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Abstract

We establish that up to an isomorphism there are exactly 88 per-
fect 1-factorizations of Ky having nontrivial automorphism group.
We also present some related results.

1 Introduction

A factor of a graph G is a set of edges of G that partition the vertex-set
of G. A 1-factorization (OF) of G is a partition of the edge-set of G into
1-factors. For a survey of known results on 1-factorizations of the complete
graph Koy, see [13], [21].

A 1-factorization of a graph G is perfect if the union of any two of its
distinct 1-factors is connected, i.e. is a Hamiltonian cycle (cf. [18]). More
generally, a 1-factorization of G is uniform if the union of any two of its

distinct 1-factors is isomorphic to the same (2-regular) graph Q.

Perfect 1-factorizations of the complete graph K3, have been enumer-
ated for 2n < 14. There is a unique perfect OF of K>, for 2n = 4, 6, 8, and
10 ([13]), there are exactly 5 nonisomorphic 1-factorizations of Kj2 [16],
and there are exactly 23 nonisomorphic 1-factorizations of Ky4 [19], [5].

It appears that there are only two nonisomorphic perfect 1-factoriz-
ations of K1 known in the literature: the unique perfect 1-rotational OF
of K (also called starter induced, see [1]), and the perfect OF discovered
by Kotzig in the early 60s [11] (also called even starter induced, see [1]).
The full automorphism groups of these perfect OFs are the cyclic groups
of order 15 and 14, respectively.

As an initial step towards the complete enumeration of perfect 1-factor-
izations of K6, we undertook the computational task of determining all
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nonisomorphic perfect 1-factorizations of Kjs with nontrivial automor-
phism group. As shown in this paper, they number 88, and they are all
listed in the Appendix. In our task we were greatly assisted by theoretical
* results of Ihrig, as they apply to the case of 16 vertices (9}, [10], [7].

As an aside, we also verify that, apart from the perfect 1-factorizations,
the only uniform 1-factorizations of Kap,2n < 16, are the known ones. We
also determine the spectra of maximal perfect sets of 1-factors, as well as
maximal uniform sets.

2 Perfect 1-factorizations

Clearly, the only primes that can divide the order of the automorphism
group of a perfect OF of K¢, are 2, 3,5, and 7. Moreover, it follows from
[9] and [10] that if  is an automorphism of a perfect OF of K, then the
cycle structure of o must be one of the following:

(1) 11150 (2) 1214} (3) 1272 (4) 1*5% (5) 1%3° (6) 1%2".

It is well known that there is a unique perfect OF of K3 admitting
an automorphism with cycle structure of type (1), or of type (2) (cf. [1]).
Thus in order to generate new perfect 1-factorizations of Kjg, it suffices to
concentrate on the cases (3) to (6). For each of these cases in turn, we gen-
erated perfect OFs by using orderly algorithms as outlined in minute detail
in [19] (see also [20]), with only minor modifications, and using canonical
forms to generate only nonisomorphic perfect 1-factorizations. It is implicit
in [3), [4], [19], [20], and can be traced as far back as to the seminal paper
by Miller [12] that there is a polynomial time algorithm for deciding iso-
morphism of perfect 1-factorizations of complete graphs. To our surprise,
we did not find an explicit mention of this, other than in the manuscript
[15].

We dealt with each of the cases (3) to (6) independently of each other,
and only afterwards compared the canonical forms of the perfect 1-factor-
izations obtained in each of these four cases. The number of perfect OFs
obtained is as follows: the number of nonisomorphic perfect OFs of K¢
in cases (1) to (6) is 1,1, 4,6, 20, and 60, respectively. The nonisomorphic
perfect OF's of type (3) and (6) include the unique perfect OF of type (2),
and those of type (4) and (5) include the unique perfect OF of type (1); there
are no other ”cross-over” types. The order of the full automorphism group
of perfect OFs of type (3), (4), (5), and (6) is 7,5,3, and 2, respectively.
The total number of perfect 1-factorizations of Ki1s with nontrivial group
is thus 88.

In the process, we have also verified the results obtained earlier in [16]
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and [5] on perfect OFs of K2 and K4. It is interesting to compare the time
needed to generate perfect OFs for complete graphs with 12, 14, and 16 ver-
tices, respectively. It took less than 1 second to obtain the 5 nonisomorphic
perfect OFs of K2, and 471 minutes to obtain the 23 nonisomorphic perfect
OFs of K14. The time needed to generate and classify the 88 nonisomorphic
perfect OFs of K¢ with nontrivial group was 1714 minutes.

