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Abstract

We deal with the problem of labeling the vertices, edges and faces of
a plane graph in such a way that the label of a face and the labels of the
vertices and edges surrounding that face add up to a weight of that face
and the weights of all the faces constitute an arithmetical progression of
difference d.

1 Introduction and definitions

G is a finite connected graph without loops and multiple edges, V(G) is its
vertex-set and E(G) is its edge-set. A general reference for graph theoretic
notions is [15).

A graph G is said to be plane if it is drawn on the Euclidean plane in such
a way that edges do not cross each other except at vertices of the graph. We
make the convention that all plane graphs considered in this paper possess no
vertices of degree one. For a plane graph G, it makes sense to determine its
faces, including the unique face of infinite area. Let F(G) be the face-set of G
and |V(G)| = v, |[E(G)| = e and |F(G)| = f are the number of vertices, edges
and faces of G.

A labeling of type (1,1,1) assigns labels from the set {1,2,...,v+e+ f} to
the vertices, edges and faces of plane graph G in such a way that each vertex,
edge and face receives exactly one label and each number is used exactly once
as a label. If we label only vertices or only edges or only faces, we call such
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a labeling a vertex labeling, an edge labeling or a face labeling, respectively.
Alternatively we refer to these labelings as labelings of type (1,0,0), (0,1,0) or
(0,0, 1) respectively.

A labeling of type (1,1,0) is a bijection from the set {1,2,...,v + e} onto
the vertices and edges of G(V, E, F).

The weight of a face under a labeling is the sum of the labels (if present)
carried by that face and the edges and vertices surrounding it.

A labeling is said to be face-magic if for every number s all s-sided faces
have the same weight. We allow different weights for different s.

The notion of face-magic labeling of plane graphs was defined by Ko-Wei
Lih in [11]. Ko-Wei Lih called such labeling magic but this notion of being
magic is entirely different from those defined in [6, 8, 9,10, 12, 14]. Face-magic
labelings of type (1,1,0) for wheels, friendship graphs and prisms are given in
[11] and face-magic labelings of type (1,1,1) for special classes of plane graphs
are described in (1] and [2].

A connected plane graph G = (V, E, F) is said to be (a, d)-face antimagic if
there exist positive integers a, d and a bijection from the set {1,2,...,e} onto
the edges of G such that the induced mapping ¢ : F(G) — W is also a bijection,
where W = {a,a +d,...,a + (f — 1)d} is the set of weights of all faces of G.

The (a, d)-face antimagic graph was defined in [3] and further results can be
found in [4]. Other types of antimagic labelings were considered by Hartsfield
and Ringel (7], Bodendiek and Walther [5] and Simanjuntak, Miller and Bertault
[13].

Now, let us define the concept of d-antimagic labeling of plane graph in the
following way.

A bijection g : V(G)U E(G) — {1,2,....v + e} (respectively a bijection
h: V(G)UE(G)UF(G) = {1,2,...,v+e+f}) is called a d-antimagic labeling of
type (1,1,0) (respectively of type (1,1,1)) of plane graph G if for every number
s the set of s-sided face weights is W, = {a;,a; +d,as +2d,...,as + (fs — 1)d}
for some integers a, and d, where f; is the number of s-sided faces. We allow
different sets W for different s.

In this paper we describe various d-antimagic labelings of type (1,1,1) for
prisms.
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2 Face-magic and d-antimagic labeling

In this section we present a relationship between face-magic labeling of type
(1,1,0) and d-antimagic labeling of type (1,1,1) of plane graph.

Let us consider a plane graph G with s;-sided faces, i = 1,2,...,n. Let f;,
be the number of s;-sided faces of G. Suppose G has the face-magic labeling of
type (1,1,0), i.e., there exists a bijection g : V(G) U E(G) = {1,2,...,v + ¢}
such that all s;-sided faces (i = 1,2,...,n) have the same weight.

