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Abstract

We survey the existence of base sequences, that is four sequences of
lengths m + p,m + p, m,m, p odd with zero auto correlation function
which can be used with Yang numbers and four disjoint complementary
sequences (and matrices) with zero non-periodic (periodic) autocorrela-
tion function to form longer sequences.

We survey their application to make orthogonal designs O D(4¢;1, 1,1, t).

We give the method of construction of OD(4¢;1, ¢, ¢, 1) fort=1,3,...,-
41, 45, ..., 65, 67, 69, 75, 77, 81, 85, 87, 91, 93, 95, 99, 101, 105, 111,
115, 117, 119, 123, 125, 129, 133, 141, ..., 147, 153, 155, 159, 161, 165,
169, 171, 175, 177, 183, 185, 189, 195, 201, 203, 205, 209.

1 Definitions and Introduction

An orthogonal design of order n and lype (si,...,sy), s; positive integers, is
an n X n matrix X, with entries from {0,%£z,,...,%z,) (the z; commuting
indeterminates) satisfying

u
XXT = () sz,
i=1

We write this as OD(n;s,, s2,-. ., Sy)-

Alternatively, each X has s; entries of the type +r; and the distinct rows
are orthogonal under the Euclidean inner product.

We may view X as a matrix with entries in the field of fractions of the
integral domain Z[zy,...,z,], (Z the rational integers), and then if we let
(T0, siz?), X is an invertible matrix with inverse $ X7. Thus XXT = fI,,
and so our alternative of the rows of X applies equally well to the columns of
X.
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An orthogonal design with no zeros and in which each of the entries is
replaced by +1 or -1 is called an Hadamard matriz. Alternatively, an Hadamard
matrix of order n, H, has entries +1 or -1 and the distinct rows are orthogonal
so

HHT =nl,

Orthogonal designs and Hadamard matrices are extensively described in [4]
and [14).

A special orthogonal design, the OD(4t;t,1,t,1), is especially useful in con-
structing Hadamard matrices. An 0D(12;3, 3,3, 3) was first found by Baumert-
Hall [2] and an OD(20; 5,5, 5, 5) by Welch. O.D(4¢;1,1,,t) are sometimes called
Baumert-Hall arrays.

Early work of Golay [5,6] was concerned with two (1,-1) sequences, but Welti
[27]), Tseng [21] and Tseng and Liu [22] approached the subject from the point
of view of two orthonormal vectors, each corresponding to one of two orthogonal
waveforms. Later work, including Turyn’s [23,24] used four or more sequences.

Since we are concerned with orthogonal designs, we shall consider sequences
of commmuting variables.

Let X = {{a11,...,a1n},{a21,...,020} ... {@m1,...,@mn}} be m sequences
of commuting variables of length n.

The nonperiodic auto-correlation function of the family of sequences X (de-
noted Nx) is a function defined by

n-j

Nx(j) = ) (a1,01,04j + 02,402,45 + - - + Gm,iGm,it5)-

i=1

. Note that if the following collection of m matrices of order n is formed,

ay a2 ... QG a2y 422 ... G2
a a1 n-1 az G2n-1
1 3 ’
O aj O a2
@mi Gm2 ... Qmn
ami Gm,n-1
O am1

then Nx (j) is simply the sum of the inner products of rows 1 and j 4 1 of these
matrices.

The periodic auto-correlation function of the family of sequences X (denoted
Px) is a function defined by
n
Px(j) = Z(al,ial,i-i-j + 828254 ...+ Am iGmitj),

i=1
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where we assume the second subscript is actually chosen from the complete set
of residues  (mod n).

We can interpret the function Px in the following way: form the m circulant
matrices which have first rows, respectively,

[011012 --~01n] ,[021022~ --a2n] v-'-,[amlami’ . -~ﬂmn] )

then Px (j) is the sum of the inner products of rows 1 and j+1 of these matrices.

We say the weight of a set of sequences X is the number of nonzero entries
in X.

If X is as above with Nx(j) =0, j = 1,2,...,n — 1, then we will call X
m-complementary sequences of length n.

If X = {A;,As,..., Am} are m-complementary sequences of length n and
weight 2k such that

Y = {(A1 + Az)/2,(.4; - Az)/?, . (Azi-1 + Az.‘)/?,(Ag;_l — Aa)/2,. }

are also m-complementary sequences (of weight k), then X' will be said to be
m-complementary disjointable sequences of length n. X will be said to be m-

complementary disjoinl sequences of length n if all ’; pairs of sequences

are disjoint, i.e., A; * A; = 0 for all ¢, j, where * is the Hadamard product.

