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Abstract
A latin square of order n is an n x n array of cells containing one of
the n elements in {1,2,...,n} such that in each row and each column each

element appears exactly once. A partial transversal P of a latin square
L is a set of n cells such that no two are in the same row and the same
column. The number of distinct elements in P is referred to as the length
of P, denoted by |P|, and the maximum length of a partial transversal in L
is denoted by #(L). In this paper, we study the the technique used by Shor
which shows that ¢(L) > n — 5.53(In)* and we improve the lower bound
slightly by using a more accurate evaluation.

1 Introduction

A latin square of order n is an n x n array of cells containing one of n
distinct symbols such that in each row and column every symbol appears
exactly one. A transversal of a latin square of order n is a set of n cells,
one in each row, one in each column, and no two of them contain the same
symbol. If we simply select a set of n cells in a latin square of order n, one in
each row and one in each column, then we have a partial transversal P. The
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number of distinct clements in P is referred to as the length of P, denoted by
|P|. We are interested in finding a partial transversal in a given latin square
which has the maximum length. For convenience, let t(L) = max{|P|| P is
a partial transversal in L}. In 1967, Ryser(1] conjectured that ¢(L) > n -1
if L is a latin square of even order n and t(L) = n otherwise. In 1969,
Koksmal[2] showed that ¢(L) > (2n + 1)/3, then Drake[3] improved this
lower bound to 3n/4 in 1977. In 1978, this lower bound was increased to
n—+/7 by Brouwer et al. [4] and Wollbright(5] independently. Later in 1982,
Shor[6] gave a better bound for n > 2,000,000, namely, n - 5.53(Inn)*. So
far, this is considered as the best known lower bound. In this paper, we
apply an elementary argument using calculus to obtain a better lower bound
n - 5.51(Inn)>.

2 Improvement of Shor’s lower bound

First, we introduce the key idea of Shor’s approach in finding the lower
bound for ¢t(L). Let L be a latin square of order n and P be a partial
transversal which has length at most n — 2. For otherwise, there is no
room for improvement. Then there exist at least two cells of P, (i1,71)
and (is,j2), such that L(i;,51) = L(i,j') and L(is,j2) = L(i",7"), for
some (i',j') and (5",5") in P\ {(i1,51), (i2,52)}. Clearly, if we let P’ =
(P\ {(i1, 1), (i2,42)}) U { (i1, 42), (i2, j1)}, then |P’| > |P|. The operation
obtained above will be called the operation 3. See Figure 1.

il jl il j‘.'
a a
L b. 'e' il a -
i £ Ja e -
b b
c . ¢ .

Figure 1. Operation §

Now if we start with a partial transversal P of maximum length n — &,
then by applying operation # to the partial transversal, and then to another
partial transversal, and so on, we obtain a set of partial transversals closed
under ¢, i.e., no other cells can be added by using operation .
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Since P is of maximum length n — k, we obtain a partial latin square of
order n and only n — k distinct elements are used as entries. We shall call
this partial latin square Ag, i.e.,

Ai: The partial latin square contains only n — k distinct elements, and
these elements are exactly those contained in the cells of a set of partial
transversals obtained by # and closed under §.

Then the following lemma is not difficult to see.

Lemma 2.1.[6] Given a partial latin squere L satisfying Ar such that
no proper subsquare satisfies Ap, then no cell is contained in all partial
transversals.

The above lemma shows that every cell in the partial latin square L
gets moved. Without loss of generality, we may let (1,1) be a filled cell
and L(1,1) = a. Now if we fix the cell (1,1) and consider the set of partial
transversals generated by i acting on the subsquare formed by deleting the
row and the column containing (1,1) cell, then we have an (n - 1) x (n—1)
partial latin square L’ satisfies A,_;. Note that we have n — k elements in
the partial latin square L' of order n — 1. Now it is not difficult to see that
L' must have at least one fixed position. Suppose not. Since (1,1) can be
moved (by Lemma 2.1, and for each filled (7, 7) in L' can also be moved, we
conclude that (1,¢) must be hilled. By the fact that { is an arbitrary index
and each column contains at least one filled cell of L', the first, row of L
must be completed. This implies that L contains n distinct elements. But,
by assumption, L contains exactly n — k elements. Hence, we conclude that
L' contains some fixed positions.