Define a face labeling h with values in the set {v+e+1,...,v+e+f5 JU{v+
e+ fo,+1,...,0Fe+fo, + o JU.. U{v+e+fo, +- -+ fo,_, +1,...,v+e+fs, +
-+ 4 fs.. } such that the s,-sided faces are labeled with v+e+1,...,v+e+fo,,
the sp-sided faces with v + e+ fs; +1,...,v+ e+ fs, + fs,, and so on.

By combining g and h we obtain the 1-antimagic labeling of type (1,1,1),
thus obtaining the following theorem.

Theorem 1 If G has a face-magic labeling of type (1,1,0) then G has a 1-
antimagic labeling of type (1,1,1).

3 The results

The prism Dy, n > 3, is a trivalent graph which can be defined as the cartesian
product P, x C, of a path on two vertices with a cycle on n vertices. The prism
D,, n > 3, is the plane graph of a convex polytope.

Let I = {1,2,...,n} be an index set. Prism Dy, n > 3, consists of an outer
n-cycle y1 ¥2 ... Yn, an inner n-cycle ; T2 ... Zn, and a set of n spokes z;y;,
i€ I. |[V(Dy)| = 2n, |E(D,)| = 3n and |F(Dy)| = n + 2. (See Figure 1).

Ko-Wei Lih [11] proved that if n > 3, then the prism D, has a face-magic
labeling of type (1,1,0). The common weight for all 4-sided faces under the
magic labeling of type (1,1,0) is 18n + 4 (if n is even) and 1Tn +4 (if n is
odd). The two n-sided faces have the same weight ;&I—.%M (if n is even) and
3n? + 9n (if n is odd).

If h, is face labeling with values in the set {v+e+1,v+e+2}U{v+e+
3,v+e+4,...,v+e+ f} then from Theorem 1 it follows that

Corollary 1 For n > 3, the prism D, has the 1-antimagic labeling of type
(1,1,1).
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Figure 1: The prism D, .

If n = 3 (mod 4), n > 3, we construct a vertex labeling g, and an edge
labeling g2 of a prism D,, as given below, where

p(z,y,2)
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Theorem 2 Forn > 3, n =3 (mod 4), the prism D,, has a 3-antimagic labeling
of type (1,1,1).

Proof. Label the vertices and the edges of D, by g and g2, respectively. We
obtain a labeling of type (1,1,0) with labels from the set {1,2,...,v+e}. The
weights of 4-sided faces successively assume the values 16n+-5, 16n+7,...,18n+
3 and the weight of the internal (external) n-sided face is 5n2+n+1 (5n%+n—1).

If hy is face labeling with values in the set {v+e+Lv+e+2}U{v+e+
3,v+e+4,...,v+e+ f} then the resulting labeling of type (1,1,1) can be

(1) 1-antimagic with the weights of 4-sided faces in the set {22n+7, 22n+
8,...,23n + 6} and the weights of n-sided faces 5n? + 6n + 2 and 5n? + 6n + 1
or

(ii) 3-antimagic, where the weights of 4-sided faces constitute a set {21n +

8, 21n+11, 21n+14,...,24n+5} and the weights of n-sided faces are 5n% +6n
and 5n2 +6n+ 3. This proves that labeling of type (1,1, 1) of Dy is 3-antimagic.
O

Ifiel, we define the vertex labeling g3 of Dy, where n > 3, n = 3 (mod
4), and the function §(z) is defined in (1).

g3(z:) =0(i)) + n—i+1)86(i + 1),

gs(y:) = (2n+1 —1)6(1) -l-'&(;(’t + 1)

Theorem 3 Forn 2> 3,n= 3(mod 4), the prism D, has a 2-antimagic label-
ing of type (1,1,1).