For an easy distinguishing of the obtained perfect OFs, we calculated for
each of these also its train invariant (cf. [6]) and its tricolour invariant (cf.
[8]); both of these are O(n3) invariants. The train invariant distinguishes
completely all 88 obtained perfect OFs while the tricolour invariant fails to
distinguish just one pair (No.30 and No.56 - see the Appendix).

3 Related results

3.1 Uniform 1-factorizations

We also performed a complete enumeration of uniform 1-factorizations of
Ko, other than the perfect ones, for 2n < 16. There are no uniform OFs
other than the known ones. In other words, we have:

Theorem 1 If F is a uniform 1-factorization of Kon,2n < 16, then F is
one of the following: '

(a) a perfect 1-factorization

(b) a uniform I-factorization of Kg of type 4+4

(¢) a uniform 1-factorization of Kyo of type 4+6

(d) a uniform 1-factorization of K12 of type 6+6

(e) a uniform 1-factorization of Kig of type 4+4+4+4.

The 1-factorizations in cases (b), (c), (d), (e) are unique up to an iso-
morphism and are well-known; c.f., e.g., [2].

3.2 Maximal perfect and uniform sets of 1-factors

Let Q be a 2-regular graph with n vertices. A set F = {Fw,...,Fs} of
(edge-disjoint) 1-factors is uniform if the union F;UF; ~ Q for all 4, 5, # j.
A uniform set F is mazimal if there is no 1-factor F' ¢ F such that FU F
is also a uniform set.

Let Mg(2n) = {s : there exists a maximal uniform set of s 1-factors
of Ka,}. The set Mg is the spectrum for maximal uniform sets. When Q
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is connected, i.e. when it is a Hamiltonian cycle, the spectrum is denoted
by Mpery(2n); otherwise, we represent the 2-regular graph @ simply as a
partition of 2n.

The spectrum Mpers(2n) has been determined for 2n = 4,6,8 in [17)
and for 2n = 10,12 in [14], [15]. We have determined that {7,8,9,10,11,12,
13} C€ Myers(14) and that 5 € Mpers(14). Thus it only remains in doubt
whether 6 € Mperg(14). That is, we have established the following:

Theorem 2 Mperp(14) = {7,8,9,10,11,12,13} U I where either I =0 or
I={6}.

We have also established the following results on maximal uniform sets:
May44(8) = {7}, Me+4(10) = {3,9},

Mat444(12) = {3}, Me+6(12) = {3,5,11},

Mz4(12) = {6,9}, Me+444(14) = {3,5,7},

Masi6(14) = {5,6,7}, M104+4(14) = {5,6,7, 8},

Myra44+4(16) = {7a 15}: M6+6+4(16) = {3’4’51 7}’

Mag4+4(16) = {3,4,5,7}, Ms,(16) 2 {5,6,7,8,9,10}.

3.3 Cubic graphs and 4-regular graphs in perfect 1-
factorizations

The union of any three [four] 1-factors in a perfect 1-factorization of Koy,
yields a perfect OF of a cubic [4-regular] graph. Conversely, one may ask
whether a perfect OF of a cubic [4-regular] graph on 2n vertices can be
extended, by adding further 1-factors, to a perfect 1-factorization of Kop.
This is not always possible. The following table shows the number of com-
pletable (C3, C4) and non-completable (NC3, NC4) perfect 1-factorizations
of 2n-vertex cubic [4-regular] graphs.

Table.
2n C3 NC3 C4 NC4
8 2 0 2 0
10 5 5 9 40
12 30 2 380 1735

14 247 2 4691 208817
16 >2209 <7 >51266 < 30093734

100




3 Conclusion

From the complete enumeration of perfect 1-factorizations of K 12 and of
K4 in [16] and [5}, the total number of perfect 1-factorizations of A2 and
of K4 with trivial automorphism group is 1 and 2. respectively. In spite
of our considerable effort, we were so far unable to obtain an example of a
perfect OF of K with the trivial group. Thus the question of the existence
of such a perfect OF remains open.
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Appendix 1

We list here the 88 nonisomorphic perfect 1-factorizations of A’ with non-
trivial automorphism group. The first two 1-factors form in each case the
hamiltonian cvcle 0123456789 ABCDEF, and are therefore omitted. The
next six pairs of 1-factors are represented by corresponding hamiltonian
cvcles; the sequence for the last 1-factor is a list of neighbors of consecutive
vertices.

