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Abstract

An extended 5-cycle system of order n is an ordered pair (V, B), where
B is a collection of edge-disjoint 5-cycles, 2-tadpoles and loops which
partition the edge of the graph K} whose vertex set is n-set V. In this
paper, we show that an extended 5-cycle system of order n exists for all
n except n =2 and 3.

1 Introduction.

Let G be a graph and G* be a graph which is obtained by attaching a
loop to each vertex of G. For terms and notation not defined here, the reader
is referred to the book by G. Chartrand and L. Lesniak [2]. As usual, K, and
Kum,n denote the complete graph and the complete bipartite graph, respectively.
And Kpn) [2] denotes the complete partite graph with m parts of size n. Let
G and H be two graphs. The graphs GU H and G + H denote the union and
join of G and H and G is a complementary graph of G. In the following, we
depict the subgraphs of K} which will be used in the decomposition.
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For convenience, we denote the loop as (l), the tadpole of length 2 (or say
2-tadpole) as (a, b, c) and the 5-cycle as (z,y, 2, s, t).

A 5-cycle system of graph G is an ordered pair (V(G),C), where C is a
collection of edge-disjoint 5-cycles whose edges partition the edges of G. A 5-
cycle system of order n is a 5-cycle system of K. In 1966 Rosa (8] proved
that a 5-cycle system of order n exists precisely when n = 1,5(med 10). Sub-
sequently, 5-cycle systems and their properties have been examined by many
other researchers; see for instance Lindner and Stinson [4], Lindner and Rosa
(6], and Billington, Hoffman and Maenhaut [1]. In 1997, Lindner and Rodger (5]
generalized the idea of cycle system by working on decompositions of the graph
K.

An extended 5-cycle system of a graph G is an ordered pair (V(G), B),
where B is a collection of edge-disjoint 5-cycles, 2-tadpoles and loops whose
edges partition the edges of G. An extended 5-cycle system of order 7 is an
extended 5-cycle system of the graph K;¥. We denote by E5CS(n) the class of
all the extended 5-cycle systems of order n and if (V, B) is an extended 5-cycle
system of order n, we write B € E5CS(n) or (V, B) € E5CS(n). We say that
E5CS(n) exists if there is a system (V, B) € E5CS(n). Similarly, we denote the
classes of all the 5-cycle systems of G, the 5-cycle systems of order n and the
extended 5-cycle systems of G by 5CS(G), 5CS(n) and E5CS(G), respectively.

2 Small Case

In this section, some extended 5-cycle systems for small order are presented.

Example 2.1 By € ESCS(4), where By = {(4), (1, 2, 4), (2, 3, 1), (3, 4, 1)}.

Bs € E5CS(5), where Bs = Bs(1, 2, 3, 4, 5) = {(1), (2), (3), (4), (5), (1, 2, 3,
4,5),(1,3,5,2,4)}

Ts € E5CS(5), where Ty = {(1, 2, 4), (2, 3, 5), (3, 4, 1), (4, 5, 2), (5, 1, 3)}.

Bg € E5CS(6), where Bg = {(6), (1, 2, 6), (2, 3, 6), (3, 4, 6), (4, 5, 6), (5, 1,
6), (1, 3, 5, 2, 4)}.

By € E5CS(7), where By = {(2),(3),(5),(7), (1, 5, 4), (4, 3, 6), (6, 7, 1), (1,
3,5,2,4),(1,6,4,7,2),(2,6,5,7, 3)}

104



Bg € E5CS(8), where Bg = {(4),(6),(7),(8), (1, 5, 4), (5, 7, 6), {2, 6, 8), (3,
8,7, (1,35, 24),(1,6,4,72), (2,85,6,3), (3,7, 1,8, 4)}.

By € E5CS(9), where By = {(1),(3), (4), (5), (6),(8), (2, 8, 9), (7, 9, 2), (9, 6,
7)! (1) 3’ 5’ 2! 4)’ (1’ 6! 3) 7! 2)! (2! 67 41 9’ 3)’ (3’ 8) 5' 7’ 4)) (4’ 8, 1) 9, 5), (5’
6,8, 7, 1)}.

