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Abstract

Let G = (V, E) be a simple, undirected graph. A set of vertices D
is called an odd dominating set if for every vertex v € V(G), |N[v] N
D] = 1(mod 2). The minimum cardinality of an odd dominating
set is called the odd domination number of G. It is well known
that every graph contains an odd dominating set, but this parameter
has been studied very little. Our aim in this paper is to explore
some basic features of the odd domination number and to compare
it with the domination number of the graph, denoted by ¥(G). In
addition, extremal values of v,4¢4(G) are calculated for several classes
of graphs and a Nordhaus-Gaddum type inequality Yoad(G)+7oad(G)
is considered.

AMS subject classification index: primary 05C35.
Key Words: Dominating set, Odd dominating set.

1 Introduction
Let G = (V,E) be a simple, undirected graph. A set of vertices D is
called an odd dominating set if for every vertex v € V(G), [N[v)ND| =

1(mod 2). The minimum cardinality of an odd dominating set is called the
odd domination number of G, denoted by 7,44(G). It is well-known that the
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decision problem associated with the minimum odd dominating set problem
is NP-complete [13]. (Not surprisingly, the maximization problem is also
NP-complete [9)). '

Sutner showed that every graph contains an odd dominating set [13]
(and a different proof was given by the first author in [4]) but this pa-
rameter has been studied very little. Other work on the general problem
of parity domination, much of it focusing on algorithmic problems and on
even dominating sets, can be found in [1-3, 5-9]. Our aim in this paper
is to explore some basic features of the odd domination number and to
compare it with the domination number of the graph, denoted by ¥(G).
In sections 2 and 3, complete-partite graphs, cycles and m x n grids, for
1 < m £ 4 are discussed with emphasis on determining ,44(G) and com-
paring 7,4d(G) to ¥(G) in general. In sections 4 and 5, extremal values of
Yodd(G) are considered in the context of the stability of 7,44(G), i.e., how
can 7,44(G) change when a vertex or edge is deleted. A Nordhaus-Gaddum
type inequality Yoaa(G) + 7Yo44(G) is also considered in section 4. Section
6 contains some open problems and concluding remarks. The remainder of
section 1 is devoted to reviewing some terminology.

Notation and Definitions:

We use N(u) to denote the open neighborhood of a vertex u and N[u] to
denote the closed neighborhood of u. We denote the complement of a graph
G by G. A graph G is called an odd-graph or an even-graph if all the degrees
of its vertices are odd or even, respectively. A double star, Sy, , is a tree
consisting of an edge (z,y) such that m end-vertices are adjacent to z and
n end-vertices are adjacent to y. Let A(G) denote the adjacency matrix of
G and N(G) = A(G)+ I,,, where G has order n and I,, is the n x n identity
matrix. We use d(u,v) to denote the distance between vertices u and v,
and diam(G) to denote the diameter of a graph, and deg(v) to denote the
degree of a vertex v. Finally, we denote the all-ones vector < 111... > by
J.

2 Complete-partite graphs, Cycles, and Pow-
ers of Cycles

We begin by presenting exact values of v,44(G) for some classes of graphs.

Theorem 1 Let G = Ka,,a;,..0, be a complete-q-partite graph on n ver-
tices, where q > 2. Then:

a) if for j =1,2,...q,a; = 0(mod 2), then vo44(G) = n.

b) otherwise, Y,0a(G) = min{a; : a; = 1(mod 2)}.



Proof: Denote the vertex classes of G by Ai,...,A,, where |4;| = a;.
Call a class A; an odd class if a; = 1(mod 2). Suppose first that u,v are
vertices in the same class and let D be an odd dominating set. Clearly,
N(v) N D = N(u) N D and hence either u and v are both in D or both are
not in D. Thus, in particular, each class in G is either completely contained
in D or is disjoint from D. If all classes are of even cardinality, then we
must take D = V, hence 7,44(G) = n. Otherwise if some class is disjoint
from D, then for every vertex v in this class, [N[v) N D| = O(mod 2), a
contradiction.

Suppose now that for some class A;,e; = 1(mod 2) and that this is the
smallest odd class. Taking D = A; we find that D is an odd dominating
set. Also, D must contain some odd class of G, otherwise |D| = 0(mod 2)
and thus for each v ¢ D, |N[vJN D| = 0(mod 2), and thus D is not an odd
dominating set. Hence setting D = A; yields an odd dominating set and
therefore v,44(G) = min{a; : a; = 1(mod 2)}. O

Theorem 2 Let G = CE, the k** power of the cycle on n vertices, where
—-— n
n 22k +1. Then v,44(G) = JednoitD)”

Proof: Recall first that C¥ is built from C,, by connecting any two vertices
whose distance in C,, is at most k. Write ged(n,2k + 1) = d and consider
a set T of some n/d vertices equally spaced along C,. We wish to show
first that T is an odd dominating set. This is true because for every vertex
v € V(CE), INWINT| = 2L = 1(mod 2) which follows from the fact that
the number of multiples of d in the interval [4,...,j + 2k + 1] is precisely
(G + 2K + 1)/d) - [i/d] = [i/d) + (2k + 1)/d - [j/d] = (2K + 1)/d, as
d|2k + 1. Hence, T is an odd dominating set and 7,44(G) < W(n,nz—kﬂ'i' To
complete the proof, let D be an odd-dominating set; we must show that
|D| > ed(nsk+T) Observe that the condition |N[v] N D| = 1(mod 2) for

every v € V(CF) is equivalent to the requirement that, for every interval
(arc) I of length 2k+1 along the cycle Cy, it holds that |[IND| = 1(mod 2).
Hence, walking clockwise along C,,, we observe that for any two vertices v;
and vj42r+1, either they are both in D or both are not in D. In particular,
if some vertex, say vg, is in D, then, by periodicity, all of the vertices
generated by the element 2k + 1 in the cyclic group of order n are also in
D. However, from elementary group theory, the element 2k + 1 generates
in C, a cyclic group of order sedtnakrT)> and hence |D| > JedtrsmTD- O

We shall now consider the odd domination number of complements of
powers of cycles.