1. 027C41DF9EB6A583, 04E31628ACFB7D95, 063F1A49B8D52CE7, 08C1EA3B5F2D6479,
0ATF684D3C915E2B, 0C53718E692AF4BD, EB4927C5F3D16A08.
2. 02C9DFA71485BE63, 04 AE829FB16C73D5, 06 A193E4B8CF52D7, 08F6D47B3C1E2A59,
0A38D15EC4697F2B, 0CA81F357E9426BD, E371FC826BD95A04.
3. 025AD941EB7CF863, 04B192CEA83D6F 75, 06951C4AFBSD2E37, 082AC3B5E64F1D79,
0A74E9C8135DF26B, 0C6A17E85F39B24D, E67A8C124F3D5B09.
4. 02CA7B5841FD9E63, 0462BFC18D793EAS, 06A153F9BD2ESC47, 086F24AD173BECS9,
0AF4D5E13827C96B, 0C3A294E75F8B16D, E95DB2CFA 1846307.
5. 0295EA8D7BFC1463, 04FA2837C61BEIDS, 068F3ADIEC9B5247, 084DB3E751AC2F69,
0A6E85C49317FD2B, 0C35A79F18B4E26D, E97DAFB2C1468305.
6. 0285BF9D7ACE4163, 04F7E1938DA6B2CS5, 06DF5942EB3A18C7, 0846EA2FC35DB179,
0A475E3D269C1F8B, 0C6F315A8E927B4D, ED57C2836BF9410A.
7. 02F8EB147C59DA63, 04A869EC271FD3BS, 06E48D25A1C39BF7, 0853EACF4B7D1629,
0A28C49731E5F6DB, 0CIFA38157E2B64D, E94F2DCAB1786503.
8. 029E58AF14C7DB63, 04A6D8EB91CF2735, 06CE3AD952B184F7, 083C2A7B4E615DF9,
0ACS57E1D49628F3B, 0C9317468BF5AE2D, EA4D2BF9C7158306.
9. 02B758DFAE9C4163, 047C1E68A3BF92D5, 06B935A2FC81D4E7, 08B5172EC3DAGF49,
0A48E31F7952C6DB, 0CS5EB1A73F82469D, E968BF2D31C4A705.
10. 02C7DBE958FA1463, 04FB3EC1796A8D25, 06E42B5AD19C83F7, 084C53D62F1EATBY,
0ACF5D492E73186B, 0C61B475E82A39FD, E57CA1F2BD483906.
11. 02BDFA85E9417C63, 04F6A2E1C83D79B5, 069153FCA4BESD27, 08B7E316DA5C42F9,
0A3C926E481D57FB, 0CEA739528F1B64D, EACB7F846D132905.
12. 028FAD4159BE7C63, 047DF96B2C38E1AS5, 06AE94FC531B8D27, 084AC162F5E3DB79,
0A7193F6D58CE24B, 0C4E681FB573A29D, ED5B624FAC839107.
13. 02CE58147AFBD963, 049CF16B8EAD2735, 06F95D1B4E382AC7, 08FD46C5A31E7B29,
0A86E251C4F7D39B, 0C3F5BE971A6248D, E9FBA7D5C1438602.
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14.

15.

16.

17.

18.

19.

20.

21

22.

23.

24.

25.

26.

27.

28.

29.

30.

02859BD7CE41AF63, 04B2C6ESDA3971F5, 0691B38AE25DFC47, 08BF7E164A2D35C9,
0A726D49F81C3E5B, 0CA6842F3157BEID, ED97FAB3C2568104.

0259DF7B8E41AC63, 04FC182973D6BEAS, 06E1DA85FB39C247, 084D2F6A317CE5B9,
0A4627E91F83C5DB, 0C861B49FA2E357D, E5BFC19AD6724803.

0241E8597BDFAC63, 047A28D13CE69BFS, 062B4F1833C5EAD7, 08A4D2F6B351C7ES,
0A3E4C27F8619D5B, 0C846A571BE29F3D, EA5792D3B418F60C.

02BFDICES58A 74163, 04CA319F86E27BD5, 66A5B1E493F2C8D7, 0826C3DA17EB4F59,
0AE9642D15CF738B, 0C79B6F18E352A4D, ECIB87D542F3160A.

