AN IMPROVED LOWER BOUND FOR. ¢*(18)
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ABSTRACT. The cardinality of the minimal pairwise balanced de-
signs on v elements with largest block size k is denoted by g*)(v).
It is known that 30 < ¢'9(18) < 33. In this note, we show
31 < gW(18).

1. INTRODUCTION

Let I¥ be a set of positive integers. Then a pairwise balanced design
PBD(v. K') of order » with block sizes from A is a pair (V, B), where
V' is a finite set (the point set) of cardinality » and B is a family of
subsets (called blocks) of V' which satisfy the following properties:

(i) every pair of distinct clements of V' ocenrs in exactly one block

of B;

(i) if B € B, then |B| € K.
The value ¢(*)(v) is the minimum number of blocks in a pairwise bal-
anced design on v clements with largest block size k. The value ¢t ()
was investigated in [6, 2] and was determined for all 2 with the excep-
tion of 17 and 18. Stinson and Seah showed ¢t (17) < 31 by exhibiting
a PBD(17, {2, 3,4}) with 31 blocks (reported in [7]). Also, from [5] we
know that ¢(17) > 30. Lower and upper bounds for » = 18 arc
established by Stanton in [4, 3] as 30 < ¢tV (18) < 33. The study of
bounds on g*)(v) for arbitrary k has been subject of numerous papers.
The paper by Rees and Stinson 1] is a good survey of known results.

In this paper, we study ¢t (18) and prove that a PBD(18, {2,3,4})
has at least 31 blocks.

2. PRELIMINARIES

We begin by introducing some terminology and notation. Let g; be
the mumber of blocks of size @ for i = 2,3,4. Then counting pairs of
points iu two wavs gives

18
92 + 393 + 694 = (9)-
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If go + g3 + g4 = 30, then it has been shown in [4, Case 4] that
g2 = 0,95 = 9 and ¢g; = 21. We remark here, that if there is a
PBD(18, {3,4}) with 30 blocks, then by deleting one point one obtains
a PBD(17, {2, 3,4}) with 30 blocks. Unfortunately, as noted above, the
existence of such a PBD has neither been proved nor disproved so far.

Let B’ be a subset of the block set B. The volume(frequency) of
a point z in B', denoted by V'(z;B’), is the number of blocks in B’
which contain z. Similarly, if X' is a subset of the point set, then
VXS B) =3 o Vs B).

A point = has point type 3°4# if 2 is contained in exactly o blocks
of size 3 (triples) and g blocks of size 4 (quadruples). We kuow from
[4, 3] that in a PBD(18, {3,4}) with g3 =9, g4 = 21 there are 3 points
of type 3%43, say 1,2, 3, and 15 points of type 3'4%, say 4,5,...,18.

There is a unique way to arrange the 9 triples such that each of the
18 points occurs in either one or-four of these triples

124 135 236 178 lyy 2yy 2yy 3yy 3yy

where cvery y € Y := {9,10,..., 18} is used exactly once. Morcover,
9 quadruples Q. . ...Q; contain exactly onc of 1.2,3. They are of the
formn

Q. : 16ax QLo Q. : laexa
Qu: 252 Q. : 2w Q : 2waw
Q, : 3z Qn : 3axa Q; : Jxan

where every z from X := {7,...,18} occurs exactly twice. The re-
maining 12 quadruples Q,....,Q,, contain no point 1,2,3. Here, we

distingnish between two main configurations. In Configuration 1 is a
quadruple @ 4 that contains all three points 4, 5,6. In Configuration 2
oceur the pairs 45, 46 and 56 in three distinet quadruples.
We will show in the following scctions that both Configuration L and
onfiguration 2 arc impossible and, therefore, there is no PBD on 18
points with 30 blocks of size 3 or .