Theorem 3 Let G be the graph C,, (the complement of C,), then
8) Yodd(G) =n/2 if n = 0(mod 2),
b) Yodd(G) = n if n = 1(mod 2).
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Proof: The theorem obviously holds true for n = 3, so assume n > 3. Con-
sider a fixed minimum odd dominating set D and four vertices v;,vs,v3, vq
which are consecutive on C),. For a vertex v € V(G), we write g(v) = 1 if
v € D and ¢(v) = 0 otherwise. Observe now that N(vy)\vs = N(u3)\v; =

V' \ {v1,v2,v3,v4}, hence {N(w2) \ v} ND = {N(ws) \wmi}ND =V \
{v1,v2,v3,v4}ND. It follows that g(v;) +g(v2) +¢g(v3) +g(vs) = 0(mod 2).
Call this last congruence the “interval condition.” This interval condi-
tion holds true for every four consecutive vertices. Hence, by shifting,
g(vj) = q(vj4+4)(mod 2) holds for every vertex v. If n = 1(mod 2), then,
by the periodicity argument above, it follows that if some vertex v is in
D, then so is vg; for j = 0,1,2,.... But < 4 > is a generator of the
cyclic group of order n, as n is odd, hence D = V and 7,44(G) = n. If
n = O(mod 2), then G is an odd-graph and, by Theorem 12 below, we
have that 7,44(G) < n/2. We consider two cases. If n = 2(mod 4) then
< 4 > generates a subgroup of order n/2 in the cyclic group of order n.
Hence, since D is not empty, it must contain at least n/2 vertices and we
get Y,44(G) = n/2. Lastly, if n = 0(mod 4), then the possible values of |D|
are, by the above argument and the minimality of D, n/4 or n/2. The value
n/4 is possible only if D = {v; : j = r(mod 4) for some r =0, 1,2, 3}. But
then if v; € D, then vj41,vj42 and vj43 are not in D and the “interval
condition” is violated. Hence, v,44(G) = n/2. O

Theorem 4 Let G be the complement of the square of Cy,, denoted as 6,2:
Then the following hold:

1) if n =1,5(mod 6) orn = 3,4 then v,44(G) = n.

2) ifn =0,2,4(mod 6), then 7,44(G) = §

3) if n = 3(mod 6), then v,44(G) = &

Proof: The cases n = 3,4,5 are trivial so suppose n > 6. Label the
vertices of G (in a clockwise fashion) by v, vs,...,v,. Observe first that
if n = 2,6,10(mod 12) then the subset D = {v; : j = O(mod 2)} is an
odd dominating set. If n = 0,4,8(mod 12) then the subset D = {v; :
Jj =0,1(mod 4)} is an odd dominating set. Lastly, if n = 3(mod 6), then
the subset D = {v; : j = O(mod 3)} is an odd dominating set, showing
that if n = 0,2,4(mod 6) then v,44(G) < %, while if n = 3(mod 6), then
7odd(G) <3

Now let D be an odd dominating set of G. Set g(v) = 1if v € D,
otherwise set g(v) = 0. For the vertex v; we have g(v;) + ( ;':42 q(vj)) =
1(mod 2). Hence working in GF(2) and equating the equations for v; and
vy we get:
q(v1) + q(v4) = g(v2) + g(vn—1). Doing the same for v, and vs we get:
q(ve) + g(vs) = q(vs) + ¢(vp). Continuing in the same fashion we get:
q(vs) + q(vs) = q(v4) + g(v1). Summing up and dropping equal terms we
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get: )

q(vs) + q(vs) = q(vn-1) + q(vn). Writing Q(j) = 7L g(v,) we have that
Q(j) = Q(j + 6) holds for every vertex v;.

We now consider four cases.

Case 1. ged(n,6) = 1. Then by shifting cyclically the equation Q(j) =
Q(j + 6) we get Q(j) = Q(j + 1), for every j. This gives immediately
q(v;) = gq(vj4+2) for every j and, as ged(n, 6) = 1, we have by shifting cycli-
cally the equation ¢(v;) = ¢(vj+2) that ¢(v;) = ¢(v;+1) holds for every j,
and hence |D| = n, proving the case n = 1, 3(mod 6).

Case 2. gcd(n, 6) = 2. By shifting cyclically the equation Q(5) = Q(j + 6)
we get Q(j) = Q(j +2) for every j. This gives immediately for 7, j +1 that:
q(v;) + q(vj+1) + 9(vj4+2) + g(vj43) =0

q(vj+1) + q(vjs2) + q(vits) + 9(vj44) =0

Summing up (in GF(2)), we get g(v;) = q(vj+4).

If ged(n,4) = 2, then shifting cyclically the equation g(v;) = q(vj4+4),
we get ¢(vj) = g(vj+2) holds for every j and since for some j, g(v;) = 1,
we infer that |D| > 2. If 4|n, observe that if for some 7,¢(v;) = 1, but
q(vj4+1) = g(vjs2) = g(vjs3) = 0 then [N[v;] N D| # |N[v;41] N D|(mod 2)
which is impossible as D is an odd dominating set and hence every inter-
val of four consecutive vertices contains at least two members in D. Thus
|D| > % proving the case n = 2,4(mod 6).

Case 3. gcd(n, 6) = 3. By shifting cyclically the equation Q(j) = Q(j + 6)
we get Q(5) = Q(j +3) for every j. This gives immediately for j,j+1,j+2
that :
q(v;) + q(vj+1) + q(viss) + q(vj44) =0
a(vj+1) + q(vi+2) + q(vita) + q(vj4s) =0
a(vj+2) + a(vj+s) + g(vjrs) + q(vjte) = 0.

Summing up (in GF(2)) we get ¢(vj) = g(v;j+¢) and shifting cyclically
we get that g(v;) = g(v;4s) holds for every j. In particular, since for some
j » q(v;) = 1, it follows that |D| > % proving the case n = 3(mod 6).