0259C8EBF714DA63, 049E6FC283D1B7A5, 06D5C3B2EA84F 197, 08F274CE53A16BD9Y,
0A42DF581E37C69B, 0CA29F315B864E7D, EC69B725D3F4180A.

02C8FD957A14BE63, 04E3F68A2B91D7C5, 06A429C3D5ES1FB7, 08BDA352E7461CF9,
0AC4D8371E962F5B, 0CEA5827F4931B6D, E5SDB81C947F3620A.

0241C7E9DB58FA63, 04BESD6C93F17A25, 06E5A4CFB3D18297, 0831 EADF5C2B7469,
0A8CE372F4D5916B, 0C3A157F68B94E2D, EB65832D4FCLAT09.

02F9BEC7ADS584163, 042BDIC68AF1E375, 064F5C39EA2D81B7, 083ACF71D4E6B529,
0A51C26947ESFD3B, 0C4A6FB82E53197D, EATFBID2C5148603.

0295F8CE14B7AD63, 04F72B16C9D3AESS, 06FAS3BIE481D2C7, 08D425BE6AC1F379,
0A47E3826915CFDB, 0C46B8A139F2E57D, ETACID81642F350B.

02B71495FDACEB863, 046C19F827AEBD35, 06A1D4C92FB85E37, 08D7CF4E2A5B6139,
0A481F3C52D6E79B, 0C26FA83B4751E9D, EB4A2DIFC6318507.

02DBF97C58EA4163, 04F72A81D6E9IC3B5, 066C8B9I24D53FALET, 082BECF647DA3159,
0AC1F2693D84E57B, 0C2E386B4917A5FD, EB57C2A3FD614908.

0259CF7E8BDA 1463, 049B2E37C6AF81D5, 06F93A2C85E1B4D7, 08D27ACE4F3B5169,
0A831C57426EIDFB, 0C35F179284AEB6D, EOFDCA8B61574302.

0241EC597AFB8D63, 04CI91FD37EA86B25, 06F49D2CA3E815B7, 083FC64DB172A5E9,
0A47D1C8F53926EB, 0C7TF96A13B4E285D, E6FC87154BD93A02.

02DB4179C5FASE63, 042E968FC1B7AD35, 66A49FD51E3B28C7, 085EB6CAF372A1D9,
0AE7F184D62C395B, GCE475A316F29B8D, E958624D31CFA70B.

028514BEC9DF7A63, 0479E3AD268CF1B5, 06FB938D1A4C2E57, 0842F3C7TDB61EAS9,
0ASF94E6D371C52B, 0CA27E8B31964F5D, E895D3CB12F7640A.

02B7F9CE85AD1463, 04961 AE72CFD8B35, 062FA483C5E19BD7, 08C7A6D24F315BE9,
0AC1F86E3D92574B, 0C4E28A3971B6F5D, ESATDIC3152F640B.

02EB8514DF7AC363, 04C79BF83E1D62AS5, 06B391CFASESD247, 086E4AD72B5C31F9,
0A3D9EC6F257184B, 0C8294F537EA61BD, EACF694BD5172803.
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31

32.

33.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45,

46.

47.

