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Abstract

A set S of vertices of a graph G = (V, E) is a totel dominating
set if every vertex of V(G) is adjacent to some vertex in S. The
total domination number v¢(G) is the minimum cardinality of a total
dominating set of G. We define the total domination subdivision
number sdy, (G) to be the minimum number of edges that must be
subdivided (each edge in G can be subdivided at most once) in order
to increase the total domination number. We give upper bounds
on the total domination subdivision number for arbitrary graphs in
terms of vertex degree. Then we present several different conditions
on G sufficient to imply that sd,,(G) < 3. On the other hand, we
show that this constant upper bound does not hold for all graphs.
Finally we show that 1 < sd.,(T') < 3 for any tree T, and characterize
the caterpillars T for which sd.,, (T') = 3.
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1 Introduction

Let G = (V, E) be a graph of order |V| = n. For any vertex v € V, the
open neighborhood of v is the set N(v) = {u € V | uv € E}, and its closed
neighborhood is the set N[v] = N(v)U{v}. For aset § C V, its open neigh-
borhood is the set N(S) = UyesN (v) and its closed neighborhood is the set
N[S]=N(S)US. A set S is a dominating set if N[S] = V, or equivalently,
every vertex in V — S has a neighbor in S, and is a total dominating set
if N(S) =V, or equivalently, every vertex in V has a neighbor in S. The
domination number v(G) (total domination number v,(G), respectively) is
the minimum cardinality of a dominating set (total dominating set, respec-
tively) of G. A total dominating set of G with cardinality v,(G) is called a
7¢(G)-set. Note that if S is a total dominating set of G, then the subgraph
G|[S] induced by S has no isolated vertices. For a more thorough treatment
of domination parameters and for terminology not presented here, see [6, 7].

In applications, network design for instance, if a parameter u(G) is of
importance to study, then it is also important to know the effect that mod-
ifications of G have on u(G). The effects on the domination number of a
graph G, when G is modified by deleting a vertex or deleting or adding an
edge, have been investigated extensively (see Chapter 5 of [6] for a survey
of these results). Haynes, Mynhardt, and van der Merwe [10]-[13] studied
the effects of edge addition on the total domination number of a graph.
Alternately, one can consider how many modifications must take place be-
fore a parameter changes. The minimum number of edges whose removal
increases the domination number was defined by Bauer, Harary, Nieminen,
and Suffel [2]. Fink, Jacobson, Kinch, and Roberts called this number the
bondage number of a graph and gave some interesting applications and re-
sults in [3]. In [2] and (3], it is shown that the bondage number of any
nontrivial tree is at most two. On the other hand, Kok and Mynhardt (9]
defined the reinforcement number of a graph to equal the minimum number
of edges which must be added to a graph in order to decrease the domina-
tion number.

Continuing along these lines, but considering a different type of graph
modification, Arumugam [1] defined the domination subdivision number
3d(G) to be the minimum number of edges that must be subdivided (where
each edge in G can be subdivided at most once) in order to increase the
domination number. (An edge uv € E(G) is subdivided if the edge uv is
deleted, but a new vertex z is added, along with two new edges uz and
zv. The vertex z is called a subdivision verter.) We must assume here that
the graph is of order n > 3, since the domination number of the graph K
does not change when its only edge is subdivided. Arumugam showed the
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following result for trees.
Theorem 1 [1] For any tree T of ordern >3, 1 < sd,(T) < 3.

Moreover, he made the following interesting conjecture for arbitrary
graphs.

Conjecture 2 [1] For any graph G of order n > 3, 1 < 3d,(G) < 3.

Haynes, Hedetniemi, Hedetniemi, Knisely, and van der Merwe [5] settled
this conjecture by giving a counterexample. On the other hand, Haynes,
Hedetniemi, and Hedetniemi [4] gave the following upper bound for arbi-

trary graphs.

Theorem 3 [4] For any connected graph G with adjacent vertices u and v,
where min{deg(u),deg(v)} > 2,

3d.,(G) < deg(u) +deg(v) — 1.

In this paper, we study the same concept for total domination, that is,
the total domination subdivision number sd., (G) is the minimum number
of edges that must be subdivided in order to increase the total domination
number. Again we only permit an edge to be subdivided once, that is,
no edge incident to a subdivision vertex can be subdivided. As before,
we assume that every graph is of order n > 3, since the total domination
number of the graph K does not change when its only edge is subdivided.
As we shall see in Section 2, sd.,,(G) exists for all connected graphs of order
n>3.

