the vertex z (z) with
the vertices y1,; (Ym+1,:), ¢ € I. Thus, we obtain the plane graph Q™
(labeled as in Figure 1), consisting of 3-sided faces with the vertex set
V(Q) = V(Q7) U {z, 2} and the edge set E(QT) = E(Q™)U {zy1,::i €
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I}U{ym+1,iz : © € I} where [V(Q7)| = (m+1)n+2, |E(QT)| = 3n(m+1)
and |F(Q7)| = 2n(m + 1).

Figure 1: Plane graph QI

The paper [1] describes (7n + 2, 1)-face antimagic labeling for the plane
graph QL. (22 +2,1)-face antimagic labeling for the plane graph QF is
given in [2].

In this paper we construct (a, 1)-face antimagic labelings of Qp' for m > 3,
n > 3. For the other possible values of the parameter d (2 < d < 4) we
propose several conjectures.
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3 Necessary conditions

Assume that Q7 is (a, d)-face antimagic and W = {w(f) : f € F(Q")} =
{a,a+d,a +2d,...,a + [2n(m + 1) — 1]d} is the set of weights of faces.

> w(f) =n(m+ 1)[2a + d(2nm + 2n - 1)). (1)

feF(QR)
Since the edges of QI are labeled by the set of integers {1, 2, ...,3n(m+1)}
and since each of these labels is used twice in the computation of the weights

of faces, the sum of all the edge labels used to calculate the weights of faces
is equal to

2 E gle) =3n(m+1)Bnm+3n+1). (2)
e€E(QT)
Thus the following equation holds
2 Y, ge@= ), w) (3)
e€E(QT) JEF(Qr)

which is obviously equivalent to the equation

9n(m +1) + 3 = 2a + d[2nm + 2n — 1] . 4)

If @ = 6 is the minimal value of weight which can be assigned to a 3-sided
face then from (4) we get that

9 9
s oo <4,
-2 2n(m+1)-1 s4 (5)

d_9n(m+1)+3—2a
T 2m(m+1)-1

iFrom (5) it follows that

(i)ifniseven,n>4andm > l,orifnisodd,n >3 and misodd, m > 1,
then d is odd, and we obtain exactly two solutions (a, d) of the Diophantine
equation (4):
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(a,d) = (2240 4 2,1) and (a,d) = (2741 4 3,3).

(ii) if n is odd, n > 3 and m is even, m > 2, then d is even, and this means
that the equation (4) has exactly two solutions,

(a,d) = (wﬂ) and (a,d) = (ﬂ%l)ﬂA) .

4 Face antimagic labelings

In the sequel we shall use the functions

{1 ifz=1 (mod 2)
() = { 0 ifz=0 (mod 2) ©)
1 ifzgy<z
plz,y,2) = { 0 otherwise ™

to simplify later notations.

Let us denote the weights of the 3-sided faces of Q7 (under an edge labeling
g9) by

w} ;(9) = g(zy1,0) + g(@yn,ie1) + 91t i) forie I .

w?(9) = 9(ys,i¥5,i41) + 9(¥5,i¥5+1.4) + 9Wsi41Yj41,4) fori € Tand j € J, §
odd.

w;?,,-(g) = 9(Yj,i+1¥j+1,:) + 9(¥j+1,i¥5+1,i+1) + 9(¥j,i+1¥5+1,i4+1) for ¢ € I and
j€J, jodd.

w}i(9) = 9(y;iv5i01) + 9Wsir1¥5+1,i+1) + 9(U5,i¥5+1,41) for ¢ € I and
j€dJ, jeven.

w}i(9) = 9(¥5,i¥j+1,4) + 9Wit+1,i¥+1,i+1) + 9(¥5,¥j+1,i+1) for ¢ € I and
j € J, j even.

wS 11 :(9) = 9(Ym+1,i2) + 9WUm+1,i¥m+1,i41) + 9(Um41,i+12) for i € 1.

Let Wi(g) = {w?;(g) : i € Tand j odd,j € J}U{w};(9):i € Tand jodd, j €
JYU{w](¢9) :i € I and j even, j € J} U{w},(g) : i € [ and j even, j € J},
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Wa(g) = {w} ;(9) : i € I'} and
Ws(g) = {wht1,:(9) 11 € I}

be the sets of weights.