02BE4158C97ADF63, 04C1A83D269E7BF5, 06CFA53B92E18D47, 0846E3AC725BD1F9,
0AEC5D73F249168B, 0C2A6B4F8E57139D, EB8CA9DF25413607.
02C9FD85A7TBE4163, 048C1B697EAF3D25, 062B8AC5F49D1E37, 08E2F6A3517C4DB9,
0AD746CE5928F13B, 0CF75B42A1839E6D, E97CAD82614F350B.
02FDY9CATEB415863, 0426 DSEAF1C39B75, 06 A4E5C8B29F31D7, 08A16B3D2EC74F59,
0A25381E97F6C4DB, 0CF8273E6491B5AD, E7TCA8D91463F250B.
02EB4158C9FD7A63, 04D1E862AF3C7B95, 066F42D8B193ECAS57, 082C13BDSF7TEA469,
0A8F1735C4E6D92B, 0C6BF25E97481A3D, E6789B1234D5FAQC.
02A7C9DF8514EB63, 04AE1962B33D7FCS5, 06E81C2DA5BF3947, 086 C4F5DB1A372E9,
0AF61D842975EC3B, 6CA8259F13E7B46D, E7TF5D3A1CB698402.
02DF85C9BE7A4163, 046BDSE193ACF 725, 06CE492AFB8135D7, 0824D3C75B1AEGF9,
0A869D173E5F2C4B, 0C8479E2B3F15A6D, EC68F92B35D71A04.
029C7AFD4158EB63, 04E3B8F9627D1ACS5, 06A5B94C2E18D3F7, 083AD24FC61B7ES9,
0A8CE931746D52FB, 0C35791F6EA482BD, ECA7BF836D241905.
02417AEB9C58DF63, 04AC827EID6B31F5, 06E59381AD4CF2B7, 086A5D74FB1C3E29,
0ASE1D3F752C694B, 0CE4615B8F973A2D, ES65832C41FD7B0A.
02A7EB8514C9FD63, 04D8C719B3AF26ES5, 0682CADS94E31FB7, 083D75CF6A42B1E9,
0AE84793F52D1C6B, 0CE2735B4F8A169D, E89C6A4F125D3B07.
02C97AFD58EB4163, 047DSAC39F1B6E25, 069BD15CF283A4E7, 08FB5A17CE3D2649,
0A29D4C6F735E18B, 0C84F572B319EA6D, EC4F298B65D71A03.
02BE9CA74158DF63, 04B92683ADTECIFS5, 066 A1E8BD942F3C57, 08F4C731D2AE6BS9,
0AFT72E5D48C6193B, 0C253E4A817BF96D, EB8D6A492751F30C.
02A79CFD8514EB63, 048A62FB3D917ECS, 66EADB594C281F37, 08C6F4B1A35D72E9,
0A4692D1C38ESF7B, 0CA5742B8F93E16D, E351D28C6BF9740A.
0285147ADF9CEB63, 04DB17FA38E926C5, 06F8B53E2C1A49D7, 08D164B2F5EACT39,
0A257E1F48C3D69B, 0C4E68A5913FB72D, E84B2DA91763F50C.
02FDBE7A8514C963, 04973B1F8D62ECAS, 06C25E48BID13AF7, 0824B57C16EAD3F9,
0A68C3E9174F5D2B, 6C5938E1A27BF64D, E895A3BD1246F70C.
029CFDAT758BE4163, 04C7TBFIE3D681A25, 06C8ESFA3B19D427, 082CAE137D5B6F49,
0A846E71D2F3C59B, 0CE2B4A697F1538D, EC697A24F35D1B08.
0258A7148CFDBES63, 0482FB3ACE1697D5, 06A5F1D29B4C8E37, 08D4F62EA1B7C359,
0AD9F315C27E468B, 0C6B24AF75E9183D, ECA97BD4F3251608.
028514CI9EB7AFD63, 04F917DA3B8C26ES5, 06A294D53FB18EC7, 08FCA16472E3DB59,
0A4E7F25C6831D9B, 0C3975AE1F6B248D, ECD7BF93A6841205.
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48.

49.

50.

51.

52.

53.

54,

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

0258FDA7149CEB63, 0482E97FBD3A61C5, 06D159FC8AE42B37, 08E5AF31B726C4D9,
0A4F18D7C296E35B, 0C39B8647E1A2F5D, E9D8B7F531C4A206.
027AEB4158DF9C63, 049DAF183C26E7B5, 06D5A3E91B2FC847, 08FBD4A2E537C169,
0A64CE1D397F528B, 0CASE4F6B317592D, EA4F2C8D6B195703.
02C9DFA74158BE63, 04B183AEC79F26D5, 06A849E53CF1DB27, 08FB371C64E2DASY,
0A4C82961E3D7F5B, 0C52A139B7ES6F4D, E94F27B5D1C6A803.
02EB8514DF7AC963, 048FC7BIE3D162A5, 068CE425DAFB1937, 08A4C2BD6E7531F9,
0AE59746C18D2F3B, 0C5B4F6A38E1729D, EASCOFBD24163705.