Now we have the following result which was obtained in [6).

Lemma 2.2.[6] Let L be a partial latin square of smallest order satisfying
Ar. Then there are at least ng_, +k filled cells in each row and each column,
where ny._ is the order of smallest subsquare satisfying Ap—_,.

Let L; be a partial latin square of smallest order which satisfies 4.
Then define L;, 2 < 1 < k, recursively as a smallest subsquare of Ly
which satisfles .4;, and the order of L; is n; j = 1,2,...,k. Again the
following inequality was obtained by Shor.

Lemma 2.3.[6] In L, as defined above,
(k-1 +nj =1 + k) (e —nj) < nj(n;—nj—1 =2)+ (e —n;) (e —k—nj+J)
for all j < k.

Now we can derive a lower bound for £(L) using the inequality in Lemma
2.3 and the ratio ,—':i-
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Theorem 2.4. Let L be a latin square of order n. Then

: (inn)? 1 q
HL)>n— ————, where = < =< 1.
(L) 2 ‘21n4—7%21n§ 2 p

Proof. We shall use the notations mentioned above. By Lemma 2.3, we
have the following inequality.

(temt 1 = 1+ K) (i =15) < (g =y =29) + (2 =) (ni = K =y + ).
Sii‘xce N = Npe) = dk and nj —Nj-1 = dj,
ne — ni)(2nj + ne—y - 2ng + 2k — ) < nj(ny —njog = 25).

and then

dj-2j=nj—nj_1 =2 > n“n;""@n,- —dy g +2k—3). (1)
J
Consider n; and n where j < k, and 1/2 < g < 1. Then either there
exist j and k such that n; > gnk or nj < gnk for all j and k. First if
nj > ’,i,nk for some j and k. Then

dy =np —ng—y < nk—anp

N,
-1
ng+dp < i Mgy
P
9 —
ne+de < %—q( fracpqn;),
p
< .+ di). 2
n; < 2p_q(nx %) (2)
From (1) and (2)
d; > nk_nj(Q’ﬂj-dk—nk),
]
di +ny
dj 2 (e —ny)2 - =),
J
2 _
d > (me—n)2- ”q 1),
3g -2
di = (nj—mnj_1)2>( 1= " (ni — n;).

We add 1“;—23(71 j —nj-1) to both sides of the above inequality, then

49 -2p q—2p

(nj —mnj-1) 2 (ne = nj-1),
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and hence

3¢-2p
n; —le._l 2 4q_2p(nk-—n1_1). (3)
Therefore
(ng —njoy)) —(nj—nj_y) < (nk—n-_l)--'3 2p(nk—n 1),
2 T Ty J i = 7 4q —2p =
) q
ne—n; < 4(1—-2p(m‘ nj—1).

Since n; < %nk, hence for each k > j' > j, njy > ;l)nk. By induction:

1<ng—-np; < (4qf2p)k_j(nk-nj—1),
49 - 2p . _;
(%)k 7L< e =njoy,
k-7 < logqf_,;-zg(nk-n,j..l). (4)
Now if
k—j2>loga-2e (p—q—qnj—z),
q
then
log sazse (m = 7-1) 2 10B4g-ap 0(* i)
n n > _ln
k=Njo1 2 ——nj_q,
j—1 q j—1
nj-1 < T
p

And if
k—j > logss=22(n;),
by (4), we have

k—j—1 > logag=2s(nt —ny),
k—j > loga-2(ng —n;)+1.
. dq - 2
k=3 2 logs=ze(ni ~ny)( 1—°F
So we have
dq - 2
nj < 7 P (n -n;),
3q — 2 4q -2
q q
ne < 5q - 2p
S Ig-2
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(] -
Slnce —‘-—qu_,p >t £,
n; < gnk.