Bio € E5CS(10), where Byo = {(i) | i =6, 7,..., 10} U {(1, 3, 8), (2, 4, 10),
(3,5, 7), (4 1, 9), (5, 2, 6), 6,7, 89, 10), (6,8, 10,7, 9), (1, 6,4, 7, 2), (2,
8,5,9,3), (3,10, 1, 8,4), (4, 9, 2, 10, 5), (5, 6, 3, 7, 1)}.

By € E5CS(11), where Byy = {(3) | i = 1,2,---,11}U{(1, 6, 2, 7, 11), (2, 8,
3,9, 11), (3, 10, 4, 6, 11), (5, 9, 1, 10, 11), (1,2, 3, 4, 5), (6, 7, 8, 9, 10), (4, 7,
5, 8,11), (1, 3, 5,2, 4), (5,6, 3,7, 10), (2,9, 4, 8, 10), (1, 8, 6,9, 7)}.

By € E5CS(12), where B2 = {(5)$ (7)! (11)) (12)$ (1) 12, 5)1 (2: 8, 12)! (3,
10, 11), (4, 9, 12), (6, 11, 7), (8, 11, 4), (9, 11, 12), (10, 12, 4), (1, 6, 3, 7, 2),
2, 6, 4,8,3), (3,9, 5,7, 4), (4, 10, 1, 8, 5), (5, 10, 2, 9, 1), (1, 3, 5, 2, 4), (6,
7,8, 9, 10), (6, 8, 10, 7, 9), (11, 1, 7, 12, 2), (11, 5, 6, 12, 3)}.

B3 € E5CS(13), where Bz = {(1),(2), (3), (4), (6), (7, (9), (12), (13), (10,
13, 5), (5, 11, 8), (11, 12, 10), (8, 13, 11), (1, 3, 5, 2, 4), (1, 6, 3, 7, 2), (2, 6, 4,
8, 3), (3,9, 5,7 4), (410, 1,8, 5), (5 10, 2,9, 1), 6, 8,10,7,9), (6,7, 8,9,
10), (11, 6, 5, 12, 1), (11, 2, 8, 12, 3), (13, 1, 7, 12, 2), (13, 3, 10, 11, 4), (12,
4,9,13,6), (12, 9, 11, 7, 13)}.

Bis € E5CS(14), where Byy = {(6), (7), (8), (9), (10), (14), (3, 6, 8), (1, 8,
10), (2, 10, 7), (4, 7, 9), {5, 9, 6), (11, 12, 13), (12, 14, 13), (13, 11, 14), (1, 11,
3,12, 2), (6, 13, 8, 14, 7), (2, 11, 4, 14, 3), (7, 13, 9, 12, 8), (3, 13, 5, 12, 4),
(8, 11, 10, 14, 9), (4, 13, 1, 14, 5), (9, 11, 6, 12, 10), (5, 11, 7, 12, 1), (10, 13,
2, 14, 6), (1, 6, 5, 7, 3), (3, 9, 2, 8, 5), (5, 10,4, 6, 2), (2,7, 1, 9, 4), (4, 8, 3,
10, 1)}.

3 Main Theorem

We know that the spectrum of 5CS(n) is n = 1, §(mod 10). From this system,
we can construct an extended 5-cycle system of order n as follows.

Theorem 3.1 E5CS(n) ezists for n = 1,5(mod 10).

Proof: Let B = {(i) |i=1, 2, ---, n} UC, where C € 5CS(n), then B €
E5CS(n). »

Theorem 3.2 E5CS(n) ezists for n = 2,6(mod 10), n > 6.
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Proof: Let (W}, C) € 5CS(n—1) with one 5-cycle ¢; = (z1, z2, 3, 24, z5) € C,
wheren =2k and V; = {z; |i=1,2,---,2k~1}. Let V = VU {a} and
B = (C\{a}U{{z, a, T2i+1) | i = 3,4, -, k= 1}U{(z;, ziy1, 0) | i =1, 2,
3, 4} U {{(zs, =1, a),(a)}U{(z:) | i =86, 7, ---,k—1}, then (V, B) € E5CS(n). g

Theorem 3.3 E5CS(n) ezists for n = 3,7(mod 10), n > 7.