If m = 3 (mod 4), m > 3 and n > 3, we construct an edge labeling g1 and
if m =1 (mod 4), m > 5 and n > 3, we construct an edge labeling g2 of
Q™ in the following way.

(WY1, = [ = Dn+d)lp(L, 4, 252 + o(BF,5,m)lé() + (G~
2)n +i)p( 23, 5, 2F2),

92 (Yji+1Y541,4) = [(7 — Dn + (),
a1 (yj.iyj+l,i+l) = [(m - ])TL + l]P(l, i: 1) + [(m +1- ])n +2- i]p(z)ia n)

m—3

fori €I and j even, 2 < j < %5,
(W56, Y541,i41) = (nj + Dp(1,4,1) + [n(G + 1) +2 - i]p(2,4,n)
forieIandj=m4L,

91 (j¥5+1,i41) = [(m = F)n +1)p(L,4,1) + [(m+1-j5)n+2—i]p(2,4,n)

foriEIandjeven,ﬂ;f—éngm—l.

92(Yj,i¥5+1,i+1 = [(m — F)n + 1]p(1,4,1) + [(m —j + 1)n — i+ 2]p(2,i,n)

fori €I and j even, j € J.

91(Y5,:9541,8) = 92(¥5,¥5+1,:) = ([(Bm —j+n +2 —i]p(2,4,n) + [(3m —
i+3)n+1p(L,i,1)¢(j) + ([(Bm—j+3)n+1+i]p(l,i,n—1) + [(Bm—
J+3)n+1]p(n,i,n))é(j +1)

forieland j€ J.

4 (yj,iyj.i+l) = ((3m + 2.7 + 1)%p(1,1, l) + [(3m + 2] - 1)% +i- I]p(2’la
n))p(lxj) _m2;1) + (%(m'*'z]_ l)p(17i, 1) + [%(m+2] _3) +i-— 1]p(2:i: n))
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p(2f2, j,m)

forielandjodd, jeJ,

91 W5,55+1) = (Bm+2j +1)3 =1 =d)p(L,4,n—-2) + [(Bm+2j+3)5 -
1-ip(n — 1,6,n))p(2, 4, %2) + ((2(m+2j—1) = 1—ilp(L,i,n=2) +
[2(m +2j +1) — 1 - ijp(n — 1,i,n))p(242, j,m — 1)

fori eI and j even, j € J,

01(Y.95,i+1) = [B(m+2j-3)+3—i]p(1,4,2) + [§(m+2j—1)+3—i]n(3,%,7)

forieland j=m+1.

g2(yj,iyj,i+l) = ((3m+2.7+ 1) %p(lviv 1) + [(3m+2.7_ 1)% +i— llp(2)ian))
p(1,5, 2y + (2(m+25 —1)p(1,4,1) + [F(m+2j—3)+i—1]a(2,i,n))
p(Z242, 5, m)

forie I and j odd, j € J,

92 Wiavim) = (Bm+2j + )3 —1-i]p(L,4,n-2) + [Bm+2j+3)3 -
1- i]p(n - 1:isn))p(2aj1 m_2__—1) + ([%(m +2j - 1) -1- i]p(17i1n - 2) +
[B(m+2j +1) — 1~ dlp(n — 1,4,7))p(™42, j,m — 1)

fori € I and j even, j € J,

g2(yj:iy.7',i+1) = [%(m+23—3)+3-—z]p(1,z,2) + [12‘-(m+2_1—1)+3—i]p(3,1,,n)

forielfandj=m+1.

a1(zy1:) = g2(zmn,i) = [(2m+1)n+1]p(L,4,1) + [2(m+1)n—i+2]p(2,7,7),

01 (Ym+1,i2) = 92(¥m+1,i2) = [(@m + 3)n +i —2]p(1,4,2) + 2(m+ )n+
i- 2]00(3) i, n)
foriel.

Theorem 1. If m is odd, m > 3, n > 3, then the plane graph Q' has
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(M";_“l +2, 1)-face antimagic labeling.