3. CONFIGURATION 1

Suppose that there is a quadruple containing -1, 5, 6 and w.l.o.g. let 7
be the fourth point in this quadmple. Then the quadmples Q4. ....Qy,
Liave the following form

Qa:1567  Qp:48yy Qe :dyyy  Qp:lyyy
Qr:58yy  Qr:dyyy Qe dyyy

Qu:68yy  Qp:Gyyy  Q:Oyyy

Qu = Tyyy Qi Tyyy
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where every y € Y occurs three times. Now complete the blocks
Qus Qu, Qq as 16132, 25y3ys and 3dysye. Clearly all y; # 7 and all
y; are pairwise distinct since otherwise for some y* that occurs more
than once in Q,, Q4, @, we have V(y*;Qp,...,Q,) = 1 and, therefore,
V(y*;Qk, QL) = 2 a contradiction. Thus, we can complete Qx, Qy, as
T1yays and Tyayays. Moreover, Q. : 27yy, Q; : 28y,y, Q) : 37yy and
Q; : 38y,y since y,,y, cannot occur a second time together with 7 or
as a pair. Also, Qr : 533y and Qg : 51yy.

If we count the volume of yy,. ..,y in @y, Q. we obtain 2 cases.
Case 1 V(ys,..., 56 Qu Q) = 4.
Case 2 V(ys, ..., 96 Qu. Qc) < 3.

In Case 1 all 6 pairs wy; (4,7 € {3,...,6}) are covered in
an Qca (241 Qg) C)I\'w QL' But ‘/(?/31 oo Y6y Qlls Qh QJ) =4 implies that
there is another pair which occurs twice, a contradiction.

In Case 2 at least one of yy,...,ys occurs in Q s or Q;, say in Q.
Then ouly yg is possible since 2, yy and 3, appear in Q, and y, and s
appear in Qx. If ys € @y, then we cannot insert yg in Qp, Qp, Qg as
poiuts 8, y1. 2 appear there which contradicts V(ys; Qi Qr, Q) = 1.

‘Therefore, neither Case 1 nor Case 2 is possible and we conclude
that there is no PBD(18, {3,4}) with 30 blocks containing a quadruple
with three points cach of which is also in a block of size 3 with two of
the points of type 3143,

4. CONFIGURATION 2

We next consider Configuration 2 in which there are 3 ¢uadmples,
say Qa,Qp, Qp, each containing a pair of 4,5,6. Then cvery z € X
oceurs three times in blocks Q4,....Q,

€4 : D Qu A6 Qc: : L Qe
Q¢ 56 Qp b CQ: : dwwa

Qu : Gazee Q : Gur:

Qv Qn v Qy, : wama

Let By = {Qu, Qu, Q,}, B = {Qa.Qu,Qr}, B, = B,UBl, B, =
{Cu)ln (2(:162(:) Q[.' Czhr Qi) }3 B,{’ = {Q('~ Czl)y (Jl"’ e CJI}) Bli = B"g U B.Ii’
and By = {Q,,Qn.Q;}. Define for e X ov = V(x,By), 3=V (x,8)
and vy = V(x, By). Then, we obtain

a+d+y=5 and o+ 20+ 3y = 10.

‘Fhere are three possible types (ev, 3, %) for a point - € X: 1) : (2.1,2),
1y 0 (1.3.1) and 15 : (0.5,0). Denote the munber of points of type 1;
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by XA (i = 1,2,3). Then,
AM+A+A=12 and 2X +A = 2|Bz| = 12.

At most 3 points can oceur in Qy,.... Q) twice, so Ay < 3 and we
record the four cases for (A, Ay, Az): (3,6,3), (2,8.2), (1,10,1) and
(0,12,0).

Before we consider these cases in more detail, we note that no point
of type 1} can occur in two of B;. Otherwise, the existence of a point
z* of type Ty with Q, = 16z*x,, Q4 = 252*z, would imply that z* €
Qc,Qu, Qr. So 2y, z9 do not occur in Q, or Qp and hence z, and z,
cannot be of Type 1. So 2,29 must be of Type 15, with 2,2, in
Q.. Thus, z;, 2y oceur at least twice cach in Q.,....Qy, and so they
caunot oceur in B. So they both ocenr at least twice in By, and hence
in Qp (as 2* in Q). This is a contradiction as xy, 2, in Q. So a
T\-point ocenrs in exactly one block from each of block sets By, By, By
and in exactly two of the blocks from By. Also, it is worth noting that
if 22y, wy are of 'L'ype 1) then they appear together in a block of By (as
cach ocenrs twice in the 3 blocks in By), so they are not in any other
block together (inchnding the triples). Call this (*).