Proof: Let (V3,C) € 5CS(n—2) with one 5-cycle ¢; = (x1, %2, z3, %4, 25) € C,
wheren=2k+1land Vj ={2;1i=1,2,---,2k—1}. Let V=V, U{a, b} and
B = (C\ {a})V{{z1, q, b), {(a, zs, z1), (b, 24, @), (1, %2, @, 73, b), (22, T3,
z4, 5, b))} U {(z2, @, T2i41), (T2i41, by 22} [§=3, 4, -+, k- 1}U{(m:) | i =2,
3, 4, 5}, then (V,B) € E5CS(n). a

In 1999, Billington, Hoffman and Maenhaut [1] obtained the following re-
sults:

Lemma 3.4 (1] 5CS(Kps)) ezists for all non-negative odd integer m.

Take two disjoint 5-cycles C; and Cz, where C; = (1, 2, 3, 4, 5) and Cz =
(6, 7, 8,9, 10). A consideration of the following four graphs shows that the
corresponding extended 5-cycle systems exist.

Case 1. Let G, = (C1 U C2)* + K3, where the vertex set V(K3) = {21, 2,
13}, and Sl = {(4)) (7); (8)1 (9)’ (10)’ (1: 5, 4)1 (2; I, 7)1 (3: Z3, 8)) (5’ T2, 10):
(61 10, 9): (1’ z1, 4, 22, 2); (2» z3, 5, 1, 3): (3’ x2, 1, x3, 4)) (61 z1, 9, z2, 7)a
(7t z3, 10, z,, 8)1 (8’ z2, 6, z3, 9)}° Then Sl € ESCS(GI)'

Case 2. Let G = (C U C2) + K4, where the vertex set V(K,) = {z1, =2, T3,
34}3 and S2 = {(1) I, 3: x2, 2): (2: 1, 41 T4,y 3)1 (3) z3, 5: T2, 4): (4’ 3, 1': Z4,
5)v (5a z1, 7, T2, 1): (6: x3, 8, 4, 7), (7) z3, 9, T2, 8), (81 z1, 10, z4, 9)1 (91 Zy,
6, z3, 10), (10, z3, 2, z4, 6)} Then S, € 5CS(G2).

Case 3. Let G3 = (C) UC,)* + Ks5, where the vertex set V(Ks) = {z1, 72, T3,
T4, 15}, and S3 = {(1,) |1{=6,7,---, 10} U {(1, T4, 6), (2, , 7), (3, T3, 8), (4,
zs, 9), (5, z2, 10), (1, z1, 4, x2, 2), (2, x3, 5, x4, 3), (3, =5, 1, x3, 4), (4, z4, 2,
s, 5)) (5: i, 3: T2, l)t (6a T, 91 T2, 7), (71 z3, 10) T4, 8)a (8s s, 6: z3, 9), (9,
x4, 7, T3, 10), (10, 1, 8, T2, 6)} Then S5 € E5CS(G3)

Case 4. Let G4 = (C1 UC2)" + Ko, where the vertex set V(Kg) = {z: | i =1,
2,---,9}, and Sy = {(3) | i =6, 7, ---, 10} U {{1, e, 6), (2, T7, 7), (3, o, 8),
(4y s, 9): (5, Z4, 10)1 (la z1, 3, T2, 2): (21 z3, 4, T4, 3)7 (33 x5, 5, s, 4)’ (4$ Z7,
1, zg, 5)1 (51 Tg, 2, T4, l)a (la 3, 51 X7, 3), (31 Zg, 2, T1, 5)) (5’ T2, 4, Zs, 2): (21
zs, 1, z9, 4)3 (4a z1, 8, z2, 1)1 (6’ z3, 8, zs, 7)s (7a z1, 9, Z4, 8)) (81 zs, 10, zg,
9), (9, z7, 6, z2, 10), (101 z9, 7, T4, 6)1 (6, 1, 10, z7, 8): (8) g, 7’ I3, 10)1 (10,
zs, 9, T2, 7), (7, zs, 6, Zg, 9), (9, z3, 3, zs, 6)}. Then S; € ESCS(G,).
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Theorem 3.5 E5CS(n) ezists for n = 8,9,10,4(mod 10), n > 8.