In Section 2, we (i) show that the upper bound of Theorem 3 is also a
sharp upper bound for the total domination subdivision number, (ii) es-
tablish several upper bounds on sd., (G), and (iii) consider some examples.
Then in Section 3, we prove that the bounds of Theorem 1 for trees T also
hold for sd.,(T'). We conclude with open problems in Section 4.

2 Bounds on sd,,(G)

First we give an upper bound for the total domination subdivision number.
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Proposition 4 For any connected graph G of order n > 3, and for any
two adjacent vertices u and v, where {deg(u),deg(v)} > 2,

3d., (G) < deg(v) + deg(v) — 1.

Proof. Let uv be an edge in G, and let G’ be the graph which results from
subdividing all edges incident to either u or v. Thus, deg(u) + deg(v) — 1
edges have been subdivided. We will show that 4,(G’) > 7:(G) by show-
ing that no v;(G)-set of G is also a total dominating set of G’, and that
there is no total dominating set of G’ of cardinality 4,(G) that contains a
subdivision vertex.

Let S be an arbitrary 4,(G)-set. If {u,v} C S, then both u and v are
isolated vertices in G’[S]. On the other hand, if at least one of u and v is
not in S, then S no longer dominates {u,v} N (V — S) in G’. Therefore, in
both cases, S is not a total dominating set of G’.

Next assume that G’ has a total dominating set of cardinality :(G)
which contains at least one subdivision vertex. Among all such total domi-
nating sets, let $* be one which contains a minimum number of subdivision
vertices. Let = be the subdivision vertex that subdivides the edge uv. Let
D* be the set of subdivision vertices in $*.

Note that at least one of u and v must be in $* to totally dominate z.
If both » and v are in S*, then $* — D* is a total dominating set of G with
cardinality less than v;(G), a contradiction. Hence, exactly one of u and v
is in S*, without loss of generality, say u. Since v is not in S*, it follows
that every neighbor of v in G is in $* in order to totally dominate the
subdivision vertices adjacent to v in G’. Moreover, at least one subdivision
vertex adjacent to v (respectively, u) in G’ is in S* to totally dominate v
(respectively, «). If |D*| > 2, then S* — D*U{v} is a total dominating set of
G with cardinality less than v;(G), a contradiction. Hence, |D*| = 1, that
is, §* contains exactly one subdivision vertex. Since both » and v must be
totally dominated, it follows that z € S*. But now every vertex adjacent
to u in G is totally dominated by §* — {u,z}, and every neighbor of v in
G is in S§*. Since deg(v) > 2 in G, S* — {z,u} U {v} is a total dominating
set of G, a contradiction. O

Proposition 4 implies that sd.,(G) exists for graphs having two adjacent
vertices each of degree at least two. The only connected graphs that do
not have two such vertices are stars Ky m, and for m > 2, sd,, (K1,m) = 2.
Therefore, sd.,(G) exists for all connected graphs G of order n > 3, and
obviously, sd.,,(G) > 1. Proposition 4 can be used to obtain constant upper
bounds for the total domination subdivision numbers of various classes of
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graphs, such as the following,

Corollary 5 For any r x s grid graph G, 5, where2 <r < s,

1< 5dy,(Gye) < 4.

Corollary 5 follows from the simple observation that every such grid graph
contains a (corner) vertex of degree two which is adjacent to a vertex of
degree three.

Corollary 6 For any k-regular graph G where k > 2,

1<sd,(G) <2k —1.

Both 1 < sd,,(G) and the upper bound of Proposition 4 are sharp.
Since sd.,(P3) = 2 and since both paths P, for n > 4 and cycles C,,
have adjacent vertices of degree two, it follows from Proposition 4 that
1 < sdy,(Py) < 3and 1 < sd,,(Cr) < 3. In fact, we show that paths and
cycles obtain every value in {1,2, 3} for their total domination subdivision
number. Note that 7;(Pp) = 1:(Crn) =n/2 if n =0 mod 4, and v,(P,) =
7t(Cn) = |n/2] + 1 otherwise.

Proposition 7 For a path P, and cycle C,,

1 ifn=0,1 mod4,
3d, (Pp) =3d,,(Cr) =< 3 ifn=2 mod 4,
2 ifn=3 modd.