Case 4. ged(n,6) = 6. Summing over GF(2) the equations Q(5) = Q(j+6)
running over j,j +1,...,7 + 6, we get after some simple algebra that
q(v;) = q(vj412). If n = 6(mod 12), then shifting cyclically the equation
g(v;) = q(vj+12) we get further that ¢(v;) = g(vj4e). Since the solution is
either periodic modulo 6 or modulo 12, it remains to substitute the possible
values of g(v1),...,q(v12) subject to the constraints:

1) 2 > 7%4a(CZ) > & (as n = 0(mod 6) and due to Fact 6 (below) )
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2) q(vj) + q(vj42) + q(vj43) + q(vj4s) = 0, (which was derived at the be-
ginning of the proof)

and to verify that the resulting periodic set is an odd dominating set. The
second constrains implies that we only have to examine the 2% = 32 possible
values for g(v1), q(v2), g(vs),q(v4), g(vs) and the remaining g(v;) values are
uniquely determined by these five. Checking all the 32 possibilities (details
omitted), the smallest odd dominating sets were found to be of cardinality
£ proving the case n = 0(mod 6) and completing the proof. O

We next consider the case when fyodd(a’f) =n.

Theorem 5 7,44(CX) = n if n and k(k + 1) are relatively prime.

Proof: Let D be an odd-dominating set. Set g{v) = 1 if v € D, otherwise
set g(v) = 0. For a vertex v; we have ¢q(v;) + (2;.:: +2 4(v5)) = 1(mod 2).
Hence (working in GF(2)) and equating the equations for v; and v, we get:
q(v1) + q(vk+2) = q(v2) + q(Vn-k+1).

Doing the same for v2 and vs we get:

q(v2) + g(vk+3) = q(vs) + (Vn-k+2).

Continuing in the same fashion we get:

q(vs) + q(vi+4) = q(va) + q(vn—k+3).

q(va) + q(Vi+s) = q(vs) + @(Vn—k+4)-

q(Ve+1) + q(var+2) = q(vi+2) +g(v1).

Summing up and dropping equal terms we get:

q(Vk+3) + q(Vk+a) + ... + q(V2kt2) = @(Vn—k41) + @(Vn-kt2) + ... g(vn).
Writing Q(j) = Zi';;_l g(vr) we have that Q(j) = Q(j +2(k+1)) holds for
every vertex v;. But as ged(n,k(k + 1)) = 1, we have ged(n,2(k + 1)) =1
and hence by shifting cyclically the equation Q(j) = Q(j +2(k+1)), we get
Q(j) = Q(j+1) for every j. But this gives immediately that ¢(v;) = q(vj+&)
for every j and as ged(n, k) = 1 we get that g(v;) = g(vj41) holds for all j.
Hence as D is dominating set we have g(v) = 1 for all vertices v and thus
|D|=n. 0

We present some further results on complements of powers of cycles.
The first establishes a general lower bounds on 7,44(C%), and the second
shows that minimum odd dominating sets of C% have a “periodic” structure.

Fact 6 For every n,k > 1, ¥,aq(CE) > le]-
Proof: Label the vertices of G = C¥ cyclically by vg,v1,...,vs—; and fix

an odd dominating set D. Let g(v) be the characteristic function of D:
g(v) = 1 if and only if v € D. Consider vertices vg41 and vgq2. For veqr
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we have gq(vk+1) + Z?=2k +2 = 1(mod 2). Similarly, g(ve+2) + Z;=2k 43 =
1(mod 2). Adding these two equations over GF(2) we get

(a) q(v1) + q(ves1) + @(vi+2) = q(Va(k+1))-

Thus for every j we have that

(b) q(v;) + q(vk+s) + Q(Vk4j+1) = @(Vjr2r+1)

where addition of indices is done modulo n.

Hence, fixing the values of g(v1),...,q(v2k+1), the remaining values of
g(v;) are uniquely determined.

Partition vp, 1, .. .,vn-1 into “arcs” of length k + 1 each (i.e., each arc
contains k + 1 vertices) with one “exceptional” arc possibly having length
t,1<t<k(iff k+1 fn). Let the arcs denoted by A;,5 =1,..., 7] and
the exceptional arc denoted by B if it exists. Denote further by f 6’, D)=
|V(A4;) N D|, which counts the number of vertices of odd dominating set D
in arc A;.

Suppose for some j, that f(j, D) = f(j + 1, D) = 0. Then by applying
(b) repeatedly, g(v) = 0 and D is empty, a contradiction. Suppose next for
some j, f(j, D) = 0 and f(j+1, D) = 1. Assume, without loss of generality,
that these 2k + 2 vertices are labeled vy, ... Vg4, V42, - - - V2kt2. Again, it
is easy to see using (b) that the vertex of A;;; belonging to D is neither
Uk42 DOT Vgpt2. S0 assume this vertex belonging to D is vy, for some
k+3 <r <2k+1. But then f(j + 2,D) =2, as by (b) we can infer that
q(vr—k-1) +q(vr-1) +9(vr) = g(vr4+x) = 1 and q(vr—i) + q(vr) +q(vr41) =
q(Vp4r41) = 1 since only g(v,) =1 in V(4;) UV (Aj41). Therefore, either
(i) £(,D) =1 or (i) f(j,D) =0 and f(j +1,D) > 2 or (iii) f(5,D) =0,
f(G+1,D) =1 and f(j +2,D) = 2. Thus the arcs can be grouped in
(contiguous) singles, pairs and triples, such that a single contains at least
one vertex from D, and a pair contains at least two vertices of D and a
triple contains at least three vertices of D.