Proof: For n = 8, 9, 10, 4(mod 10), we write n = (10k + 5) + r, where
r =3, 4, 5, 9, respectively. Let the vertex set of K} be § = {i; |[i =1, 2,
-, 241 5=1,2,---,5}UV, where V = {z; | ¢ = 1,2,---,r}. The graph
K} can be regarded as a union of subgraphs K(2x41)(s) , 2k + 1 copies of KF
and the join of K;* and Kjor4+5. The complete partite graph K(ak41)(5) With
partition sets {i; | j=1,2,---,5},i=1,2, ---, 2k + 1, can be decomposed
into 5-cycles by Lemma 3.4 and the graph 2ng" can be decomposed by Bs(i;,
ig, -+, i5), for i = 1, 2, -+, 2k. For the remaining decompositions, there are
four cases to consider according to 7.

Case 1. r = 3. First, for eachi = 1,2, ---, k, we take the 10 loops {((2i-1);),
((20);) 17 =1,2,---, 5} and two cycles {((2i — 1), (2i — 1)2, -+, (2i = 1)s),
((2i)1, (28)2, -+, (2i)s)} from the decomposition of 2kK7. Then, combining
with K310 with partite sets V and {(2¢ - 1);, (2i); |7 =1,2,---, 5}, we have
G, which can be decomposed into loops, 2-tadpoles and 5-cycles by Lemma 3.4.

Case 2. r=4. Foreachi=1,2,---,k, we take two cycles {((2i—1)1, (2i—1)2,
eev, (2i=1)s), ((2)1, (26)2, - -, (21)5)} from the decomposition of 2kK. Then,
combining with Kj 1o with partite sets V and {(2i —1);, (2¢); [ i =1,2, ---,
5}, we have G2 which can be decomposed into 5-cycles by Lemma 3.4.

Case 3. r =5. Foreachi =1, 2, :--, k, we take the 10 loops {((2¢ —
1);),(2i)3) | § = 1,2,-+-,5} and two cycles {((2i — 1)1, (26 — 1)z, -, (2 -
1)s), ((2i)1, (28)2, - - -, (24)s)} from the decomposition of 2kK7. Then, combin-
ing with K3 10 with partite sets V and {(2¢—1);,(2i); | j = 1,2,--,5}, we have
G5 which can be decomposed into loops, 2-tadpoles and 5-cycles by Lemma 3.4.

Cased. r =29 Foreachi=1,2 -, k, we take the 10 loops {((2¢ —
1);),((2);) | § = 1,2,---,5} and two cycles {((2¢ — 1)1,(2i — 1)2,---, (2 -
1)s), ((2i)1, (26)2,- -+, (28)5)} from the decomposition of 2kK7F. Then, combin-
ing with Kg 10 with partite sets V and {(2i—1);,(2i); | j = 1,2,---,5}, we have
G, which can be decomposed into loops, 2-tadpoles and 5-cycles by Lemma 3.4.

Finally, by putting Bsy.. on the vertex set {(2k+1); |j =1,2,---,5} UV,
we have obtained a decomposition of K;¥ consisting of loops, 2-tadpoles and
5-cycles. So, E5CS(n) exists for n = 8,9, 10,4(mod 10). g

Using Example 2.1 and Theorem 3.1, 3.2, 3.3 and 3.5, we obtain the following
result:

Main Theorem An extended 5-cycle system of order n exists for all n except
n=2and 3.
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