Now we obtain a recurrence relation of k; where k; is the index of n.
Let k4 =2 and
ki =ki—y + [logas=2p =2 (nk;-1)1- (3)

This implies that
ki > ki + log-a,-zg (nk'._l).
q

Since ng; > (g)“", then from (5), by direct counting, we have

o2 ) loguen (D) =) jlogua ),
2 2

i 1. p, it In?
> - =})> = =
K> 5 i+ l)logu_h(q) I 4_,1;22
Thus
o d2=2p

wo> (%’)f“, where i = | (2——4—k)'/’].
q

Inne > (2n22=22y, Pyrzpse
q q
(Inn)®
k —_— 6
2lni=22p 2 (6)
q q
On the other hand, if there exists no j such n; > snk, then
ng 2 Bnk—l
k-1 2 Enk-z
and so on. Hence we have
N ( )k—'z
Thus,
= n
ye-2 o
B < I
k-2 < loge —,
k < loge —+2 (7)
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Since

(Inn)?

 ~ k> min{n - ——"
n —k > min{n =T n
q a

n
- ]ng;_ n_3 + 2},

we conclude that ,
(Inn)?

tLY>n = ——s"——.
(L) 2 n 2n H==£ ;2 lng

(]

We note here that the lower bound for t(L) obtained by Shor can be
obtain a letting & = {.

- _ In n)?

Now assume that 1 = z, then ¢(L) > n - S{a=2/z) (77 1B order

to obtain a better lower bound for ¢(L), we have to minimize f(z), where

f(&) = spr=yaeT)- Now consider {z]% <z < 1}.

E3

' _ 1 1 1
f(=) In(4 - 2/z)(In z):z:[(4 -2/z)zIn(4 - 2/z) + ‘2lna:]’ and
oy 4 _ 2
f=) In(d - 2/2)3(lnz)z3(4 - 2/z)2 _ (4 - 2/2) (Inz)°2%(4 - 2/z)
2 2
CIn(4 - 2/z)¥(nz)a3(d - 2/z) (4 -2/2)2(Inz)z* (4 — 2/z)°
1 ‘ 1

" In(4 - 2/z)(Inz)%z2 (4 - 2/z)(Inz)°z%

By direct counting, we obtain a local minimum at z = 0.793921. Subse-
quently f(x) 2 5.518427 which gives the local minimum.Thus we have

Proposition 2.5. Let L be a latin square of order n, then t(L) > n —
5.518427(Inn)?.

Finally, we remark here that the idea of improving the lower bound using
the above technique (changing 2) has been mentioned in Shor’s paper, but
as we know no one has tried tﬁat so far. In this paper, we complete the
research in this direction and we conclude that his method can only improve
the lower bound for t(L) a little bit further, and the result obtained in this
paper should be the best possible.
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Do

12345 1691215
17101316 18111417
118212427 | 119222528
120232629 | 130333639
131343740 | 132353841
26111823 2791921
28102022 21217 30 34
213153135 | 214163233
224293739 | 225273840
2 26 28 36 41 361024 28
37112529 3892627
312163741 |-313173839
314153640 | 318223234
319233035 | 320213133
4629 32 36 47273037
4 828 31 38 491418 39
410121940 | 411132041
415222433 | 416232534
417 21 26 35 5616 21 38
571722 36 5815 23 37
592533 41 5 10 26 34 39
511243540 | 5122027 32
513182830 | 514192931
6 8 25 35 39 67263340
7 824 34 41 6 13 14 27 34
712142835 | 812132933
617192037 | 715182038
816181936 | 6223031 41
723313239 | 821303240
911283237 | 910293038
1011273136 | 9132223 40