0258FDA714EB9C63, 047FAC3DIE2816B5, 06D1AE835CF94B27, 08BF46A31CE57D29,
0A24C7951E3F68DB, 0C26E7B391F5A84D, EBF7AD93C6418502.
02BE4158FDI9C7A63, 0462EAD3C18B7F95, 069E8C53FA4B1D27, 086BD74FC2A5E139,
0A38D6EC425791FB, 0CA8492F617E3B5D, EA87TDFC32B196405.
02EBDF58A7C94163, 046F79D1A3BSEC25, 06 AE4CF835B192D7, 08472AD3FB6C1ES9,
0A5C3718D6E9F42B, 0C8269B4AF13E75D, ESF9D18B63C7A402.
02A714SCEBFD5863, 04FC1928E6BDA375, 069E3FA15C2B48D7, 083C4D1B5SAET726F9,
0A6C81F5E2479D3B, 0CA8B7F25931E46D, E6D5A31CFB497208.
029CEB857AFD4163, 04E3F9BD1A68C725, 06CA4F183D95E2B7, 08D6EASBF2471C39,
0AD5FC28E731964B, 0C53B1E948A26F 7D, ESDAC1B9F7364208.
028514A7C9DFBES3, 0493EAFC268B71D5, 069F2EC8D4B1A357, 08F13C46BD7TESA29,
0AD6C524F791E83B, 0CA816F374E95B2D, ECTD8FA24B691305.
029C85BEA7FD4163, 046C7TBD9IF83E1A25, 068B91FA35D2CE47, 08AC3D6E751B2F49,
0ASE97D826F31C4B, 0CF596B3718E24AD, ED798CA2436F510B.
029C4158BEATDF63, 0462C7B39DA1ESFS, 06C835E91B2D4AF7, 08475BD6A2E3C1F9,
0ACE731D59682F4B, 0CF3A524E6B9718D, E67D9C12A48F530B.
02BEA7COFD584163, 0473B8D91CFAGE25, 66FB95381DA2C4E7, 08CA1B5F7246D3E9,
0ASEC68F4D29317B, 0C579628E1F3A4BD, ESFCI1BDA4863702.
029C4158FDA7EB63, 04A1F79E3B8D26C5, 06D48A5B2F931EC7, 0837DB42ESFAC169,
0A6F3C2574E81D9B, 0C86EA271BF4953D, E98A6D4B2137F50C.
0285FDA7BEC94163, 04C83AE971F6BD25, 062F9D5C3B8A1E47, 08E6AFB4D351C729,
0A4695E318D7FC2B, 0CA5B1937E24F86D, EDAF87C54B296103.
02BE7AFD4158C863, 048D1CE3F97B62A5, 068 AdFC5E291BD37, 08BF75D6C24E1A39,
0A6E94C7D28F135B, 0C3B952F64718EAD, E678BF123DC4A905.
029CFD58EB7A4163, 04FB938C6EA17D25, 06DIE13F28AC5B47, 08B642AD1F5SEC379,
0A35196F7C2E48DB, 0C49F81B26A57E3D, ECTBD98265F3140A.
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65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

02BEATFD4158C963, 048FC1B79D3E62A5, 06FB918ADSE42C37, 08B4AC6D135F27E9,
0AF164938D2EC75B, 0C520F471E86A3BD, EASFCIBD25164703.
02A7CI9FD85EB4163, 04C391AF7ESB6D25, 0692E13BF84AC5D7, 08CF4273E6A51DB9,
0AEC18264D3F597B, 0C2B53A86F174E9D, EBF897C534D16A02.
02FD9C7A4158EB63, 04268B93AETDIFCS, 06CAD813E2BF4957, 084D27B53F6A1CE9,
0A5F73C8291E46DB, 0C4B1796E52AF83D, E6CB7D14AF832509.
02A74158CIEBDF63, 04EC38B71926DAFS, 06B4F9D31ASE82C7, 08AE24D73FC5B169,
0AC6E3527948D1FB, 0C46A39B2F81E75D, ECDBA98F65431207.
02QCEB85147AFD63, 04839FBDA17C26ES5, 069E28A4B1FC5D37, 08E4D1C3A52F6B79,
0A61E35F8C49D72B, 00AE7F3B5918642D, E3AIF7C5DB296804.