For example {1101},{0010-1},{00000100-1},{000000
1 -1} are disjoint as they have zero non-periodic autocorrelation function and
precisely one a;; # 0 for each j. (Here -1 means “minus 1”.)
Notation: We sometimes use - for -1, and Z for -z, and A* to mean the order
of the entries in the sequence A are reversed.

One more piece of notation is in order. If g, denotes a sequence of integers
of length r, then by zg, we mean the sequence of integers of length r obtained
from g, by multiplying each member of g, by z.

Proposition 1 Let .X be a family of sequences as above. Then
Px(j)=Nx(j)+ Nx(n-j), j=1,....n- 1L

Corollary 2 If Nx(j) = 0 for all j = 1,...,n — 1, then Px(j) = 0 for all
j=1...,n-1

Note. Px(j) may equal 0 for all j =1,...,n ~ 1, even thoughthe Nx(j) are
not.
If X = {{a1,...,an},{b1,..-,bs}} are two sequences where a;,b; € {1, -1}
and Nx(j) =0 for j = 1,...,n — 1, then the sequences in X are called Golay
complementary sequences of length n. e.g. (writing - for minus 1),

n=2 1land 11—

n=10 l-=1—1=-——landl—————— 11—

n=26 111—--=111-1—-——~— 1-11—-=-1——=~—
_——=ll-—-=1=-11=-1=-1=11-=-1—- == -,
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We note that if X is as above and A is the circulant matrix with first row
{a1,...,a,} and B the circulant matrix with first row {b,...,b,}, then

AAT + BBT =3 “(af +8])In.

i=1

Consequently, such matrices may be used to obtain Hadamard matrices con-
structed from two circulants.

We would like to use Golay sequences to construct other orthogonal designs,
but first we consider some of their properties.

Lemma 3 Let X = {{a),...,an},{b1,...,0,}} be Golay complementary se-
quences of length n. Suppose ky of the a; are positive and ko of the b; are
positive. Then

n = (ky + k2 — n)? + (k) — k2)?,

and n ts even.

Proof: Since Px(j) = 0 for all j, we may consider the two sequences as
2 — {n; k1, k2; A} supplementary difference sets with A = ky + k2 — } n. But the
parameters (counting difference two ways) satisfy A(n—1) = ky(k; — 1)+ ka(ka—
1). On substituting X in this equation we obtain the result of the enunciation.

Geramita and Seberry (4, pp133-7], Andres [1] and James [9] have studied
the smaller values of n, ky, k2 of the lemma showing the only orders for Golay
sequences of order < 68 which exist are 2, 4, 8, 10, 16, 20, 26, 32, 40, 52 and
64. Malcolm Griffin (7] has shown no Golay sequences can exist for lengths
n = 2.9'. The value n = 18 previously excluded by a complete search but is
now theoretically excluded by Griffin’s theorem and independently by a result
of Kruskal [13] and C.H.Yang (29}, [30], [31]. Recent work of Andres [1] and
James [9] has led to a greatly improved computer algorithms for studying these
sequences.

Summary of Golay Properties

Two sequences zi,...,z, and y1,...,yn are called Golay complementary se-
quences of length n if all their entries are 1 and

n—j

z(x,-x,-.,.j + Yiyiyj) =0 forevery j#0, j=1,...,n—1,1e, Nx =0.

i=1
These sequences have the following properties:

1. Y0 (ziziyj + vivig;) = O for every j # 0, j = 1,...,n — 1 (where the
subscripts are reduced modulo n), ie. Px = 0.

2. n is even and the sum of two squares.

3. Tpoip1 = €T &> Yn_i41 = —€;y; where g; = £1.
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2 2 2
[Z x;Re(C2i+l)] + [Z zi]m«zﬁ-l)] + [z yilm(C2i+l)J +

i€s fi€D i€S

2
[E v Re(@‘ﬂ)] = in,

ieD
where S={i:0<i<n,e,=1},D={i:0<i<n,es=-1}and(isa
2n-th root of unity.

5. They exist for orders 2°10°26¢, a,b, ¢ nonnegative integers.

6. They do not exist for orders 2.9° (¢ a positive integer), 34, 36, 50, 58 or
68.

7. They do not exist for orders 2.49¢ (¢ a positive integer) (Kounias, Kouk-
ouvinos and Sotirakoglou).

We now discuss other sequences with zero auto-correlation function.

Other Sequences with Zero Auto-Correlation
Function

Lemma 4 Suppose X = {X;,Xa,...,Xm} is a set of (0,1,—1) sequences of
length n for which Nx = 0 or Py = 0. Further suppose the weight of X; is r;
and the sum of the elements of r; is a;. Then

m m
E : 2 § :

a;, = Is.
1=1 i=1

Proof: Form circulant matrices ¥; for each X;. Then
m m
YiJ =a;J and Y Yi¥VT =) .
i=1 =1

Now considering
m m m
SVII= Y ai= 3w
i=1 i=1 i=1

we have the result.