Proof. Since subdividing any edge in a P, (respectively, Cy) yields a
P,;1 (respectively, C,1), the result follows from the values of the total
domination numbers of paths (respectively, cycles). O

Considering the lower bound, we show that there is no induced subgraph
characterization of the graphs having total domination subdivision number
1. The corona G o K is the graph of order 2n which is obtained from a copy
of G, by adding to each vertex v € V(G), a new vertex v’ and edge vv'.
Obviously, the graph G is an induced subgraph of G o K; and v(G o K;) =
n. If G has no isolates, then V(G) is the unique total dominating set of
H = G o K, and hence we have the following result.
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Proposition 8 Every graph (of order n) with no isolates is an induced
subgraph of a graph H (of order 2n) with sd.,(H) = 1.

Corollary 9 There does not ezist a forbidden subgraph characterization of
the graphs H for which sd, (H) =1.

In fact, we shall see in the next section that for any graph G with edge uv,
adding new vertices »’ and v’ and edges uu’ and vv’ yields a new graph G’
where sd.,, (G') = 1. In other words, every graph of order n with no isolates
is an induced subgraph of a graph G’ of order n + 2 with sd.,(G’) = L.

Turning our attention to the upper bound of Proposition 4, we note that
we have only been able to demonstrate its sharpness with graphs G having
an adjacent pair of vertices of degree two, that is, when the upper bound
is the constant three. Next we show that this constant upper bound holds
for any graph G where 7,(G) € {2, 3}.

Proposition 10 If G is a graph with order n > 3 and 7(G) = 2, then
1 < 5d,(G) < 3, and these bounds are sharp.

Proof. Since 7;(G) = 2, G is connected. If G has order n = 3 or G is a
star, then sd., (G) = 2. Hence we may assume that n > 4 and G has at
least one pair of independent edges, say ab and cd. Form G’ by subdividing
the edges ab and cd of G with subdivision vertices x; and z3, respectively.
Let S be a 7,(G’)-set. Then each of z; and z2 must be totally dominated
by S. If there is no edge between vertices in {a,b} and vertices in {c,d},
then |S| > 3 implying that sd,,(G) < 2. Thus assume that ac € E(G’).
Form G" by subdividing the edge ac with subdivision vertex z3, and let S’
be a 7,(G")-set. Then one of a and ¢ must be in S’ to dominate z3, without
loss of generality, say a. The only possible neighbor of a that dominates
zq is d, and neither d nor a dominates ¢. Thus, 7¢(G”) > 7:(G) = 2, and
hence, sd., (G) < 3.

The lower and upper bounds are achieved by a complete bipartite graph
K., for 2 < r < s, and a complete graph Ky, for n > 4, respectively. U

Theorem 11 If G is a graph with v:(G) = 3, then 1 < sd,,(G) < 3.

Proof. Assume to the contrary that sd,,(G) > 4. We first prove three
claims.
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Claim 1 Let {z,y,z} be a triangle in G with G’ the graph obtained by
subdividing the edges zy, yz, and Tz with subdivision vertices a, b, and c,
respectively. If S' is a total dominating set of G’ containing a subdivision
vertez, then |S’| > 4.

Proof. Suppose a € S§’. Without loss of generality, z € S’ to totally
dominate a. Further, to dominate b, S’ N {y, z} # 0. But neither {z,y,a}
nor {z,z,a} totally dominates 2, and so |S’| > 3. O

Claim 2 Every v:(G)-set induces a Ps.

Proof. Let S = {z,y,z} be a v,(G)-set that induces a K3. Then by the
minimality of S, each vertex in § must have a private neighbor (with re-
spect to S) in V — S. Let z/, 3/, and 2’ be the private neighbors of z, y,
and z, respectively. Form G’ by subdividing the edges zz’, yy', and 22’ of
G with subdivision vertices a, b, and c, respectively. Now any ~;(G')-set S’
must contain at least one from each of {z,a,2'}, {y,b,%'}, and {z,¢,2'}.
Since these three sets are pairwise disjoint, and since v,(G’) = 3, it follows
that S’ must contain exactly one vertex from each of these sets. If any
subdivision vertex, without loss of generality, say a, is in S/, then at least
one of z and z’ is also in S’ to totally dominate a, a contradiction. Hence
no subdivision vertex is in §’, that is, S’ C {z,y, z,2’,3’, 2'}. Now neither
{z,¥,2} nor {z',y’,2'} totally dominates G’. Hence, without loss of gen-
erality, 8’ = {z,y,2'} or §’ = {z’,y’,2}. But then G[S’] has an isolated
vertex, contradicting the fact that S’ is a total dominating set. O

Claim 3 G is triangle-free.