029CEB85147ADF63, 04C79E62A1BD83F5, 06A819D5C24FB3E7, 086B4D2731FCAES9,
0A3C1E48F257D69B, 0C8E2B5AF716493D, ED85A3CB2F476109.
02C94158FDA7BEG3, 04A3B1E9268CF7D5, 06BFA1D28E4C3957, 08B4D35CA617E2F9,
0A527CE38D64F19B, 0C6974813F5SEA2BD, EC472BF3AD851906.
028514EBFDA79C63, 049E3D17FC26A8BS5, 064DISE2B18FA3C7, 08D61CEA4B3572F9,
0AC425F19386E7DB, 0C8E1374F6B92A5D, EADF8C9B46175203.
029CA74158DFBE63, 04FC83E71A269BDS5, 06D4913FA5CE28B7, 08A37C1D24E5B6F9,
0A6C481E97D35F2B, 0C27593B461FSEAD, EB5CA28F6D413807.
029C8514BE7AFD63, 04268DB7C3F91AES, 064FCE2A318B9D57, 08AC1D2735BF6EA49,
0A5F793D48E16C2B, 0C528F1B3E96A47D, E7TF8CIB135D64A02.
02DFBE85149C7A63, 047DB862A3E1CF95, 06FACE2B19384D57, 08D1F5A4E6C273B9,
0AD3C42F81697E5B, 0C8AE925317F4B6D, EASF6C4B2D175903.
0285EBYC7AFD4163, 04713ECAD69F8B25, 06C15A83BDIE24F"7, 084CF3D1EA26B579,
0A37E468C5D291FB, 0C3594A1B72F6ESD, ESCIBFAD13642705.
02A7EB85DFC94163, 047C3ADSFBI1E625, 06D29ECA8351B4F7, 0846F31AESC2BD79,
0AF573E824C1D96B, 0C86A5B39F172E4D, ESFDA9CB15476302.
029CA7DFBES584163, 04CF1AD68E739B25, 669EC1D8B3A42F57, 08C713E2DB5AG6F49,
0AE195D46C283F7B, 0C351B6E472A8F9D, E86DBC2917F4530A.
02C9BE7A4158FD63, 0462B18D937FACES, 06 AE4835C19FBD27, 08A247CF3D1E6B59,
0ADS5796C4F13E28B, 0C3B71A52F68E94D, E69ABF1DC2348705.
027AEB4158C9FD63, 04817BFAC39D26ES5, 66CF4A5DB928E137, 08D75B24CE3F1A69,
0AD4E7C1952F683B, 0C5F8B16479E2A3D, EDC593BFA4862107.
029CFD4158 A7TBE63, 04BF3E97C81A62D5, 064F95E1C3ADB827, 0835CEAF6D71B249,
0AC2F574E8D9316B, 0C684A52E7F19B3D, EDA7CB93F6254108.
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. 02DFBE7A85149C63, 04A3CF8D1E6297B5, 06A139D52EC8B4F7, 0BEADB1642F37C59,
0A5384E9F1C27D6B, 0C471869B2AF5E3D, E98BD7F521C3A406.

. 029C4158FD7AEB63, 0462E81ADIB37FC5, 069E1D4835BFAC27, 082D6C1BATE3ASFY,
0A8SD5E493C716F2B, 0CE68B7952A4F13D, E94F27A5C16D8B03.

. 02BE4158C97ADF63, 048A1C7BD39E62F5, 06CEA4F18B92D537, 083FB5E164CA27DSY,
0A6D194752CF8E3B, 0C59682E7FA31B4D, E74C2AB1DF563809.

. 02C97AFD8514BE63, 049F1B62A83CE7D5, 66DB2F5C8E9I13A47, 08F6425EAD1CTB39,
0AC4F753E2D9618B, 0C68273FB95A1E4D, E79D8BA14265F30C.

. 027A8514DFCIEB63, 04FB816297DAE3CS5, 069DB4A13F52E8C7, 08F6ASEC42B71D39,
0AC1F7594E6D283B, 0C6847E1BIF2A35D, E9CT6B43D1F5280A.

. 02A7BE8514C9DF63, 047D268C19B3EAF5, 069F38D4B2CA1ES7, 08B1F4A5D6C37E29,
0AD16EC72F84935B, 0C52813A64E97FBD, E74D29B1A586F30C.

. 02DF8514EB7AC963, 047FB926E1D3C8A5, 064B83A1FCE25D97, 082F53BD61C7EA49,
0AD86F4C5E39172B, 0C6B18E9573FA 24D, E3C18BAD4F652709.

Appendix 2

‘Wie list here invariants for the 88 perfect 1-factorizations of A'yg.

train invariants tricolour invariants
1. 540,810,360,90 135,150,105,60,5
2. 602,736,322,140 140,154,91,56,14
3. 581,778,329,84,28 112,189,98,49,7
4. 616,743,315,91,21,14 91,210,112,42
5. 602,757,308,105,28 98,189,133,35
6. 620,720,335,90,35 : 120,165,120,45,5
7. 565,785,355,80,10,5 100,195,120,35,5
8. 595,790,275,100,40 100,195,115,45
9. 535,850,305,105,0,5 95,195,130,35
10. 590,780,285,130,15 105,195,105,45,5
11. 525,855,324,90,3,3 107,186,120,34,8
12. 606,741,333,93,21,6 105,201,100,38,10,1
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13.
14.
15.
16.
17.
18.
19.
20.
21.
22
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.