Example. Suppose X, X2, X3, X4 have elements from +1 and -1 and lengths
19,19,18,18. The total weight of these sequences is 74 now the four rows sums
must square to 74 so we could have

32412482402 12412462462
72 452 + 0% 4 02 or
72432 +4240% 52 +32462422
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In algorithms to search for these squares the row sum of 8 and length 18
means there are 13 elements +1 and 5 elements -1 considerably shortening any
search.

Now a few simple observations are in order, and for convenience we put them
together as a lemma though more has been observed by Whitehead [28].

Lemma 5 Let X = {A,As,...,Am } be m-complementary sequences of length
n. Then

(1)) Y = {A},A43,...,A], Ais1,--., A} are m-complementary sequences of
length n where A; means reverse the elements of A;;
(i) W = {Ay,A2,...,Ai, —Ais41,...,—Am} are m-complementary sequences
of length n;
(iti) Z = {{A1, A2}, {A1,—42}, ..., {A2i_1, An}, {A2ic1, —A},. ..} arem—
(or m+ 1 if m was odd when we let Amyy be n zeros) complementary se-
quences of length 2n;

(w) U= {{Al/AQ}, {Al/—Ag} ey {A-_);_I/Ag,'} ,{Ag;_l/—Agg},. . .}, where
Aj[Ax means ajy,ax;, @j2,ak3, ...Gjn,akn, are m— (orm+ 1 if m was
odd when we let A4+, be n zeros) complementary sequences of length 2n.

(v) V = {A],A},... A;} where A7 = {a;1,—0;2,0i3,—a;4,...} are m com-
plemeniary sequences of length n.

By a lengthy but straightforward calculation, it can be shown that:

Theorem 6 Suppose X = {A1,...,A2m]} are 2m-complementary sequences of
length n and weight u and Y = {By, B2} are 2-complementary disjointable se-
quences of length t and weight 2k. Then there are 2m-complemeniary sequences
of length nt and weight ku.

The same result is true if X are 2m-complementary disjoiniable sequences
of length n and weight 2u and Y are 2-complementary sequences of weight k.

Proof: Using an idea of R.J. Turyn, we consider

Aoy X (Bl + Bg)/? + Ag; x (Bl - Bg)/? and
Asic1 % (B} ~ B3)/2 — Ax x (B} + B)/2, and

for i = 1,...,m, which are the required sequences in the first case, and

(Azie1 + A2i)/2 x By + (A2i-1 — A2)/2x B3 and
(A2i—1 4+ A2;)/2 x By — (A2i—1 — A2;)/2x B} and
for i =1,...,m, which are the required sequences for the second case.
The proof now follows by an exceptionally tedious but straightforward veri-

fication.

Corollary 7 Since there are Golay sequences of lengths 2,10 and 26, there are
Golay sequences of length 210°26° for a,b, ¢ non-negative integers.
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Corollary 8 There are 2-complemeniary sequences of lengths 2°6°10°14926° of
weights 2°5°10°13926¢, where a,b,c,d, e are non-negative integers.

Proof: Use the sequences of Tables 5 and 6 of Appendix H of [4].

Base Sequences

Four sequences of elements +1,-1 of lengths m + p,m + p,m,m where p is
odd which have zero non-periodic autocorrelation function are called base se-
quences. In Table 1 base sequences are displayed for lengths m+1,m+1,m,m
form+1¢€{23,..., 18,21, 24, 30}. If X and Y are Golay sequences
{1,X},{1,-X},{Y},{Y) are base sequences of lengths m+ 1,m+1,m,m. So
base sequences exist for all m = 2°10%26¢, a, b,c non-negative integers, p = 1.
The cases for m = 17, p = 1, were found by A Sproul and J.Seberry and for
m = 23, p= 1 by R.Turyn. These sequences are also discussed in Geramita and

Seberry [4,pp129-148].
Base sequences are crucial to Yang’s [29], [30], [31] constructions for finding
longer T-sequences of odd length.
We know propose to use R.J.Turyn’s idea of using m-complementary se-
quences to construct orthogonal designs.
Table 1: Base Sequences of Lengths m+1, m+1, m, m