10 14 21 23 41

11 12 21 22 39

916 17 24 31

10 15 17 25 32

11 15 16 26 30

9 20 34 35 36

10 18 33 35 37

11 19 33 34 38

12 18 25 26 31

13 19 24 26 32

14 20 24 25 30

12 23 24 36 38

13 21 25 36 37

14 22 26 37 38

15 19 27 39 41

16 20 28 39 40

17 18 29 40 41

15 21 28 29 34

16 22 27 29 35

17 23 27 28 33
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Dio

12345 1691215
17101316 18111417
1182124 27 119 22 25 28
120 23 26 29 130 33 36 39
131343740 132 35 38 41
26111823 2791921
28102022 21217 30 34
213153135 21416 32 33
22429 37 39 225 27 38 40
2 26 28 36 41 36103741
37113839 3893640
3121618 22 313171923
314152021 32428 32 34
325293035 326 27 31 33
462129 36 47222737
4 823 28 38 49143539
41012 33 40 411133441
41519 24 30 416 20 25 31
417 18 26 32 5616 30 38
5717 31 36 58153237
5918 2541 51019 26 39
5112024 40 5122327 35
5132128 33 5142229 34
681927 34 6720 28 35
781829 33 6 13 14 26 40
71214 24 41 812132539
617 24 25 33 71525 26 34
816 24 26 35 622 31 32 39
723303240 8 21 30 31 41
911 22 26 30 910 23 24 31
1011212532 | 913272932

10 14 27 28 30

11 12 28 29 31

916 17 28 37

10 15 17 29 38

11 15 16 27 36

920 33 34 38

10 18 34 35 36

11 19 33 35 37

12 19 20 32 36

13 18 20 30 37

14 18 19 31 38

12 21 26 37 38

13 22 24 36 38

14 23 25 36 37

15 18 28 39 40

16 19 29 40 41

17 20 27 39 41

15 22 23 33 41

16 21 23 34 39

17 21 22 35 40




Du

1239 40 41 136912

1471013 1581114

1151821 24 1161922 25
117 20 23 26 127 30 33 36
128 31 34 37 129323538
2381519 2461620

2571718 29132732
2101428 30 211122931
221 26 34 36 2 22 24 35 37
223 25 33 38 35253039
34263140 4524 32 41
37353641 48333739
56 34 38 40 3101123 32
49112130 59102231
3142033 34 41218 34 35
5131933 35 313212238
414 22 23 36 512 21 23 37
31617 24 28 41517 2529
5 15 16 26 27 318 2729 37
419 27 28 38 520 28 29 36
68212741 672228 39
7 82329 40 6 10 15 36 37
7 11 16 37 38 8917 36 38
6 11 25 26 35 79242633
810 24 25 34 6131424 29
712 14 25 27 81213 26 28
617 31 32 33 7153032 34
816 30 31 35 618 19 23 30
719202131 818 20 22 32
914161840 | 10 12 17 19 41
1113152039 | 91523 28 35