Starting from A; and forming these groups of arcs either we reach
A| ;2] and in this case we get |D| = -"kﬂ_}_%l = |5] or we get “stuck”
in the highest indexed arc A, having f(s,D) = 0 where s = |[gfy] or
s=|gql -1

Let us examine the situation and see how to avoid getting stuck. We
may assume that n > 3(k + 1). Otherwise if n < 2k + 2 then G contains
no edges and |D| =n and if n =2k +1+j, forsome1 < j < k+1then G
is regular of degree j and 7,4a(G) > 7(G) > |g}5) for j =1,..., k. Note
that if n = 3k + 2, then |D| > L%'szj = 2 which is true as G contains no
vertex of degree 3k + 1.
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So we may now assume that n > 3(k + 1). If we have an arc 4; such
that f(j,D) > 0 and f(j +1,D) > 0 we can use the procedure above by
first skipping |B| vertices after A;4; and then labeling the arcs 4;, A,, ...
ending with A; and Aj4, which are the last two arcs in the new labeling
and after them the (new) arc B. We cannot get stuck this time, since the
last two arcs, A;, A;+1, contain members of D and if we use one or both of
them in conjunction with a smaller indexed arc to comprise a pair or triple,
then they must satisfy the conditions and conclusions mentioned above, as
D is an odd dominating set, and this gives |D| > "—,:1?1 = )

The only remaining possibility is that the arcs (except for B) have
f(G, D) =0 if j = 0(mod 2) and £(j,D) > 2 if j = 1(mod 2). However if
f(1,D) = 0 and f(|£%7), D) = 0 then as G contains no arc 4; such that
f(G,D) = f(j +1,D) = 0 (from the argument above), it follows that B
exists and |BN D| > 1. Hence |D| > "—_(%l-lt&l +1= ”—;_—I'_?l =7l 0

We now have the following.

Proposition 7 Let G = C_}f, and let D be any odd dominating set of G.
Suppose the vertices of G are labeled as vg,vy,...,vn_1. Then there ezists
a positive integer p = p(D) < 22+, called the period of D, such that for
every 0 < j <n-—1, v; € D if and only if vjyp, € D.

Proof: Label the vertices of G cyclically by vy, v, ...,v,-1, and fix an odd
dominating set D. Let g(v) be the characteristic function of D: ¢(v) =1
if and only if v € D. Consider vertices vg4+; and vg42, and recall equations
(a) and (b) from Theorem 6.

It follows that by substituting all 22¥*! possible values for g(v;),.. ., g(var41),
it is possible to construct all odd dominating sets of G. There are exactly
22k+1 combinations we may choose for g(v1),...,q(v2k4+1). Suppose we
have computed the resulting values of g(v;) for a given initial combination
by applying (b) recursively up to j = 22%*+! 4 2k + 1. Consider the con-
secutive segments of length 2k + 1 having the form ¢(v;),. .., q(vj+2x) for
j=1,...,22%1 1 1, By the pigeonhole principle, there are two segments
which are equal, and therefore for some p = p(7) < 22*+1 we have for every
J that g(v;) = ¢(vj4,), thus proving the theorem. O

An example of this procedure follows using & = 2. Suppose we choose
< 10000 > as the initial combination vector. Propagating the equalities
from above, we get <100001011110 >, and then the sequence of
length 12 repeats itself. Thus if 7|12 we get an odd dominating set of size
n/2. We can also get an odd dominating set of size n/2 by using initial
vector < 10001 >. We can also choose initial vector < 10010 >
which, in fact, has period three (the 1 0 0 repeats itself) and thus find an
odd dominating set with cardinality n/3; however, this actually yields an
odd dominating set only when 6 does not divide n (to see this: let n = 6
and consider <1001 0 >).
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Corollary 8 Let G = C'_,’f, and let D be any odd dominating set of G with
period p = p(D). Set d = ged(n,p(D)). If d < n, then there is a set
B c {0,1,...,d — 1} such that D = {v; : j = b(mod d) for some b € B}.
In particular, if n > 2251 11, then any odd dominating set is periodic with
a period that divides n.

Proof: By Proposition 7, there exists a p = p(D) such that for every j,
q(vj) = q(vj+p). Hence we infer that g(vj4mp) is constant where m =
0,1,2,.... However, working in Z,, we note that < p > generates a sub-
group of order n/d in Z, and in fact q(v;) = g(vj+4), proving the first part
of the corollary. The second part follows trivially from Proposition 7 and
the first part of the corollary. O

3 Grids

Parity domination in grids has been previously studied in (2, 6, 7, 8, 13].
In this section, we present some values of v,44(G) for various small grids
in the following table. The values of ¥(G) for grids are due to Jacobson [11].

Dimension | Case Yodd(G) 7(G)

ixn £

2xn n = 1(mod 2 =)
n=0(mod4) | n BLd
n=2(mod 4) [ n+2 Bre

Ixn n = 0(mod 6) | & Sl |
n =1(mod 6) | n Std |
n=2(mod6) [ n 2y
n = 3(mod 6) | n+2 Ja T
n = 4(mod 6) | 10{2] | 282
n=5(mod6) [n+1 i

4xn n=0(mod 5) | 2n n+1lifn=1,2,3,5,6,9; n otherwise
n=1l{mod5) | 6([2]-1)+2 | n+1ifn=1,2,3,5,6,9; n otherwise
n=2(mod 5) [ 6([2]-1)+4 | n+1ifn=1,23,5,6,9; n otherwise
n = 3(mod 5) | 10[2 n+1lifn=1,23,5,6,9; n otherwise
n=4(mod 5) | 6[2],n > 4 n+1lifn=1,23,5,6,9; n otherwise
n=4(mod 5) | 4ifn=4 n+1lifn=1,23,5,6,9; n otherwise

Note that the 1 x 1 grid and 2 x 2 grid are the only m x n grids having
Yodd = mn. It is of interest in the future to generalize these calculations,
perhaps by considering only grids having a unique odd dominating set,
which are characterized in [6].