Length | Sums of Squares Sequences

m=1| 22402+ 12+ 12 { ((11}, (11} (1), (1)}

m=2| 32+ 12+02+07 | ({111}, {111}, {11}, (1-1}}

m=3| 22+02+32+ 12| ({11-11), (1 111}, (1 1 1), (1-1 1)}

m=4] 32+32+0+0 | ({11-111}, (11111}, (1111}, {11 1-1})

m=4] 32+12+22+22 | ({11111}, (-1 1110-1), {1211} (1 11 1))

m=5| 22+02+32+3% | ((11-11-11), {11 1-1-1-1), {1 3-1 1 1), {1111 1))

m=6| 3+12+442+0 [ ((1112-111), {1 L-1111L (110100 {1111 1))

m=6| S2+124+02+ 07 | ({111-1111),{11-0-2-1 11}, {1 11 101}, (1 11 201 })

m=7| 22+402+52+ 12| ({11101}, {11111 101}, {2 00100 0),
(1-1-1 1-1-1 1})

m=7] 42+22+32+ 12| ((-111111-11),{111-1-12-1 1}, (-1 10100 1),
{1-1111-1-1))

m=81{ S?+32+02+0° | ((1111-001-11), {-} 11111111}, (111111 141),
{11 1-1-1-1 1.1}}

m=9| 42422432437 | (1111821101}, (1111 111 211} {21011 112-1-1),
{1-11111111}}

m=10 | 52+32+22+22{ ({(11-1-111111 11}, (101111110110},
(-111110:013-1), {-1 1 1 1-1 1-111-1))
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—— -

Length | Sums of Squares Sequences |
)
m=10| 12+52+0*+4> ({11111 11, (- IEESRRERT ﬂ
i [-1-111- 1.( 11111}) !
m=111{ 6+0+32+ 12 ({-1111-10-1101 111}, {-11111111.11 11},
oI 1) {1 YT 1D 0e) B
m=11] 42+224524 12" ({11111 1-1-1 11 1-1}, (1-0-1-0-1-1 1 1.1 ReD 1),
ISR R R RN IR REE R BER R
m=12] 72+124024+ 07 ({11100 01010001}, {11 1-0-1 1.1 1.1 1 1-1),
(111-11 131 1-1-3-1), {11 121 11 1 1-1.1-1})
m=12] $2+52 402402 ({1-0-1-1 -1 1-1-0-1 0aB-1), (R 11 B-B-1 B-1 D000 1),
{11-1 1-0-1 11 14300, (1 11 11 110D 1e1e1e1))
m=12{ 3¥+124+62+22 ({11111 1-1-1 0 101 0), (111 140 311 1 111,
{11111 01000, (P 111 1D 1e1e 1 1))
m=13 [ 62+42+124+ 12 ({1 11111-1-11 11 1-1 1), {1-1-1-1-1-1 1 1-1-1 0-) 11,
{111 8100 1200 1e00 ), (320 14190 3-1-1-0 1 D -3}
m=14 | 72+324+07+0° | ((12-1 01 0-1 101 0-10 1), {01010 -1 1 00 0 01,
(111111 1-1 1 2-1-3-141), {1-1-0-1-1 1.1 11 1 1 1 3-1))
m=15 | 62+4+12+37 | ({11111} 111111221},
(1-1-1-1-1 1 1 11111 1-10),
(1111111 1-1-1-1-1-1 1 1),
(1-111111-1-11-12-1-11))
m=16 | $2+3%+4%+4% | ((11111-1-11-11-11-1-1111),
{1-0-1 1 11 1-1 1-1 1 1-1-0-10-1),
(01111111 1111 13-1-1),
111111111 1-11-111-1-1})
m=17 | 22+42+52+5 | {{1-1111-1-1 1-1-1--E 1111 1-1),
{1-111-11111111111111).
{11111 1111 111 1-1-1 141},
{111:1111-1111:1 111 1-1))
m=20| 32+12+62+6° | {(11-1-1111111-11-1-11-0 L-1-1-11),
{-11-1-1 11111 1-1 1-1-1 1-1 1-0-1-0 1),
{(1--113 111111 1 -1 11 1 E ),
(11111111 1-1-1 1 1-1 11 11 1-1))
m=20| 72+5+22422 | ((11-1-1011111-2-1111011011-1),
(11111111 11-1-1 1111 1-111-1),
(1140111 11 11 1-1-3-1 §-1 1-0-1 1),
(1-1-11 111111 1-1-0-1 121 3-1-1 1))
m=23 | 22+8+5+1* ] ((1-3-0-11-1 1-1-1-2-1 1 1 1 10 101 B-3-1-1 1),
(1-1-1 1-1-1 1-1 1 1 1-1-1-1-1-) 1e1e1-1 1-1-1-1),
{11 1211 1 1-0e1 1-3-0-000 1-1-0e0-0 00 1,
(111111 11 111 1040 1141 1-0-0-1 1))
m=29 | 82+6 +32+3% | ((111110-1 0111 0-11-0-110-1-11 00 0.1 1-0-1-1 2-1 1),
(111111111111111111111111111111].
(1110 1010 11 1131 111 1 18 11 10 1 L),
(1111 2-1 11 11-1-1 1-1-1-1 1 11 3-5-1-1 1-1 1 1-1}}
Table 1{cont): Base Sequences of Lengths m+1, m+1, m, m
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Four (1,-1) sequences A = (X,U,Y, V), where