Proof. If m = 3 (mod 4), m > 3 and n > 3, we label the edges of the
plane graph Q' by the edge labeling g, and if m =1 (mod 4), m > 5 and
n > 3, we label the edges of Q7 by the labeling gs.

It is easy to verify that the labeling g; (respectively, go) uses each integer
1,2,...,3n(m + 1) exactly once. This implies that the labelings ¢g; and go
are bijections from the edge set E(QX) onto the set {1,2,...,3n(m + 1)}.

By direct computation we obtain that the weights of 3-sided faces under
the labelings g, and g2 constitute the sets of consecutive integers:

Wi(g1) = Wi(g2) = {7n(f;+l) +2, 7n(’;‘l+l) +3,..., lln1121j:7n +1},

Wa(g1) = Wa(ge) = {H22E12 L 1 +i:ie I},

Wa(g1) = Wa(ge) = {12249 4 1 4+i:i€ I}

It is not difficult to check that ﬂi___l Wi(g1) = 9, ﬂi___l Wi(g2) = @ and
further that the sets U‘Z=1 Wi(g1), Ui=l Wi (g2) consist of consecutive inte-
gers. This proves that the edge labelings g; and g, are (7—"('2—“1 +2,1)-face
antimagic.

a

Now, we define an edge labeling g3 (if n is even, n > 4 and m = 0 (mod 4),
m > 4) and edge labeling g4 (if n is even, n > 4 and m = 2 (mod 4),
m > 6) of Q' as follows, where again the functions ¢(z) and p(z,y, 2),
defined in (6) and (7), are used:

93(¥ii+1¥i414) = [Fm+ 2+ 1) +idlp(1,5, % - 1) + [3(2/ —m—1)+
"']p(% +1,5,m- 1)

forieIand jodd, jeJ.

9a(iin1¥i+14) = [3@m -4 = 1) +ip(L,5, % -2) + [3(2m 1)+
10(%.5, %) + [3(4m—-45 +1) +i]p(2 +2,5,m — 1)
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fori €l and j odd, j € J.

93(¥5.i¥i+1,i41) = (225 —1)+1]p(1,4,1) +[3(25 + 1) —i+2]p(2,i,n))p(2, ],
L;") + ([%(23 - 3) + l]p(lri: 1) + [%(2.7 - 1) —i+ 2]p(21 7:1 n))p(% + 2)j$ m)

fori €I and j even, j € J.

9a(Wj,i¥i+ri41) = (B@m —4j — 1) +1]p(L,4,1) + [§2m - 4j +1) —i +
21p(2,4,n))p(2,5, 2 - 1) + ((3(dm—4j+1) +1]p(1,i,1) + [3(4m — 45 +
3) —i+2]p(2,4,n))p(% +1,4,m)

fori eI and j even, j € J.

93(Wsivir14) = (36m +5—2) +1p(L,4,1) + [5(6m +7 = 2j) —i +
20,6, M))p(L 5, % — 1) + ([2(6m +3—23) + 1p(L,,1) + [3(6m +5 =
2]) —i+ 2]p(211yn))p(% + l’jvm - 1)

foriel and jodd, j€J.

94(yj,iyj+l,i) = [%(6m+5_2.7)+1]p(1721 l) + [%(6m+7_2.7)_7‘+2]p(2s7"n)

forielIand jodd, j€J.

gs(yjwiin1) = F(am+3)p(L,6, 1) + (FUm+1)+ )6 +1) + [F4m+
2) + 5116(1))p(2,1,n)

forielandj=1

93(¥5,¥5,41) = (3(4m+5-2§)p(1,4, 1)+[3(4m+3-27)+i-1]p(2,4,n))(5) +
(2 (4m+5-24)—1-i]p(1,i,n—2)+[5 (4m+7-2j)—1-i)p(n—1,i,n))$(j+1)

forieland2<j<m+1.