We calculated these values of v,44(G), where G is an m x n grid as
follows, with the aid of a computer. Fix m. To compute v,44(G), for some
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m x n grid G, let ro be the zero vector with m elements. We index elements
in each m-element vector r from r[1] to r[m]. Now consider some arbitrary
binary m-element vector as r,. Inductively compute

rilf] = (L + rica[f] + ricali = Y+ rica [ + 1] + ri2[f])(mod 2) (1)

using “0” whenever the index is undefined (i.e., when j < 1 or j > n).
Iterate until an all-zeroes vector is obtained at vector rx4+) — that such an
all-zeroes vector must occur after a finite number of steps is shown in [6]
(using a simple pigeonhole principle argument which is detailed in [5]; an
essentially tight upper bound on when a row of zeroes must occur is shown
in [8]). The non-zero elements of r; ...7; (when these k m-vectors viewed
as a m x k grid) form an odd dominating set of the m x k grid [6]. That
is, using equation 1, we have found a solution to N(G)z = J, where G is
an m X n grid and J is the all-ones vector with mn elements. Continue the
induction until the recurrence starts either repeating itself or repeating its
mirror image (see example below). When the recurrence starts repeating
itself or its mirror image, we say the recurrence has become periodic. That
the recurrence becomes periodic after a finite number of steps again follows
from the simple pigeonhole argument from [5].

Repeating this process for all 2™ binary m-vectors as r; allows one to
deduce sizes of smallest odd dominating sets for all m x n grids, for the
given m. An example of this procedure follows. Consider m = 3 and choose
r=<110>.

000 ¢«
110 n
110 «nr
000 ¢r3
001 ¢y
100 715
000 ¢

0 1 1 + at this point the recurrence becomes periodic (rows seven
through thirteen will be the mirror image of rows one through six) since
<011 > is symmetric to r;.

We now know the 3 x n grid, n mod 6 = 5, has an odd dominating set
of size n + 1; it turns out this is the smallest odd dominating set for this
grid. Repeating this process for all eight possible choices for r;, allows one
to determine ~y,qq for all 3 x n grids.

Also note that the maximum ratio "—‘f;'(‘-é?)- in the grids listed in the table

is about Z. Trivially, ""7"%?1 < 5 for any grid G, since A(G) = 4 and thus
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7(G) > 2. The next theorem improves upon this bound for large m x n
grids.

Theorem 9 Let G be a m x n grid graph with n > 7. Then "‘j;"’GG < %.

Proof: As seen above, the theorem is true for m < 3. We prove a slightly
more general result in the case m > 4. Namely, that any application of
recurrence (2) in which rp is the all-zeroes vector of length n and r; is
some binary vector of length n for m > 4 rows has at most 5%”—‘- ones in
the resulting m x n 0-1 matrix, M. Since any dominating set of G must
contain at least B2 vertices, this will prove the theorem.

Observe that if we take an m x n 0-1 matrix that obeys recurrence (2)
and rotate it ninety degrees (either clockwise or counterclockwise), then
recurrence (2) is still obeyed on the n x m 0-1 matrix.

The proof is by induction on m. Fixn > 7 (the number of columns of the
grid). For m = 4 it is not difficult to verify the claim using recurrence (2)
and the fact the the recurrence is periodic. That is, we iterated recurrence
(2) until it became periodic, for each of the 16 possible choices for r;, where
71 is a length four binary vector. This was done with the aid of a computer.
In so doing it was confirmed that any 4 x n 0-1 matrix M wheren > 7,
generated by the recurrence has at most 2% ones. (The n > 7 is needed
to avoid the case when n = 6 and there exists a 4 x 6 matrix with 20 ones;
leading to a 6 x 6 grid with odd domination number 28.)

Now suppose m > 4. Then, by the inductive hypothesis, the first m — 3
rows of M (the matrix generated using recurrence (2)) have at most 4—"‘%7—32
ones. It is easy to check that any 4 x n 0-1 matrix constructed using recur-
rence (2) is such that the leftmost three columns (which contain 3n entries,
n > 7) have at most 127” entries equal to one (consider r; =< 0111 >
in recurrence (2)). These three columns will be the last three rows on M,
hence M can have at most i’.‘,—"‘ ones. O

Note that "";“GG cannot be bounded from above by any constant for an

arbitrary graph G. For example, from Theorem 2 we know that G = C’,(f_?)
has 7,44(G) = n and v(G) = 2. Of course, no graph has this ratio larger
than 2, since any graph G with ¥(G) = 1 has 7,44(G) = 1.

4 Extremal Results and Upper Bounds

4.1 Extremal Results

Theorem 10 Let G be a graph on n vertices. Then 7,4a(G) = n if and
only if G is an even-graph and N(G) is non-singular over GF(2).
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Proof: Suppose that N(G) is non-singular and all degrees in G are even.
Let J be the all-ones vector with n elements. Then D = V(G) is an odd
dominating set, and, as N(G) is non-singular, the equation N(G)z = J
has a unique solution, which must be D, and hence 7,q44(G) = n. Assume
now 7,44(G) = n. Then there can be no vertex of odd degree since for
such a vertex, v, it must hold that either v or a neighbor of v is not in D.
By standard linear algebra, if N(G) is singular and N(G)z = J has one
solution then it has at least two, but since V(G) is a solution, that would
imply another solution which has fewer than n vertices, a contradiction. O

‘We have seen in Theorems 1, 2, and 3 that the class of graphs satisfying
the constraints of Theorem 10 is non-empty.

4.2 Nordhaus-Gaddum Bounds

‘We now give an application of Theorem 10 to deduce a Nordhaus-Gaddum
type result. See [10, 12] for more information on these type of results.

Theorem 11 Let G be a graph on n vertices.

1) If n = 1(mod 2), then 7,4a(G) + Yodd(G) < 2n with equality if and only
if both G and G are even graphs and N (G') and N(G) are non-singular
matrices over GF(2). This bound is realized for n =1,5(mod 6) since, for
instance, Yodd(Cn) + Yoda(Crn) = 2n.

2) If n = 0(mod 2), then Y,4d(G) + Yoad(G) < 2n — 3.