X = {z1=1,29,23,-- -1 Zm; —Tm, ..., —23, =Tz, —T; = —1},
U = {uy=1u2u3,...,Um,—Um,...,—Uu3, —tz,1},

Y = {ynv2 . ¥m-1,¥m Ym=1s-- 1 U3, 92,01},

V = {v1,V2 ..y 0mc1sUm, Um=1,-+.,V3,¥2,01 },

which have N4 = 0 and 8m — 6 is the sum of two squares.
Or four (1,-1) sequences A = {X,U,Y,V} where

X = {z1=1,22,%3,-.,Tm) Tm+1,Tm, ..., T3, T2, 21 = 1},
U = {u1=1uzu3,...,Um, Un41, Um,..., U3, U2, — 1},

Y = {ylayb-”vym:_ym»-“»‘_yZy"yl},

V = {v,v2, .. Um,—Um,..., —V2, =01},

which have N4 = 0 and 8m + 2 is the sum of two squares will be called Turyn
sequences of length n+ 1,n+ 1,n,n (they have weights n+1,n+ 1, n, n also).

Length Sequences

m=11] {{1-1}, {11}, {1), {1}}

m=2 | ({111}, {111}, (1-1}, {1-1}}

m=3 | {{11-1-1), {1 1-1 1}, {1 1 1}, (1-1 1))

m=4 | {{11-111), (1111-1), (11-1-1), (1-1 1-1}}

m=5 [ ({111-1-1-1), (11-11-1 1), {1111 1), (1 1-1 1 1))

m=6 | ({111-1111}, (1 1-1-1-1 1-1), {1 1-1 1-1-1}, (1 1-1 1-1-1 )
m=7 | {({11-11-11-1-1), (111 1-1-1-1 1), {11 1-1 1 11}, {1-1-1 1-1-1 1}}

m=12 {f(rri111-14-11111),{111-1-11-1 1-1-1 1 1-1},
(111-111-1-11-1-1-1), {11 1-1-1 1-1 1 1-1-1-1}}

m= 14 (11111311111 1108}, (11111 1-1-1-111-1 111},
{11111-11-111-1-1-1-1}, {1-1-1-1-1 1-1 1-1 1 1 1 1-1}}

Table 2: Turyn Sequences of Lengths m+1, m+1, m, m

Known Turyn sequences are given in Table 2.
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Geramita and Seberry [4, p142-143] quote Robinson and Seberry(Wallis)
results giving such sequences where the longer sequence is of length 2, 3, 4,
5, 6, 7, 8, 13, 15 (though the result for 5 has a typographical error and the
last sequence should be 1-1-), that they cannot exist for 11, 12, 17 or 18 and a
complete machine search showed they do not exist for lengths 9, 10, 14 or 16.
So in fact the first resolved cases (and unresolved since 1976) are lengths 19, 20,
21.

A sequence X = {z,...,z,} will be called skew if n is even and z; =
~Zn-i+1, and symmelric if n is odd and z; = z,_i4;.

Theorem 9 (Turyn) Suppose A = {X,U,Y,V} are Turyn sequences of lengths
m+1,m+1,m,m, where X is skew and Y is symmetric for m even and X
is symmelric and Y is skew for m odd. Then there are T-sequences of lengths
2m+1 and 4m 4 3.

Proof: We use the notation A/B as before to denote the interleaving of two
sequences A = {ay,...,am} and B = {by,...,bm-1}.

A/B = {ay,b1,82,b3,...,bm—-1,amm}.
Let 0¢ be a sequence of zeros of length ¢. Then
hi={{ : (X+Y),0m},{ § (X=Y),0m}, {Om+1, § (Y+V)}, {Oms1, } (Y=-V)}}
and
T2 = {{1,04m+2},{0, X/Y, 02m41}, {0, 02m+1, U/0m }, {0, 02m 41, Om41/V }}
are T-sequences of lengths 2m + 1 and 4m + 3 respectively.

Corollary 10 There are T-sequences consiructed from Turyn sequences of lengths
3,5, 7 9, 11, 18, 15, 19, 23, 25, 27, 29, 31, 51, 59.