Proof. Let {z,y,z} be a triangle in G with G’ the graph obtained by
subdividing the edges =y, yz, and zz with subdivision vertices e, b, and
¢, respectively. Let S’ be a v(G’)-set; by assumption, |S’} = 3. By Claim
1, S'Nn{a,b,c} = 0. To dominate {a, b, c}, we may assume without loss of
generality that {z,y} C S’. Thus the third vertex in $’, say w, must be
adjacent to both z and y. But then S’ = {z,y, w} is a dominating triangle
of G, contradicting Claim 2. O

Let S be a total dominating set of G. From Claim 2, we may assume
that G[S] = P;s = (z,y, z). Now the minimality of § implies that each of 2
and z has a private neighbor in V — S. Let z’ be such a private neighbor
of z and 2’ be one of z. Form G’ by subdividing edges zz’, zy, and 22’ of
G with subdivision vertices a, b, and ¢, respectively. Then every v;(G')-set
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S’ must contain at least one vertex from each of {z,a,z'}, {z,b,y}, and
{z,¢,2'}. If a € S, then at least one of z and z' is in S’ because a must
have a neighbor in §’. If {z,a} C ', then {2, ¢, 2'}NS’ = @ since no vertex
of {z,¢,2'} has a neighbor in S’, a contradiction. If {z',a} C §’, then 2’
must also be in S’ since neither z nor ¢ is in N(z') U N(a). But then S’
does not dominate y, a contradiction. Thus, a ¢ S’.

Ifz' € §', then S’ must contain a vertex from {z,b,y} and a vertex from
{z,¢,2'}. But since N(z') n ({z,b,9} U {2,2,2'}) = 9, =’ is not totally
dominated by §’, a contradiction. Thus, z’ ¢ S’ implying that z € §’.

Since S’ must contain a vertex of {z, ¢, 2’} and a neighbor of z, and since
G[9’] has no isolated vertices, it follows that ¢ € S’ and that there exists
a vertex w € N(z) N (N(z) U N(z')) that is in S’. In any case, either
S’ = {z,z,w} or §' = {z,2’,w}.

If ' = {z,2,w}, then w must dominate =’ and 2'. If §' = {z, z'w}, then
w must dominate y. In either case, w is in a triangle of G, contradicting
Claim 3. O

Next we give another sufficient condition for the upper bound on the
total domination subdivision number to be 3.

Proposition 12 For any graph G having a vertez of degree two which is
contained in a triangle,
1< sd,(G)<3.

Proof. Let {u,v,w} be a triangle of G where deg(u) = 2. Form G’ by
subdividing the edges uv, vw, and uw with subdivision vertices a, b, and c,
respectively. We will show that 7,(G’) > 1:(G).

Let S be a ~;(G')-set, and assume that |S| = v;(G). First note that S
must contain at least one of a and c to totally dominate u. If § includes
at least two vertices of {u,v,w}, then removing the subdivision vertices
from S yields a total dominating set of G having fewer than (G vertices,
a contradiction. Hence, S includes a most one vertex of the triangle and
therefore at most two vertices in {a,b,c}. But then the third vertex in
{a,b,c} is not dominated. O

A two-tree is any graph that can be obtained from a triangle K3 by
repeatedly adding a new vertex and joining it to two adjacent vertices in
the existing graph. A mazimal outerplanar graph is a planar two-tree which
is obtained from a copy of K3 by repeatedly adding a new vertex and joining
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it to two adjacent vertices on the exterior face of the existing graph. Since
every two-tree must have a vertex of degree two that is contained in a
triangle, we have the following corollaries.

Corollary 13 For any two-tree G,

1 < sd,(G) < 3.

Corollary 14 For any mazimal outerplanar graph G,

1< sd,(G)<3.

In the next section, we show that 1 < sd.,(T) < 3, for any tree 7.
Although all the evidence to this point seems to support a conjecture for
total domination similar to Conjecture 2 for domination, it is not true that
three is an upper bound for sd.,,(G) for all graphs G. We conclude this
section with a graph G for which sd.,(G) > 4.

