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Abstract

The binary and ternary codes spanned by the rows of the point
by block, pair by block, block by point incidence matrices of some
2-designs of small orders and their orthogonal complements are stud-
ied. Among some results, it is shown that if the code is properly cho-
sen, then the weight distribution of the code serves as an appropriate
design isomorphism invariant. The automorphism groups of the
codes and the design are computed.

1. Introduction

Let v, k, and ¢ be positive integers such that v > k > ¢t > 0. Let X be a
v-set. The elements of X are called points and the k-subsets of X are called
blocks.

Let ) be a positive integer. A t-(v, k, ) design D (or briefly a t-design)
is a pair (X, B), where B is a collection of blocks with the property that
every t-subset of X occurs in exactly A blocks of B. v is called the order of
the t-design. A t-design is simple if it contains no repeated blocks. It is well
known that any ¢-design is also an i-design for 0 < ¢ < ¢. Two t-designs
(X, B) and (X', B') are isomorphic if and only if there exists a permutation
o : X — X' such that o(88) = B, i.e. o transforms the blocks of B onto
the blocks of B’. An automorphism of a t-design is a permutation on X
which preserves its set of blocks.
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One can associate to every t-design the following set of incidence
matrices: Let D = (X, B) be a simple t-(v, k, A) design with |B| = b. Then
for any 4, 0 < i < t, we denote by D; a (?) x b, (0, 1)-matrix whose rows
and columns are indexed by the i-subsets I of X and the blocks B of D,
respectively, with its entries defined as follows:

i C
D,»(I,B)={ LRIes,
0 otherwise.
Now, a few words about codes: A linear [n,k] code C of length n is a

k-dimensional subspace of an n-dimensional vector space over a given finite
field F = GF(q).

The (Hamming) weight of a codeword z € C, denoted by w(z), is the
number of non-zero components of z. Let d = min{w(z)|z € C,z # 0}.
Let W; denote the number of codewords in C' of weight i. Then {W;}L, is
called the weight distribution of C. The minimum weight is an important
parameter of a code, and its weight distribution carries important informa-
tion about it. Therefore, an [n, k, d] code is an [n, k] code with the minimum
weight d.

Two codes are isomorphic if one of them can be obtained from the other
one by a permutation of the n coordinate positions. An automorphism of
a code is any permutation of the coordinates that preserves the code as a
set of vectors. The set of all permutations forms under composition, the
automorphism group of C.

The codes over GF(2) and GF(3) are called binary and ternary codes,
respectively.

In this paper, we consider only (binary or ternary) codes arising from
the row spaces of the incidence matrices D;, DY, D}, and D7 of a given 2-
design D. Associated codes are denoted by C;,CT,C{, and Ci7,
respectively.

Tonchev et al. [14], studied the binary codes Cy and CT arising from
D,’s of the 80 non-isomorphic 2-(15,3,1) designs. Among many interest-
ing computational results, they noted that all the resulting codes C, are
non-isomorphic, whereas there are only 5 non-isomorphic classes of codes
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generated by the associated DT ’s. Some further studies ,regarding the codes
from Steiner triple systems, have also been reported in [1,2,5,6,13].

More recently, two classes of codes coming from trivial designs were
studied [7,8). For a given v, the simple design D = t-(v, k, (;_})) is called
the trivial design. In [8), the family of designs D = 2-(v,3,v — 2) were con-
sidered and the class of ternary codes Cy associated with D, were studied
and some interesting information about these codes were reported. Also in
[7], the class of binary codes C; again associated with the above mentioned
trivial designs were studied and some optimal codes were found.

In this paper, following the computational style of [14], we consider all
the 2-designs of small orders listed in {11], then we choose an “appropriate”
incidence matrix from 4 different types of matrices mentioned above and
then we construct the binary or ternary codes arising from them.

Our results show that the weight distribution of these codes can serve
as a very reliable design isomorphism invariant. In particular, we study
the two families of designs more carefully, namely, 2-(15,3,1) and 2-(9, 3, 4)
designs. Meanwhile, we compute automorphism groups of designs and their
related codes.

For further definitions, we refer the reader to [14].

2. A Computational lemma

Let C be an [n, k, d] linear code. Let A;, d < ¢ < n, denote all the codewords
of weight i (A; could be empty). Then we can represent C as the following
matrix in which every row is a codeword:

Agy
C= .

.

A

The automorphism of each A; or some union of them is defined to be similar
to the automorphism of C.
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Proposition. Let D be a t-design, then
(i) The number of designs included in the code C; (i=1 or 2) which
are isomorphic to D is |AutC;|/|AutD|;
(i) |AutC|= |AutC*|;
(i) DD eC=C. O
Lemma. Let C be a code obtained from a ¢-design D. Then
(i) If a union of A;’s, U;A;, contains a basis for the code C, then
Aut(UrA;) = AutC,
(ii) If the dimension of UrA; as a matrix is less than the rank of C' and
|AutD| = |Aut(Us A;)|, then AutD = AutC.

Proof. For every o € Aut(UyA;), we apply o to the columns of C' and obtain
a new code C’. C' has a basis for C since g(UrA;) = UjA;. Therefore,
C' = C. This means that 0 € AutC. Clearly every ¢ € AutC only
commutes the rows of each A; internally. This completes the proof of (i).
For (ii), it is sufficient to note that

|AutD| < JAutC| < |Aut(U; 4;)|.