Theorem 11 If X and Y are Golay sequences of length r, then writing 0, for
the vector of r zeros, T = {{1,0,}, {0, 1 (X +Y)}, {0, L (X - Y)}, {0-4+1}}
are T-sequences of length r + 1.

Corollary 12 (Turyn) There ezist T-sequences of lengths 1+ 2910%26¢, where
a,b,c are non-negative integers.

Corollary 13 There ezist T-sequences of lengths 3, 5, 7, ...,38, 41, 51, 58,
59, 65, 81, 101.

A desire to fill the gaps in the list in Corollary 13 leads to the following idea.

Lemma 14 Suppose X = {A, B,C, D} are {-complementary sequences of length
m+ 1, m+ 1, m, m respectively, and weight k. Then

Y = {{4,C},{4,~C},{B, D}, {B,-D}}

ot
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are 4-complementary sequences of length 2m + 1 and weight 2k. Further, if
} (A+B) and L (C+D) arealso (0,1,-1) sequences, then, with 0, the sequence
of t zeros,

Z={{ £ (A+B),0n},{ £ (A-B),0m},{0m+1, 4 (C+D)},{0m+1, } (C-D)}}

are 4-complementary sequences of length 2m+1 and weight k. If A,B,C, D are
(1,—1) sequences, then Z consisis of T-sequences of length 2m + 1.

Lemma 15 If there are Turyn sequences of length m+1,m +1,m,m there are
base sequences of lengths 2m + 2,2m + 2,2m + 1,2m + 1.

Proof: Let X,U,Y,V be the Turyn sequences as in Table 2. Then
E={1,X/Y}, F={-1,X/Y}, G={U/V}, H={U/-V}
are 4-complementary base sequences of lengths 2m +2,2m +2,2m+ 1,2m + 1
respectively.
Corollary 16 There are base sequences of lengths m+1,m+ 1,m,m for m
(a) 1. 2t + 1 where there are Turyn sequences of lengtht +1,1+1, ¢, &.
(b) 9,11,13,25,29
(c) for lengths g where there are Golay sequences of length g.
(d) 17 (Seberry-Sproul), 23 (Turyn) given in Tables 1 and 3.

Now Cooper—(Seberry)Wallis-Turyn have shown how 4 disjoint complemen-
tary sequences of length ¢ and zero non-periodic (or periodic) autocorrelation
function can be used to form OD(4t;t,t,t,t) (formerly called Baumert-Hall
arrays) (3],4).

First the sequences (variously called T-sequences or Turyn sequences — but
this latter has two different usages) are turned into T-matrices and then Cooper-
(Seberry)Wallis construction, described below, can be applied.

The appropriate theorem for the construction of Hadamard matrices is (it
is implied by Williamson, Baumert-Hall, Welch, Cooper-Wallis, Turyn):

Theorem 17 Suppose there ezists an OD(4¢5t,t,1,1) and 4 suitable matrices
A,B,C,D of order w and eniries 1 or -1 which satisfy

AAT 4+ BBT + ¢CT + DD7 = 4uwl,,
XYT =YXT for X,Y € {4,B,C, D}.

Then there is an Hadamard matriz of order 4wt (Williamson matrices are suit-
able matrices with the extra condition that XT = X for X € {A, B,C, D}.

n matrices X, Xo,..., X, of order m are said to be suilable if they have
elements +1 or -1 and they satisfy

WX X{ +uXo X3 + . A unXa XT = (Y wiml,

XX =X;XF, ij=1,...,n
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where there is an OD()_ u;;u1,u2,...,u;). They are used in the following
theorem.

Theorem 18 (Geramita—-Seberry) If there is an OD(3_ wi;uy,ua, ..., u,)
and suitable matrices of order m then there is an Hadamard mairiz of order

(3" ui)m.

2 ODs and Hadamard matrices

Welch’s 0D(20;5,5,5,5) composed of block circulant matrices is:
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Lemma 19 Let X;, { = 1,...,4, be T-matrices with row sum (and column
sum) z;, respectively. Then

4

Y zt=n

i=1

Proof: X;J = r;J: so considering 2;, XiX}!J = nJ gives the result.
The following result, in a slightly different form, was also discovered by
R.J. Turyn.

Theorem 20 (Cooper—Wallis) Suppose there ezist T-matrices
(or T-sequences) X;, i = 1,...,4 of order n. Lel a,b,c,d be commuling vari-
ables.
Then

A = mXxi-hX2+-aX34-d}Q

B = —-bX;4+aXy+dX3—cX4

C = —-cX1—-dX2+aX3+0X,

D = —-dX)+cXy3-bX3+aXy

can be used in the Goethals-Seidel (or Wallis- Whiteman) array to obtain an
OD(4n;n,n,n,n).