Proposition 15 Let G be the complete bipartite graph K, r, for v 2> 3,
minus a perfect matching. Then sd. (G) > 4.

Proof. Let G have partite sets V; = {1, ug, ..., 4, } and Vo = {v1,va,..., 0, },
where M = {u;v;| for 1 < i < r} is the set of edges of a perfect matching
that is removed. Observe that 7;(G) = 4. We show that subdividing three
arbitrary edges does not increase the total domination number of G. Sub-
divide three edges to form G’. The only possibilities can be represented
without loss of generality as follows:

Case 1. Subdivide the edges ujv2, u1v3, and uivs. Then {v3,uz,u1,z1},
where z; is the subdivision vertex of ujvs, is a 7,(G’)-set.

Case 2. Subdivide the edges u1vs, u1v3, and one of ugvg, u4v2, ugvy4, ugv1, 471,
and uqvs. If v,  # 5, is an endvertex of the third edge, then {u1,v;, us, vs}
is a ,(G')-set. If the third edge is u4vs, {u1,v1,u4,v4} is & 7, (G')-set.

Case 3. Subdivide three independent edges. If the set of subdivided edges
is {u1vs, ugv1, u3vg} or {u1v2, u2vs, uzve}, then {u1,v1,u3,vs} is & 7(G')-
set. If the set is {uvs, ugv3,usvs}, then {u1,v1,uq,v3} is a 7,(G')-set. If
the set is {u1v2, u3vy, usve}, then {uy, vy, u3,ve} is a v (G’)-set.

In any case, 7:(G’) = 1(G), s0 3d.,(G) > 4. O
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3 Trees

To show that the upper bound of three for the total domination subdivision
number holds for trees, we will use the following terminology. A vertex of
degree one is called a leaf, and its neighbor is called a support vertez. A
support vertex adjacent to two or more leaves is called a sirong support
vertez. For a rooted tree T, let T, be the subtree, rooted at v, which
contains v and all its descendants.

Before the result for trees, we present a lemma for general graphs.

Lemma 16 Let G be a graph with leaves u and v. If 2 < dist(u,v) < 4,
then sd., (G) < 2.

Proof. Let « and v be leaves of G. If dist(u,v) = 2, then G has a strong
support vertex adjacent to both u and v, say w. Subdividing wv and wu
increases the total domination number. Thus, sd., (G) < 2.

Henceforth we may assume that each support vertex is adjacent to exactly
one leaf. Suppose that dist(u,v) = 3, that is, w and z, the neighbors of
u and v, respectively, are adjacent support vertices. Since every support
vertex is in every +;(G)-set, it follows that w and z are in every 7:(G)-set,
and u and v are in no 7:(G)-set. Thus subdividing the edge uw increases
the total domination number, and hence sd.,(G) =1 in this case.

Finally, let dist(u,v) = 4. Now the two support vertices w and z must
have a common neighbor, say z. Hence, again both w and 2z are in every
7:(G)-set. If for a v;(G)-set S, {u,v} C S, then (S — {u,v})U{z} is a total
dominating set of G having cardinality less than 7;(G), a contradiction.
Hence no 7:(G)-set contains both u and v. Then subdividing the edges uw

and vz increases the total domination number, so sd.,(G) < 2 in this case.
(]

As a direct result of Lemma 16, we have the following bounds that hold
for any graph G with minimum degree 1.

Corollary 17 For any graph G with adjacent support vertices, sd.,(G) =
1.

Corollary 18 For any graph G with a strong support vertez, sd.,(G) < 2.
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Corollary 19 Let G be a graph with two support vertices v and v. If
dist(u,v) =2, then sd,,(G) < 2.

Proposition 20 For any tree T of order n > 3,
1< 8d,,(T) <3,

and these bounds are sharp.

Proof. Let T be a tree with order n > 3. If diam(T) < 4, then Lemma 16
implies that the theorem holds. Let d = diam(T) > 5, and assume to the
contrary that sd., (T) > 4.