Definition. The weight matriz of a code is a matrix W = (w;;), where w;;
is the weight of the j-th column of the submatrix A;.

Let B = Uj_,A; be the first union of A;’s that contains a basis for the
code C. Clearly, if o € AutC, then o just commutes similar columns of the
matrix W. To determine AutC, we apply all such permutations to B, and
using Lemma (i), we check whether they belong to AutC. Sometimes too
many columns in W are similar. Therefore, the method involves too much
work, so one might use program nauty [12] instead. For instance, in Table
2, we have applied this method for exactly 312 cases and in 20 other cases
we have employed nauty and in only one special case we had to use Lemma

(ii).

3. Ternary codes from 2-(15,3,1) designs

As mentioned before, Tonchev, et al. have studied the binary codes C,
arising from non-isomorphic 2-(15,3,1) designs. In this section, we study
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the ternary codes C) of these designs. The results are reported in Table
1. The labeling of these designs is the same as in [11]. To show that the
weight distributions of these codes are different, it was sufficient to go up
to Wiy3. Also, a few points of interest are worth to be mentioned here:

e The weight distributions of these codes are different, whence this is
not so in the binary case[14]. Therefore it provides a suitable design
isomorphism invariant for this classical case.

e We note that for the whole case, |AutD| = |Aut C|. By Proposition
(i), clearly every code contains only one design.

e Contrary to the binary case, the largest automorphism group belongs
to the code associated with the geometric design PG(2,3), which
pocesses the largest automorphism group among the 80 designs.

e For all of the 80 designs, rankD; = 14. On the other hand, the 3-rank
of the trivial design, namely 2-(15,3, 13) is also equal to 14 [15]. This
means that there is a unique C{ for all these 80 designs, whereas in
the binary case, the block by point matrices produce 5 non-isomorphic
codes [14].

4. Ternary codes from 2-(9,3,4) designs

There exist 332 non-isomorphic simple 2-(9, 3, 3) designs [4]. In [10], an al-
gorithm to produce the whole family of 2-(9, 3, 3) designs (including designs
with repeated blocks) which amounts to a total of 22521 non-isomorphic
designs is presented. Employing this algorithm, we have reproduced all the
simple designs of this family [3].We studied the ternary codes Cs arising
from Di associated with the simple 2-(9,3,4) designs. We note that each
of these codes is an [48, k] code, for k = 13 or 14. The results are reported
in Table 2. There are some noteworthy points here to be mentioned too:

o Here again, the weight distributions of these codes provide a very
efficient design isomorphism invariant, and it suffices to go up to Wi
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e The code #284 with |Aut C|/|Aut D| = 48, has the largest automor-
phism group among these codes.

o The code #277 has the largest minimum weight with d = 14.

e For the case k = 13, the codes C7, are all isomorphic. This simply
follows from Wilson’s p-rank theorem as in the previous section. Con-
trary to this, for k£ = 14, there exist 3 non-isomorphic C7 codes. The
weight distribution of these codes C* are listed in Table 4.

¢ The designs #277,302,317,318,326, and 327 are the only designs
which can be partitioned into 4 copies of 2-(9,3,1) designs and can
also be extended to large sets of designs. There are only 2 non-isomorphic
large sets in this family of designs [9].

5. Binary codes from 2-(9, 3,4) designs

We consider binary codes C3- arising from D3 associated with the family
of 2-(9, 3,4) designs.

e Again, the weight distributions of the codes furnish a good design
isomorphism invariant, and it suffices to go up to Wi,. See Table 3.
e The code #326 has the largest automorphism group.

e The codes C{ are all isomorphic.

6. Some codes of designs of small order

In Table 5, we demonstrate the parameters of some designs of small orders
and the results of the weight distributions of some related codes serving
as isomorphism invariant. As it is seen, in only two cases the results are
disappointing.
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Table 1. Ternary Codes from 2-(15,3,1) designs.
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* D denotes the design and k is the dimension of the code.
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Table 2. Ternary Codes from 2-(9, 3,4) designs.

D*

Wg Wi, Wiy Wiy Wi
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|AutD)|
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* D denotes the design and k is the dimension of the code.
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Table 2. Continued.
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Table 2. Continued.

Ws W12 Wi Wiz Wi
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k
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Table 2. Continued.
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Table 3. Binary Codes from 2-(9, 3,4) designs.
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* D denotes the design and k is the dimension of the code.
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Table 3. Continued.
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Table 4. Ternary codes C.;“‘ from 2-(9, 3, 4) designs

D | k* W Wis Waq Wor Wi Wse

1 14 2 4 2
276 14 2 4 2
315 14 2 4 2
316 14 2 4 2
317 14 2 4 2
322 14 2 4 2
323 14 2 4 2
324 14 2 4 2
325 14 2 4 2
326 14 6 2
331 14 2 4 2

* D denotes the design and k is the dimension of the code.

Table 5. Some codes of designs of small orders designs
c, cl|[a cf

design m° binary Ternary
2-(8,4,3) 4 14 + + + -
2-(9,3,2) 13 24 - - + -

2-(9,4,3) | 11 18

2-(104,2) | 3 15| + + - -
2-(1331) | 2 26 | + - -
2.(1573) | 5 15| - 4+ - -
2.16,6,2) | 3 16 | + + | - -
2-(19,9,4) | 6 19 | - - - -

*m is the number of non-isomorphic designs and = is the size of codes.
‘4+' indicates that the weight distribution of given codes can separate
the designs.
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