Proof: By straightforward verification.
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Example. Let

1 00 010 0 0 1
X;=|0 1 0[,Xo=[00 1|, Xzg=]|1001], Xg=0.
0 01 1 00 010

Then X,, X3, X3, X4 are T-matrices of order 3, and the 0D(12;3,3,3,3) is

a b c| -b a d| —¢ -=d a| —-d ¢ =b
c 2 b e d -b | —-d a -c c —=b -d
b c a d =b a a —¢c =d| =b -—d c
b —a -—d a b c|-d -b ¢ ¢ —-a d
—a -d b ¢ a b -b c —d| —a d c
—d b —a b c a c —-d -=b d ¢ -—a
c d -—a d b —c¢ b c| -b d a
d -a ¢ b —c d ¢ a b d a <b
—a c d | —c d b b c a a b d
d -c b | —¢ a -—d b -d -a a b ¢
—c b d e =d —c|—-d -a b c a b
b d —c | -d -c¢ a| -a b —d b c a

We will not give the proof here which can be found in Wallis 25, p.360] but
will just quote the results given there. Cyclotomy may be used in constructing
these arrays including the orders ¢t =13,19,25,31,37,41 and 61.

A most important theorem which shows how Welch 0D(20;5,5,5, 5) can be
used is now given. One of us (Yamada) has reported that Ono and Sawade [15]
have found a Welch type 0D(36;9,9,9,9). This is being translated at present.

Theorem 21 (Turyn) Suppose there is a Welch type OD of order 4s con-
structed of sizteen circulant (or type 1) s x s blocks. Further suppose there are
T-matrices of ordert. Then there is an OD(4st; st, st, st, st).

Proof: Since the Welch type OD, W, is constructed of sixteen circulant (or
type 1) blocks, we may write the OD as (N;), i,j = 1,2,3,4, where each ¥;;
is circulant (or type 1).

Since WWT = s(a® + b2 + ¢® + d?)I4, where a,b,¢,d are the commuting
variables, we have

NiNJj + NioNJ + NigN + Ny N7, =

y 1#J

Suppose the T-matrices are T}, T3, T3, Ty. Then form the matrices

{s(a2+b2+c2+d2)1., i=j i=1,2,3,4
0

= Ty x Ny +Tp x Noy+T3x N3y + Ty x Nay
= Ty xNijag+Tax Naz+T3 % Nag+ Ty x Ng2
= T1 x Nig+Ts x Nag + T3 x N3z + Ty x N3
= Ty xNyg+Tox Nog+T3x Nag+ Ty x Ngy

Oawx

81



Now
AAT + BBT +¢CT + DDT = st(a®> + b2 + ¢ + d%) I,

and since A,B,C,D are type 1, they can be used in the Wallis—=Whiteman
generalization of the Goethals-Seidel array to obtain the desired result.

Since the OD of order 20 given by Welch is constructed of sixteen circulant
blocks, we have:

Corollary 22 Suppose there are T-matrices of ordert.
Then there is OD(20t; 5¢,5t, 5¢, 5t) and an O D(361;9¢,9¢,9¢,9¢).

As we have seen, Baumert and Hall’s array of order 3, discovered to ob-
tain the Hadamard matrix of order 156, has led to one of the most powerful
constructions for Hadamard matrices.

In fact, to prove the Hadamard conjecture it would be sufficient to prove:

Conjecture 23 There ezisis OD(4t;1,t,1,1) for every positive inlegert.

3 On Yang’s theorems on T-sequences.

Let Z be the rational integer ring and z,y independent variables. R =Z[z,y]
denotes the polynomial ring in z,y. Furthermore we consider the residue class
ring R = R/(zy — 1)R. We have R =Z[z,z™}].

Let U = (ug,..-,un—1) be a sequence of length n such that u; €Z. Define

the polynomial U(z) in R associated with a sequence U = (uy,...,u,)
n-1 .
U(z) = Z u;z'.
=0
For the reverse U = (up_1, un—-2,...,up) of asequence U = (uop,...,un—1), the

corresponding polynomial is

n—1 n-1
Us(z) = Z wz" "1 = ! Z: wyr~t =z W(z™Y).
i=0 i=0

For a sequence U, we note that the non-periodic auto-correlation function
of the reverse U* is the same as that of a sequence U: Ny (j) = Nu.(j).