Proof: For 1), it is required that 7,44(G) = n and 7,44(G) = n, hence the
first statement follows from Theorem 10. As to the cycles, this follows from
Theorem 2 and Theorem 3.

For 2), we first argue that it cannot be the case that both G and G
have odd domination number n — 1. Suppose 7,44(G) = n — 1 via odd
dominating set D. Then the subgraph induced by the n — 1 vertices in D
has an odd number of vertices, each with even degree in H. The lone vertex
v € V(G \ V(H)) has odd degree in G. Then in G, v has even degree and
each vertex in the subgraph of G induced by V(H) has even degree. So
clearly D is not an odd dominating set of G. Then an odd dominating set
D' of G of size n — 1 contains v and all of v's neighbors, because deg(v) is
odd in G, |D'| = n — 1, and there exists a vertex in G not adjacent to v.
Therefore the lone vertex not in D' is not a neighbor of v and must have
an even number of neighbors in D’.

If G has odd domination number n then each vertex degree must be
even. Then in G each vertex has odd degree. So V(G) forms an even
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dominating set for G. Therefore G must have an odd dominating set of
size at most % (see Theorem 12). O

We contrast Theorem 11 to the Nordhaus-Gaddum result for standard
domination [10], in which case it is easy to show that v(G) +¥(G) <n+1
for every graph G on n vertices.

Using a computer, we were able to verify that the graph Gy¢ in Figure
1 on ten vertices has Yo4a(G10) + Yoad(G10) = 2n — 4 (the key being that
each of G1p and Gjo has but one odd dominating set).

Figure 1. Yoa4(G10) + Y0dd(G10) = 2n —4

The justification to hope for realizing the 2n—4 bound by further graphs
is as follows. The general idea behind constructing graphs as in Figure 1
is as follows. Let H be a graph with A the set of all vertices of H with
odd degree, and B those with even degree. Let C be any graph with all
degrees even, and let D be a graph with all degrees odd. Construct a graph
G as follows: V(G) = V(H)UV(C)UV (D). E(G) = E(H)UE(C)U E(D)
plus the following edges: 1) edges from C to A such that each vertex in C
and A have an even number of such edges; 2) edges from C to B such that
each vertex in C and B have an odd number of such edges; 3) edges from
A to D such that each vertex in D has an even number of such edges, and
each vertex in A has an odd number of such edges; and 4) edges from B to
D such that each vertex in D has an odd number of such edges, and each
vertex in B has an even number of such edges. In Figure 1, C are the two
leftmost vertices and D are the two rightmost vertices.

Then V(H) U V(D) is an odd dominating set for G And V(H) U V(C)
is an odd dominating set for G. It is easy to show that the cardinality of
A, of V(D), and of the sum of the cardinalities of V(C) and V' (B) are all
even numbers. In this construction, one must avoid the case when every
vertex degree in the subgraph of G (or of H) induced by V(B) is even, in
which case V' (A) is an even dominating set for G, implying there is an odd
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dominating set that is “too small.” One must then check that G and G
have no even dominating sets.

4.3 Bounds on .4

Theorem 12 Let G be a graph on n vertices.

a) If G is an odd-graph, then v,44(G) < n/2.

b) Let V; be the set of vertices of odd degree in G, and let K be the largest
subset of V1 such that for u,v € K,d(u,v) > 3. Then v,44(G) < n — |K]|.

Proof: a) Let D be an odd dominating set of G. A moments reflection
reveals that D = V' \ D is also an odd dominating set, because if v ¢ D
then |N[v] N D| = 1(mod 2), and since |D| + |D| = n the result follows.
b) Observe that if v is a vertex of odd degree and D is an odd dominating
set, then it is impossible that N[v] C D. Hence for every vertex in K, we
lose at least one vertex from its closed neighborhood, showing v,44(G) <
n—|K|.O

Following the notation of Amin, Clark, and Slater [1], let pd(G) denote
the rank of the null space of the matrix N(G). We shall now derive an
upper bound for ¥,44(G) in terms of n and pd(G).

Theorem 13 Suppose pd(G) = k, then v4a(G) < n — 2r where 2r is

the least integer such that 1 + ( ; + ( Z ) +.o ( 2':. ) <2 In
particular, Y,44(G) <n - {%&9)‘-.

Proof: By the results of [1], there are exactly 2P4S) odd dominating sets
of G and they all have the same cardinality, modulo 2. So the rest is an
estimation of the worst possible case when all these 2P4(®) sets are as large
as possible. O

Theorem 14 Let T be a tree on n > 2 vertices, then v,44(T) < n — 2 with
equality in the following cases:

a) T is a double star Sy, , where n =1 and m = 0(mod 2).

b) T is a double star Sy, n, where n =m = 1(mod 2).

¢) T is constructed from a double star Sy, , where n = m = 0(mod 2) by
subdividing the central edge into a path on three vertices.

Proof: Let s(T) be the number of stems in T, namely vertices adjacent to
an end-vertex of T'. For every end-vertex v of T either v or the neighbor
of v in T must be in an odd dominating set D, but not both. Hence
Yoad(T) < n — 8(T). Since n > 2 and since s(T) = 1 only for stars for
which 7,44(T) = 1, we must in the extremal case have s(T) = 2. It is
easy to check, for a tree T' which belongs to one of the families described
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above, that v,44(T") = n — 2. Let us consider the other possibilities where
s(T)=2.

Suppose first that diam(T') = 3 and s(T') = 2. Then T is a double star
with central vertices z and y of degree greater than one and z adjacent to
m end-vertices. It is routine to verify that if n» > 1 and m = O(mod 2),
then an odd dominating set is D = {the m end-vertices} U {y} and |D| =
m + 1 < |T| — 2. The other cases are described in a) and b) above.

Suppose next that diam(7")=4. Then T consists of three central vertices
z,y, z where z is adjacent to n end-vertices, z is adjacent to m end-vertices
and y is adjacent to only z and z. There are two cases to consider.