4.1. The Case (A;. Ay, Ay) = (3,06.3). Let a; be the points of type 1)
and z; the points of type Iy (i = 1,2.3). As z; € By and V(x;; By) =
L & By every pair a2 (0= 1,2,3) nmst be covered in a triple (at
most, one pair) or a block from By (at most two pairs). Thns, @ must
oceur together with a pair ;25 in a block from B, Similarly, a2y
oceur together with a pair z;z5. Thus, every pair z;z; is covered in
B,. Iwrthermore, V(zy, 22, 235 BY) = 9 implics that a pair z;z; appears
again in a block from BY which is a contradiction.

4.2. The Case (A, Ay, A3) = (2,8,2). Let 2; (i = 1.2) be the points
of type 1), y; ( = 1....,8) the points of type 5. and = (k= 1,2)
the points of tvpe 1. W.Lo.g. we have quadmples
Quil6eim  Qu:2way  Quidl— -
Q. Ay Qu - AGxyys Qy:: 56 — —
Qi wyvayrys Quryisge Qui iy
Since y7 and yx are undifferensiated, we may write Q, : 3Myay; and
Qi : H6ysys. Now. 4 requires clements uy, 44, Yo, Us- =1, =2, 9 requires
clements ¥y, y1. ¥5. 47. 51 2 and 6 reguires elements gy, . 5. y7. 20, 200
This forces blocks
Qe dyays —  Qpdys — —
Qr oy — Qa:dys— —
Qu : Gy = Q2 Gy — —
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If we have Qyy : Gyayzyy and Q) @ 632422, we cannot fill in the Q¢; block.
So we write Qg : Gyayrz) and Qg : 6yayyy. This forces Qr : Syyy729,
Qe @ Sysyszi, and then Qe Ayayszi. Qp @ Ay = or Qe+ dygysyy,
Qp : dygziz,. But the first possibility gives a repeated 7,25, So we
have

Qe Ayaysn Qo = lysziz

Qr:Syvprze Qo Sayss

Qu : 6yayrzr Qi : Oyzyy 2,
But z; must appear once more in triples, say 22,—, and once more in
quadruples 3z; — —, and it is missing clements yy, 27, 2. But all three
pairs ¥321, ¥asz, =15 have been used up. So we have a contradiction.

4.3. The Case (A, Ay, A3) = (1.10,1). Let 2 be the point of type 13,
= the point of type 7% and assune x € Q,, Q.a, Q. Qx. If 2z appears
in a triple, then ayyy, is contained in a block from B; where ¥y, iy are
of ‘Tyvpe 15, But. V(4,905 By) = 1 which is a contradiction.

As a ¢ By, wzy (with gy of type 13) ocenr in a block from B, and
hence V(25 84) = 3. Then we can let Q : 452y, and Qy : vy
with the y; of Type 15, We know V(. ..., 4y ByUBS) = 8 and, hence,
5 < V(ye..o,ysBy) <6 I V(yy,...yyp;B5) = 5, then we obtain
V(s oyas BY) = 7 and a pair y;y; which is already covered in Q.
Assume V(g oy By) = 6and V(. ..., yq; BY) = 6. As 2 is already
paired with gy, cach pair zy; (i = 2.3.41) occurs in a block from BY. So
we can assume Qp : Giyy—. Let Qg @ 25uyuy and Q, @ 3dugu,. Note
that w,..... iy must be of Type 1y (as 52 € Q. and = ¢ By). Also
..ot caunot bein B, As iy € Qi & Qu or Q, 50 14, 1s distinet
frory wy. . ... iy, Lo be paired with 6.V (uy, .. coug; Q. Q) = 4, which
implies that three of wy, ..., u; ocenr in Q). a contradiction.