10 16 21 29 33

11 17 22 27 34

9 20 25 37 41

10 18 26 38 39

11 19 24 36 40

919293439

10 20 27 35 40

11 18 28 33 41

12 15 22 33 40

13 16 23 34 41

1417 21 35 39

12 16 32 36 39

13 17 30 37 40

14 15 31 38 41

12 20 24 30 38

13 18 25 31 36

14 19 26 32 37

21 25 28 32 40

22 26 29 30 41

23 24 27 31 39
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[ Dig

12345 1691215
17101316 18111417
118212427 | 119222528
120232629 | 130333639
131343740 | 132353841
26111822 2791923
28102021 21217 30 34
213153135 | 21416 3233
224293739 [ 225273840
2 26 28 36 41 36103234
37113035 3893133
312162627 | 313172428
314152529 | 31852336 40
319213741 ! 320223839
4624 30 41 47253139
4 8 26 32 40 491418 37
410121938 | 411132036
415232834 | 416212935
417 22 27 33 5629 31 38
57273236 5 8 28 30 37
5913 21 40 510 14 22 41
511122339 | 5151926 33
516202434 | 517182535
6 8 23 27 35 672128 33
782229 34 613 14 26 39
712142440 | 812132541
617192040 | 715182041
816181939 | 616 25 36 37
717263738 | 815243638
911162838 | 9101729 36
10 11 1527 37 | 920 25 30 32
10 18 26 30 31 | 11 19 24 31 32
922242635 | 1023 24 25 33
1121 252634 | 927 34 39 41
10 28 35 39 40 | 11 29 33 40 41
12 18 28 29 32 | 1319 27 29 30
14 20 27 28 31 | 12 20 33 35 37
13 18 33 34 38 | 14 19 34 35 36
12 21 22 31 36 | 13 22 23 32 37
1421233038 | 1517 21 32 39
1516 22 30 40 | 16 17 23 31 41




D

12345 1691215
171013 16 18111417
118212427 | 119222528
120232629 | 130333639
131343740 | 132353841
261118 22 2791923
28102021 21216 30 35
213173133 | 2141532 34
224293741 | 225273839
2 26 28 36 40 3610 32 33
37113034 3893135
312172627 | 313152428
314162529 | 3182338 40
319213641 | 320223739
4 6 26 30 37 47243138
4 825 32 36 491418 39
410121940 | 411132041
415232733 | 4162128 34
417 22 29 35 56212931
572227 32 5 8 23 28 30
59132537 510 14 26 38
511122436 | 515203540
516183341 | 5171934 39
6 8 27 34 41 6728 35 39
78293340 613 14 23 36
712142137 | 812132238
616192038 | 71718 20 36
815181937 | 617242540
715252641 | 816242639
911162740 | 9101728 41
10 11 1529 39 | 920 24 30 32

10 18 25 30 31

1119 26 31 32

9 21 22 26 33

10 22 23 24 34

11 21 23 25 35

9 29 34 36 38

10 27 35 36 37

11 28 33 37 38

12 20 25 33 34

13 18 26 34 35

14 19 24 33 35

12 18 28 29 32

13 19 27 29 30

14 20 27 28 31

12 23 31 39 41

13 21 32 39 40

14 22 30 40 41

15 17 21 30 38

15 16 22 31 36

16 17 23 32 37
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D

12345 16273136
17123037 18111532
19141925 110 21 33 39
113202635 116 22 34 40
1172428 29 118 23 38 41
26293435 2715 2041
281923 37 29112830
210133238 21217 26 40
214 22 36 39 216 25 31 33
218 21 24 27 36303840
37222432 38333536
39121521 3101619 28
311172331 313 2527 37
31418 20 34 326293941
46283739 47133134
48252940 49183235
410 22 23 27 41116 2141
4122024 36 41417 30 33
41519 26 38 56 32 33 41
5718 25 28 5814 24 38
59222631 51017 20 37
51119 34 36 51216 23 35
513212930 51527 39 40
678910 611121314
711 26 27 33 61516 17 18
11 18 22 29 37 7 16 29 36 38
619202122 | 1120 25 38 39
7171935 39 6 23 24 25 26
1011 24 3540 | 714 21 23 40
821262834 | 1012 25 34 41

14 27 28 35 41

23 30 32 34 39

19 24 30 31 41

20 28 31 32 40

1524 33 3437 | 936 374041
1315232836 | 91727 3438
813172241 [ 12 22 28 33 38
920232933 | 9131624 39
13 18 19 33 40 | 12 19 27 29 32
816202730 | 812183139

10 14 15 29 31

14 16 26 32 37

10 18 26 30 36

15 22 25 30 35

21 31 35 37 38

17 21 25 32 36