Proof. Label the vertices and the edges of D, by vertex labeling g3 and
edge labeling go, respectively. The labelings g; and g» combine to a label-
ing of type (1,1,0). The weights of 4-sided faces successively attain values

33048, ""”—"?;i .., 3885 and the weights of both n-sided faces are 5n? + 2£L
a.nd 5n + dn-l
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Let h2 be a face labeling with values in the set {v+e+1,v+e+ f}U{v+
e+2,v+e+3,...,v+e+ f —1}. If the 4-sided faces successively assume the
values of {v+e+2,v+e+3,...,v+e+ f —1}, the internal n-sided face receives
the value v + e + f and the external n-sided face receives the value v + e + 1
then we obtain 2-antimagic labeling of type (1,1,1). -3

Theorem 4 Forn > 3, n =3 (mod 4), the prism D,, has a 4-antimagic labeling
and 6-antimagic labeling of type (1,1,1).

Proof. We assume that n = 3 (mod 4), n > 3. In this case we construct the
vertex labelings g4, g5 and the edge labelings gs, g7 in the following way, where
the functions §(z) and p(z,y, z) are as defined in (1) and (2).

(i if i=2 (mod4)
N i—1 if i=0 (mod4) ,
9@ = gni1-i if i1 (med4) Pri€l—{n
[ 2n—i if i=3 (mod4)
ga(zi) = n for i =n.
% if i=1 (mod4)
N i+1 if {=3 (mod4) ;
94W) = \ 9nt1-i if i=2 (mods)y Pri€i—{n}
( 2n+2-1 if i=0 (mod4)
94(y;) = n+1 for i = n.
95(z:) = ga(z:) forie I —{n},
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95(vi) = ga(wi) for i € I - {n},
g5(yi) = n for i =n.
. : n+1
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+ (5n+3- 2i)p("'2"5,i,n —1)]6G +1)
1= 90,0, 25 + (4 - 20 - 9o 22 5 st
ge(ziwi) = p(1,4,1) + (2n + 3 — 20)p(2,1,n) for ieI.
gr(ZiTiy1) = go(TiTis1),
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9r(¥ivi+1) = g6(vithi+1),
grlei) = (@n—1)p(Li 1)+ (= 2pB,im)0) + (n+i=2dG+1)
foriel

Label the vertices and the edges of D, by g4 and gg + |V (D), respec-
tively. In the resulting labeling the weights of 4-sided faces constitute an
arithmetical progression of difference 2 (17n+ 5,170+ 7,...,19n + 3) and the
weights of n-sided faces constitute an arithmetical progression of difference 3
( 10n? ;t23n-3 , 1on’+23n;t3 ).

Let hy4 be face labeling with values in the set {4n+1,4n+3,4n45,...,6n—
1}u{6n+1,6n+2}.
It is not difficult to check that combining the labelings g4, g6 + |V(Dn)| and

hs we can obtain a labeling of type (1,1,1) such that the weights of 4-sided
faces constitute the arithmetical progression 21n+2+-4¢, ¢ € I, and the weights

of n-sided faces are 10n+18n=1 10074160+ It means that the labeling of type
(1,1,1) is 4-antimagic.

Now, we label the vertices and the edges of D, by gs and g7 + [V(Dn)),
respectively.

We get a labeling in which the weights of 4-sided faces constitute an arith-
metical progression of difference 4 (16n+6, 16n+10,...,20n+2) and the weight
of the internal (respectively external) n-sided face is 1222$3n%5 (respectively

10n? %37;-5 ).

If hs is face labeling with values in the set {4n—1+2i,i € I}U{6n+1,6n+2}
then by combining the labelings gs, g7+|V (Dr)| and hs we obtain a 6-antimagic
labeling of type (1,1,1). a

4 Conclusion

In this paper we proved that for n > 3, n = 3 (mod 4) and d = 1,2, 3,4, 6, there
exist d-antimagic labelings of type (1, 1,1) for graphs of prisms. We have not yet
found a construction that will produce 5-antimagic labeling (for n = 3 (mod 4))
and d-antimagic labeling of the graph D, for n # 3 (mod 4) and d = 2, 3,4, 6.
However, we suggest the following

Conjecture 1 There is a d-antimagic labeling of type (1,1,1) for the plane
graph Dy, for2 < d < 6 and for alln > 3.
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We conclude with the following open problem.

Problem 1 Find other possible values of the parameter d and the corresponding
d-antimagic labeling of type (1,1,1) for prisms D,.
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