1) n = m = 0(mod 2). This case (n,m > 0) is given is given in part c) of
the statement of the theorem. The only odd-dominating set in this case is
D=V \{z,z}.

2) m = 1(mod 2). Take D = {:c} U{N (z) \ y} which is an odd-dominating
set of cardinality at most |T'| —

Lastly, suppose diam(T) > 5. Then T consists of central vertices
z1,...,%; of degree greater than one each, where k > 4 and z; is adja-
cent to n > 0 end-vertices and z; is adjacent to m > 0 end-vertices. We
consider three cases according to the value of ¥(mod 3).

(1) k = 0(mod 3), and, say , n = 1(mod 2), then take D = N(z;1) U {z; :
j = 0(mod 3)} as an odd dominating set of cardinality less than |T| —
Otherwise both n and m are even and take D = N(z;)UN(zx)U{z;:j =
2(mod 3)} as an odd dominating set of cardinality less than |T'| — 2, since
k>4

(2) k = 1(mod 3). Take D = {z; : j = 1(mod 3)} as an odd-dominating
set of cardinality less than |T| -

(3) k£ = 2(mod 3), and, say, n = 0(mod 2), then take D = N(z;) U {z; :
j = 2(mod 3)} as an odd dominating set of cardinality less than |T'| -
Otherwise both n and m are odd and D = N(z;) UN(zx)U {z; : j =
0(mod 3)} is an odd dominating set of cardinality less than |T'| - 2. O

5 Stability of the Odd Domination Number

In this section we consider the effect of the deletion of a vertex or an edge
on Yoad(G)-

79



Theorem 15 Let G be a graph on n vertices and v @ vertez of G.

a) If n = 0(mod 2), then |Yodd(G) — Yoda(G — v)| £ n — 1, with equality
if and only if G is an even-graph with N(G) non-singular over GF(2) and
with mazimum degree equal n — 2. An example is Kopy— I-factor.

b) If n = 1(mod 2), then |Yodd(G) — Yodd(G — v)| £ n — 2, with equality
when G is a star K1 -1 (where v,4d(G) = 1 and v the “center” of the
star) or in case n = 5(mod 6) end G is the wheel minus one edge incident
with the “center” of the wheel (which we denote as Wy, — e) in which case
Y0dd(G) =n — 1, and v is the vertex of the degree two.

Proof: Let us analyze how can we get a difference n — 1. Clearly this can
occur only if 7,44(G) = n and 7,44(G — v) = 1. Hence G is an even-graph
with N(G) non- singular over GF(2) and with maximum degree equal n—2,
as degree n — 1 forces v,44(G) = 1. It is easy to see that a graph that
realizes the conditions of case 1) has the property that v,44(G) = n and
7Yodd(G — v) = 1. To see that this family of graphs is not vacuous consider
the graph G = Koa,,— 1-factor. This is the graph Kz 2.22.2,...2(m times).
So by Theorem 1, 4,44(G) = 2m. Deleting any vertex v from G results
in a graph G — v with a dominating vertex (the “couple” of v, i.e., the
vertex matched with v in the missing 1-factor) and hence, Yo44(G —v) =1
and |7,4d(G) — Yoad(G — v)] = n — 1. For n odd, n — 2 is odd and by
Theorem 10 and the above argument we infer that v,44(G) < n and hence
Yodd(G) —7Yodd(G—v)| < n—2. It is easy to check that the graphs mentioned
realize the extremal value. O

Theorem 16 Let G be a graph on n vertices and e an edge of G. a) If
n = 0(mod 2), then |Yodd(G) — Yodd(G — €)] £ n — 1 with equality if and
only if G has a verter v and an edge e incident with v such that deg(v) =
n—1 and G — e is an even-graph with N(G — e) non-singular over GF(2).
These requirements are satisfied for every n = O(mod 2) by the graphs
G = Ck + edge,k = (n — 2)/2.

b) If n = 1(mod 2), then |70dd(G) — Yodd(G — €)] £ n — 2. This extremal
value is achieved for n = 5(mod 6) by the wheel, Wi,.

Proof:

a) We assume n = 0(mod 2). If |7,4d(G) — ¥oad(G —e€)| = n—1, then either
Yoad(G) = 1 and 7,44(G — €) = n, or Y,4d(G) = n and Yoaa(G — €) = 1.
If ¥044(G — €) = 1, then also ¥,44(G) = 1 (with the same dominating ver-
tex), and hence the second case is void. So it remains that 7,44(G) = 1
and v,44(G — €) = n. But this implies that N(G — e) is non-singular over
GF(2) and G — e is even, by Theorem 10. Furthermore, adding back the
edge, e, we get a dominating vertex v incident with e, that must be of
degree n — 1. On the other hand it is easy to see that a graph G which
satisfies the constraints has 7,44(G) = 1 and 7,44(G — €) = n, and hence
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is the required graph, proving 1). It is easy, considering Theorem 2, to
see that G = CF + edge, k = (n — 2)/2 realizes the upper bound for every
n = 0(mod 2).

b) We now assume that n = 1(mod 2). By the above argument, if
[Y0dd(G) — Yodd(G — €)] = n — 1, then it must be the case that 7,44(G) =1
and 7,44(G — €) = n, and G contains a vertex v of degree n — 1 which
must be odd as G — e is an even-graph. Thus n must be even. But, since
n = 1(mod 2), we infer that |Y,dd(G) — Yodd(G — €)| < n —2.

We show now that if G = W, the wheel on n vertices, n = 5(mod 6),
then for some edge, e, |704d(G) — Yoda(G — €)| = n — 2. W, consists of a
vertex v adjacent to all the vertices of a cycle whose vertices are labeled
U, W1,...,Wn—2 ,where u is adjacent to w; and wp—3. Clearly, Yoaa(Wp) =
1. Consider W, — e where e = (u,v). We have to show that y,4q(Wy, —€) =
n — 1. We prove this by showing that the vertex v cannot be in any odd
dominating set D. This in turn implies that an odd dominating set D must
be an odd dominating set of the cycle Cn—; and, as n — 1 = 4(mod 6),
we infer, by Theorem 2, that |D| = n — 1 as needed, since v hasn — 2 =
3(mod 6) neighbors in the cycle. So suppose there is an odd dominating
set D such that v € D. We now consider two subcases, depending on
whether or not v € D.