94 (¥5.0+1) = 3Bm+5)p(L,3,1) + (3Bm+3)+3]6(i +1) + [FBm+
4) + 51e(i))p(2,4,m)

fori €l and j =1

94(yj.i9j,i+1) = (B(Bm+3+25)p(1, 4, 1)+[3(Bm+1+25)+i—1]p(2,4,n))p(1, j,
o)+ (2(m+1+25)p(1,i,1)+[F(m—1+2)+i-1]p(2,i,n))p(F +2,5,m+1)

215



forielandjodd,2<j<m+1.

g4(y,,,y,',+1) =([% (3m +3+2j) —i—1]p(1,i,n —2) +["(3m+5+23)—
i—-1p(n—1,i, "))9(2,1,?—1) + ([“(m+1+2J)—2—1]P(1 i,n—2)+
(2(m + 3+ 25) —i—1]p(n — 1,4, n))p( +1,3,m)

forie I and j even, j € J.

98(¥si95+1,6) = ((§(6m + 5 — 2j) + L]p(n,i,n) + [3(6m + 5 —2j) + 1+
ip(1,i,n-1))p(2,5, %) + (3(6m+7— 2])+1+z]p (1,4,n— 1)+ [F(6m+
7 =25} +1p(n,i,n)p(F +2,5,m)

fori €I and j even, j € J.

94(¥5,i¥5+41,i) = [F(6m +5—27) + 1 +i]p(1,4,n - 1) + [F(6m+5—2j) +
1]p(n,i,n)

fori €I and j even, j € J.

93(zy1,1) = ga(zy1,0) = 36(i+1) + [3(6m+5)+1]p(1,4,1) +[3n(m +1) -
5204(3),

93(Um+1,i2) = 9a(Ym+1,i2) = [(4m + 3)'3‘ +3- z]p(l, i,2) + [(4m + 5)% +
3 i]p(3,i,n)

foriel.

Theorem 2. If n and m are even, n > 4, m > 4, then the graph of the
convex polytope Q' has (Zﬂ";—“-)- + 2, 1)-face antimagic labeling.

Proof. Label the edges of Q' by the edge labeling g3 (for n = 0 (mod 2),
n > 4, and m = 0 (mod 4), m > 4) and by the edge labeling g4 (for
n =0 (mod 2), n > 4 and m = 2 (mod 4), m > 6).

It is a matter of routine checking to see that the edge labelings g; and g4
are the bijections from the edge set E(Q[) onto the set {1,2,...,|E(Q™)|}.
Thus, weights of 3-sided faces

(i) under the labeling g3 constitute the sets of consecutive integers
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Wi(gs) = {7n(f;+l) +2, 7n(7g+1) +3,..., IUL";-LM +1}u {10nm2j:lln +2,
10nm+-1ln 3 11n!m+12 1
2 + 2y 2 + },

Wa(gs) = {M'QJ—“ +2, 19"_"2“1'7_" +3,.., 10n1121:|:9n +1),

W3(93) = {miﬂé_j'_fl‘l_l + 2) m_n%ﬂ +3,"'a %ilj_l + 1} and

(ii) under the labeling g4 constitute the sets of consecutive integers

Wl( g4) = {7n(m+1) +2 7"(7"’*;)_'_3 "(';+1!+1}U{ 9nmzilln+2, 9nm;-lln+
lnmj;9n + 1}

PR

W2(94) - {Qn(f;H-l) + 2, 9n(rgtll +3,..., Qnm‘zilln + 1},

W3(g4) — {llnm+9n +2 11nm+9n +3 1n§m+l! +1}

Each face of Q™ receives exactly one label of welght from Uk -1 Wi(g3)

(Uk, Wi (g4) ) and each number from the set UL_ Wi(gs) ( Uk__ Wi(g4)
) is used exactly once as a label of weight.

It can be seen that the induced mappings g3 : F(QJ') = ULI Wi(gs) and
g F(Q®) — Ui,__l Wi(g4) are bijections. (]

5 Conclusion

In this paper we have proved that for n > 3 and m > 3 there exist
(1’1(—';""—12 +2, 1)-face antimagic labelings for graphs of the convex poly-
topes Q.

We suggest the following
Conjecture 1 If n is odd, n > 3, and m is even, m > 2, then the plane

graph Q7' has (iﬂmT“)ﬂ,?)-face antimagic labeling and (J——" "’;”*7,4)—
face antimagic labeling. .
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Conjecture 2. If n is even,n > 4, and m > 1, or if n is odd, n > 3,
and m is odd, m > 1, then the graph of the convex polytope QI has

(3ngv;z+12 +3, 3)-face antimagic labeling.
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