We consider a diametral path in T, labelled ug,uj,us,...,u3. Root T
at uq. Necessarily, deg(ug) = deg(uq) = 1. Moreover, since Corollary
18 implies that no vertex is adjacent to two or more leaves, deg(u;) =
deg(ug-1) = 2 (else we can find a longer path in T). Similarly, Lemma 16
implies that deg(us) = deg(u4—2) = 2. Then applying Proposition 4, we
have sd,,(T') < deg(u,) + deg(uz) — 1 = 3, contradicting our assumption.
Hence, sd.,(T') < 3.

Proposition 7 shows that the lower and upper bounds are sharp for paths
P, withn = 0,1 mod 4 and » = 2 mod 4, respectively. O

We say that a tree T is in Class i for ¢ € {1,2, 3} if sd,,(T) = i. Propo-
sition 7 shows that each Class i, 1 < 7 < 3, is nonempty. For additional
examples of trees in each of the classes: coronas T’ o K; for any nontrivial
tree T/ are in Class 1, stars K x, for k > 2, are in Class 2, and the family
of trees in Figure 1 is in Class 3.

Figure 1: A family of trees T with sd.,,(T) = 3.

A caterpillar is a tree with the property that the removal of its leaves
results in a path ujus...u,, referred to as the spine of the caterpillar. A
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caterpillar 7" is uniquely determined by the sequence of nonnegative integers
(t1,%2, ..., ts), where t; is the number of leaves adjacent to u;, for s > 2.
Both this sequence and its reverse sequence define T. The code C of the
caterpillar is the larger of these two sequences. For example, the code of
the caterpillar in Figure 2 is (23021).

AT /NN

Figure 2: A caterpillar with code (23021).

We conclude this section by characterizing the caterpillars in Class 3. For
this purpose, we consider the substrings of consecutive zeros (zero strings)
and label the zero strings from 1 to k. Let 2; be the number of zeros in string
i, for 1 < i < k. For example, the caterpillar with code (1001601001001)
has z; = 2, for 1 < i < 4. Note also that this caterpillar is in Class 3.

Theorem 21 A caterpillar T with code C is in Class 8 if and only if C has
no entry greater than 1, no consecutive nonzero eniries, and z; = 2 mod 4
Jorl<i<k.

Proof. It is a simple exercise to see that a caterpillar T with such a code
C has sd,,(T) =3.

Conversely, assume that caterpillar T with code C is in Class 3. If C
has an entry greater than 1, then T has a strong support vertex. From
Corollary 18, sd.,(T) < 2, a contradiction. Hence, C has no entry greater
than 1.

To see that z; = 2 mod 4, for 1 < ¢ < &, suppose to the contrary that
z; =0,1,3 mod 4, for some i. Lemma 16 implies that z; > 2 and so z; > 3.
Label the vertices of substring i as w;, w2, ...,w,,, and let u and v be the
vertices (corresponding to nonzero entries in C) adjacent to w; and w;,,
respectively. Let u’ and v’ be the leaves adjacent to u and v, respectively.
Thus, v and v are in every 7:(T')-set. If no v¢(T)-set contains both »’ and
v/, then subdividing the edges uu’ and vv’ increases the total domination
number, implying that sd.,(T') < 2, a contradiction. Hence, there exists a
7:(T')-set S containing both u’ and v’. Then §’ = (§—{v/, v'})U{w1,w,,}is
a v;(T)-set, and {w;, w,,} NS = @ for otherwise |S’| < |S|, a contradiction.
This implies that z; # 3.

If 2; € {4,5}, then (by above) without loss of generality, {wz, w3} € S.
But then (S—{u’, v’, w, w3})U{w1, w,,} is a total dominating of cardinality
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less than v;(T), a contradiction. Therefore, we may assume that z; > 7,
implying that there is a path of length ! = (z; — 4) mod 4 = 2; mod 4 that
must be totally dominated by the vertices on the path of length I. Since
z; > 7, Proposition 7 implies that sd.,(T) < 2. O

4 Questions

(1) Determine sharp (constant) upper bounds on sd,,(G) for any graph
G. In particular, for any graph G of order n, is sd.,(G) < n?

(2) Characterize the trees achieving the lower (respectively, upper) bound
of Theorem 1.

(3) Characterize the trees in Class i, for 1 < i < 3 (Proposition 20).
(4) Determine the total domination subdivision numbers of grid graphs.

(5) In general, how does sd,(G) compare with sd., (G)?

Acknowledgments. The authors thank the referees whose helpful sug-
gestions much improved this paper.
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