1.4. The Case (A.)y, M) = (0.12.0). Let y....,6 € X be the
points in Bj and z;,...,z € X be the points in Bj. We start with
connting pairs y;y;. Clearly, 3 pairs yy; appear in B). Each block from
By contains exactly one point 2 and two points y;, y;. So 6 pairs yy;
arce covered in BY. Furthermore. each block from B, contains exactly
tWo points zZp. 5 and two points yiy; since otherwise the existence of
a block Qy, @ zpzzuy or Q0 zezizmz, would imply V(Qu; By) > 6. a
contradiction. So 3 pairs yy; appear in By, For the remaining 3 pairs
yiyy. lev p be the munber of pairs in the triples and hence there are
(3 = p) pairs in By, There are three types of blocks in By: uyyz, wyzz
and wzzz (u € {1,2,3}). We refer to bloeks of these types as A-blocks,
B-blocks and C-blocks, respectively. A point y which is contained in
a triple uyy mmst ocenr in a B-block and a point » contained in a
triple uyz nust ocenr in an c-block. Thus, there are exactly (3 — p)
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A-blocks, 2p B-blocks and (3 — p) C-blocks. Moreover, if a point z is

contained in a triple uyz, then 2 ocewrs in a B-block and a C-block.

We obtain at least (3 — p) B-blocks from the (6 — 2p) uyz triples and,

thus, 2p > 3 —p. So 1 < p <3 and we need to consider 3 cases for p.
In Case p = 3 let the triples be

L. 2uama. 3uswe. 12122, 2233z and 355

Note, that we cannot have Ly y,, Lysy, as this wonld imply that the pair

Ysye appears in a triple and in Q4. Now, Q, : 16,5, Qa : 2511y and

Q : 3yays. Thus, ys, 46 € Qu. Qc and there is a unique way to fill in

iy -« Yo into the blocks from BY and By. In particular, Qy, : ysys — —.

Moreover, 2, 2, cannot ocenr together with y, yg in By and only with

one of yy, s in BY. Hence, both =), 25 must oceur in @y, a contradiction.
In Case p = 2 we have triples of the form

Wi 2. Walfslfy. U3ls3y aud w6y

where «; € {1,2,3}. I follows that yz, 5 mmst ocenr together in
an A-block. If wy = uy, then ys, g nmst also ocenr together in a
block from B), a contradiction. Whenee, wy # wy. If wy # w),uy
(say uy = 3), then beside the A-block containing ys, y we find from
V(e 033 Qyy - ., Qi) = 5 that there is a second .l-block. This im-
plies p = L. again a contradiction. Finally, assume uy, = uy. uy = u,.
Then V(g 96 Qys - -, Qi) = 6 and we obtain again two A-blocks.
Thns, p = 2 is not possible.
In the last Case p = | we can assume that we have triples of the

form

Linys. Loz 2az and 2y42),
or of the forn

Tygye.  Lygzy. 2202, and 2942

In both cases V(125 Qu. Qy) = 2. Vi, oo 40;Qqy ..., Qi) = 4 and
Qy : 3y as gy, e cannot oceur together. Thus, @, is a B-block
containing ¥ and Q; is a B-block containing u; (ys, y6 ocenr together
with 3 in a triple and caunot be in ;). But y; needs to belong to an
A-block, a contradiction.

We conchnde that there is no PBD(18, {3.41}) with 30 blocks where
the three points cach of which is also in a block of size 3 with two of
the points of type 341 do not ocenr as pairs in distinet quadmples.

5. CONCLUSION

In a PBD(18, {2, 3,4}) with 30 blocks there mmst be three points of
tvpe 3% and a further three points cach of which is also in a block
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of size 3 with two of the 3'43-points. We have shown that the latter
three points do not occur together in a common quadruple (Confignra-
tion 1), nor is the opposite true (Configuration 2), and have therefore
established:

Theorem 5.1. There does not exist « PBD on 18 points with 30 blocks
of size at most 4. Thus, gM(18) > 31.

We remark that with this result we have also established:

Corollary 5.2. There does not cxist a PBD on 17 points with 30 blocks
of size at most 4 in which the block set contains either a subset of four
blocks of size 2 and three blocks of size 3, or a subset of one block of

&

size 2 and five blocks of size 3 which are mutually non-intersecting.
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