606,735,333,108,15,3
654,684,327,93,27,15
600,768,291,117,21,3
564,792,336,96,12
576,786,318,105,12,3
588,762,339,87,21,3
576,765,348,105,6
579,777,312,129,3
582,759,345,105,9
570,798,315,96,21
597,744,336,111,9,3
585,777,318,96,21,3
612,738,309,123,15,3
588,756,351,81,21,3
585,771,324,102,15,3
594,744,345,102,15
651,687,321,96,42,3
604,752,312,108,20,4
556,830,298,98,10,8
616,728,334,94,20,6,2
592,766,318,102,18,4
570,794,324,92,18,2
572,768,362,86,10,2
602,762,296,120,14,6
572,796,314,98,18,2
566,780,354,88,12
566,796,330,90,16,2
630,702,338,100,28,2
590,782,294,110,22,0,2

109

* 113,175,126,31,10

117,178,111,36,13

118,190,81,56,10

133,152,109,54,7
138,143,121,37,16
128,156,126,29,15,1
104,201,100,41,9
119,168,115,50,3
137,138,124,50,6
132,150,109,64
130,164,99,50,12
112,181,115,40,6,1
134,144,115,62
108,185,114,45,3
109,185,111,47,3
103,192,118,36,6
109,174,130,42
108,178,129,36,4
116,164,131,42,2
116,182,97,56,4
100,198,113,40,4
90,204,131,26,4
124,156,125,46 4
110,182,115,44,4

'118,164,125,46,2

104,190,119,36,6
118,170,119,42,4,2
104,178,137,36
82,218,123,32



42.
43.
44.
45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.

596,768,302,108,26
578,784,326,88,20,4
556,802,344,86,8,4
600,758,304,118,20
612,742,310,108,26,2
606,732,344,94,22,2
604,722,368,86,16,4
506,884,324,78,6,2
536,834,336,82,12
562,806,334,70,24,4
600,760,318,88,30,4
592,776,302,104,22,4
604,756,300,118,20,2
592,752,344,94,12,6
598,748,334,102,12,6
590,752,354,82,18,2,2
558,806,330,90,16
586,766,336,90,18,4
592,756,324,116,12
598,730,362,94,16
568,792,334,88,14,4
550,814,326,106,4
540,838,310,106,6
552,812,340,78,16,2
602,748,322,106,20,2
582,770,334,96,16,2
554,792,362,84,8
562,828,286,98,24,2
554,794,362,78,12

110

108,186,117,36,8
120,162,125,44,4
98,196,119,42
98,212,91,50,4
98,196,123,34,4
104,186,123,40,2
116,176,109,50,4
132,154,107,56,6
116,170,119,48,2
122,156,131,424
114,190,89,56,6
106,188,115,42,4
110,180,121,38,6
122,158,131,36,8
108,178,129,36,4
122,162,123,40,8
126,158,119,46,4,2
100,188,135,26,6
104,198,105,40,8
110,172,137,32,2,2
106,180,131,34,4
98,206,107,36,8
130,162,105,44,14
124,166,113,40,12
110,180,125,30,10
118,164,129,38,6
108,174,135,36,2
144,136,113,50,12
98,198,115,44




71.
72.
73.
74.
75.
76.
77.
78.
79.
80.
81.
82.
83.
84.
85.
86.
87.
88.

544,824,336,84,8,4
576,788,310,112,14

596,734,358,100,10,2

580,768,348,82,20,2
556,816,316,96,16
586,766,322,114,12
542,834,326,78,20

554,834,292,102,14,4
586,772,318,106,16,2

578,776,326,108,12

598,748,332,102,18,2
590,766,320,108,10,6
600,746,336,96,18,2,2

582,778,322,96,20,2

602,742,334,102,16,4

602,730,356,90,22
586,774,308,118,14

602,740,332,110,14,2

106,186,121,36,6
114,174,121,40,6
96,198,125,32,4
108,194,103,40,10
108,172,143,26,6
94,190,147,20,4
112,180,115,42,6
114,180,109,46,6
118,164,131,34,8
120,160,133,34,8
100,212,89,46,8
118,160,133,42,2
104,184,133,26,8
108,192,103,46,6
104,198,105,42 4,2
98,192,129,34,2
108,188,109,46,4
110,176,127,38,4