1) Assume first that u € D, then either w; and w,—2 are both in D or both
are not in D.

Case i) Suppose both w; and wy—2 are in D. Then clearly w; and w,,_3 are
in D while w3 and w,_4 are not in D, and so forth, where w;, j = 0( mod 3)
is not in D. But this would force wy—2 to not be in D as n—2 = 3(mod 6),
a contradiction.

Case ii) Suppose both w; and wy—2 are not in D. Then clearly w,_3 and
Wp—4, as well as ws and ws, are in D while w4 is not in D and so forth,
where w;,j = 1(mod 3) is not in D. However, this would force wy,—4 to
not be in D, as n — 4 = 1(mod 6), a contradiction.

2) Assume now that u ¢ D, then we may assume without loss of generality
that wy € D and that w,—; ¢ D. But then, w; is in D while w3 is not in
D and so forth, where w;, j = 0(mod 3) is not in D. However, this implies
that |N[wn_2] N D| = |[{wn-3,v}| = 0(mod 2), contradicting the fact that
D is an odd dominating set. This completes the proof. O

6 Additional Results and Open Problems

We have studied the parameter, 7,44(G), representing the size of a mini-
mum cardinality odd dominating set, in various classes of graphs. We also
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have studied how 7,44(G) may change when a vertex or edge is deleted from
G. In this section, we list some future directions based upon the results
given in this paper.

Problem 1. It would be interesting to determine the values of 'yodd(C—,’;),
for each k£ > 2 (preferably in a manner other than the rather tedious ap-
proach used in Theorem 4).

Problem 2. Let G = CE. Can one derive a better bound for p(D) < 22¢+17
In particular, is it true that p(D) < 2k(k + 1)? Some hope for resolution
comes from a tight bound on the related recurrence for even dominating sets
in grids proven in [8]. Can one derive a better bound for p(r) < 22¥+1 for
some initial combination #? In particular, is it true that p(D) < 2k(k+1)?

An example of a combination 7 of length 7 = 2k + 1 that becomes peri-
odic after 2k(k+1) steps for k = 3 is < 01110101 > which gives an odd dom-
inating set of size 12 for C3,: {v;|j = 1,2,3,5,7,11,12,14, 16, 18, 20, 21, 22}
which is not periodic but has a mirror symmetry.

Problem 3. We suspect that a tighter bound on Lt;’(“(—_%)@ for sufficiently
large grid graphs than the one given in Theorem 9 is possible. From the
example stated in section three, we know there exist large grids such that
7‘::“‘6.6 > 22 and perhaps this is the correct bound, though requiring both
dimensions to be sufficiently large may enable an even better bound.

Problem 4. Find an infinite family _of even-order graphs such that each
graph in the class has Y,44(G) + 7,44(G) = 2n — 4 (or 2n — 3). Likewise for
graphs with n = 3(mod 6) vertices.

We believe that other issues, such as independent odd domination or
characterizing the size of the largest odd dominating set in a graph, may
also be interesting.

Acknowledgments The authors wish to thank Robert Molina, John
Goldwasser, and Raphael Yuster for helpful discussions and the anonymous
referees for their valuable comments.

References

[1] A. Amin, L. Clark, and P. Slater (1998), Parity Dimension for Graphs,
Discrete Mathematics, vol. 187, pp. 1-17

82



[2] A. Amin and P. Slater (1992), Neighborhood Domination with Parity
Restriction in Graphs, Congressus Numerantium, vol. 91, pp. 19-30

[3] A. Amin and P. Slater (1996), All Parity Realizable Trees, J. Comb.
Math. and Comb. Comput., vol. 20, pp. 53-63

[4] Y. Caro (1996), Simple Proofs to Three Parity Theorems, Ars Comb.,
42, pp. 175-180

[5] J. Goldwasser, W. Klostermeyer, G. Trapp, and C.-Q. Zhang (1995),
Setting Switches on a Grid, Technical Report TR-95-20, Dept. of Statis-
tics and Computer Science, West Virginia University,

[6] J. Goldwasser, W. Klostermeyer, and G. Trapp, (1997), Characterizing
Switch-Setting Problems, Linear and Multilinear Algebra, vol. 43, pp.
121-135

[7] J. Goldwasser and W. Klostermeyer (1997), Maximization Versions of
“Lights Out” Games in Grids and Graphs, Congressus Numerantium,
vol. 126, pp. 99-111

(8] J. Goldwasser, W. Klostermeyer, G. and H. Ware (2000), Fibonacci
Polynomials and Parity Domination in Grid Graphs, to appear in Graphs
and Combinatorics

[9] M. Halldorsson, J. Kratochvil, J. Telle (1999), “Mod-2 Independence
and Domination in Graphs,” Proceedings Workshop on Graph- Theoretic
Concepts in Computer Science 99, Ascona, Switzerland, Springer-Verlag
Lecture Notes in Computer Science

[10] F. Harary and T. Haynes (1996), Nordhaus-Gaddum Inequalities for
Domination in Graphs, Discrete Mathematics, vol. 155, pp. 99-105

[11] M. Jacobson and L. Kinch (1984), On the Domination Number of
Products of Graphs, Ars Combin., vol. 18, pp. 33-44

[12] E. Nordhaus and J. Gaddum (1956), On Complementary Graphs,
Amer. Math. Monthly, vol. 63, pp. 175-177

[13] K. Sutner (1989), Linear Cellular Automata and the Garden-of-Eden,
The Mathematical Intelligencer, vol. 11, no. 2, pp. 49-53

83