Now Yang [29], {30], [31] found that base sequences can be multiplied by
3,7,13 and 2°10°26¢, a,b,¢ > 0 so we call these integers Yang numbers. If y is a
Yang number and there are base sequences of lengths m + p,m + p,m, m then
there are 4 complementary T-sequences of length y(2m + p). This is of most
interest when 2m + p is odd.

We reprove and restate Yang’s theorems from [30] to illustrate why they
work.
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Multiplying by 2g + 1 where g is the length of a
Golay sequence

Theorem 24 (Yang [30]) Let A,B,C,D be base sequences of length m + p,
m+p, m, m, p: odd and F = (f) and G = (g;) be Golay sequences of length s.
Then the following Q, R, S, T become 4-complementary sequences (namely, the
sum of non-periodic aulo-correlation functions is 0).

Q = (Af,,C91;0,0;Af,_1,C92;0,0;...;Af1,Cy,;0,0;,—B",0)

R = (thDgl;o:o;Bft—hDgl-—l;O,O;"';Bfl:Dgl;O)O;A.io)

S = (0,0;Ag,,-Cf;0,0;Ag,-1,—-Cfa;...;0,0; Agy, -Cf,;0,—D")
T = (0,0;Bgq,—Df,;0,0;Bg2,~Dfr;...;0,0; Bg,,—Df,;0,C*)

Furthermore if we define sequences

X=(Q+R)f2, Y=@-R/2, V=(5+T)/2, W=(S-T),

then these sequences become T-sequences of length 1(2s + 1), t = 2m + p.
Proof: Let A(z) = Y P~1g;2%, B(z) = TP 1 b2, C(z) = TiP~t e,
D(z) = T%tP=1 d;z% be the corresponding polynomials associated with base
sequences A = (a;), B = (§), C = (&), D = (d;).

Let F(z) and G(z) be the corresponding polynomials associated with Golay
sequences F' = (f;) and G = (g;):

-1 Cos=1
Fz)=)_ finz', G)=) ginz'

=0 §=0

We define the polynomials f(z) and g(z) by using F(z) and G(z),

-1
flz) = FE*)=)_ finz®,

i=0

-1
G(zm) = Zg'_-'.lz?‘i.

i=0

9(z)
Thus we have

-1

ff(z) = Zf;+1z2'("l") - :cz'(“l)f(z-.l)’
i=0
-1

() = Zgiﬂzm('—l_‘)=3-‘2'("l)g(z"),

i=0

Now we define the polynomials

Qz) = A(2)f*(2)+C(=)g(z)e™ - B (z)z™",
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Rz) = Bo)f (z)+D(&)g"(@)s" + 4" (z)a™,
S(z) = A@R)g" ()" — Cl2)f(2)a™ ¥ — D" (a)a™*+H,
T(z) = B(e)o(z)s' - D(z)f(@)e™ +C"(2)a®**M,

where M = m +p.
For convenience sake, we shall use the same A to represent A(z). A~! stands
for A(z™1).

Qe

- (Af-_*_cgzll! Bz 231)(A lf +C—1 -1 —;’tl
_Bt" —25‘)

= AA~ lf f +Ac—lf- -1 -IH_AB- f- —2st

+CATYgf T M+ CCgg™!

_CB-gz.\I-Zst BtA-lf-"z'ut

—_B* C—l -1 2:1 A!+B.B'-l

Q(x)Q(z™")

RR™!

= (Bf-+Dg-IAI+A-z2.ﬂ)(3—II-" +D-lg'-lz-‘u
+4" Tz

= BB ST A BDT g e o BAT e

+DB—lg-f M+DD-1 . .

+DA‘~’g‘::‘" 2t 4 A°B- lf

+A'D‘lg"‘:c2""M+A‘A‘-’,

R(z)R(z™})

ss-!

= (Ag' _ Cf.'CM + D-z(2:-l)t+ﬁ!)z!(A- g-" _ C_lf-‘lz-‘"
_Dt“’z—(Zs-l)t—M)x—l

— AA-lg'g'-x —AC"g' —la-M _AD-"g-I—(Zs—l)t-M

—CaTlg T f2M p ol f £

_CD-"!:-(h-I)t

+D-A—lg-"’:c(23—l)l+ﬂl _ D-c—lf—lz(h—l)t + D.D._l

TT!

= (Bg_szItl_l_C-z('.’s-l)t-i-M(B 1 —l —lf—lz-hf
+C - I—(Z: l)f-M)

= BB"gg"‘ _ BD—lf—lgz—M +BC‘_'gz'(2"’)"M

__DB—lfg—l M + DD—lff-l _ Dco"fz—(2a—l)t

+C"B~ 1 -lz(2a—l)t+hf _ COD—lf—lz(h—l)t + C'C'-l

S(z)S(z™')

T(z)T(z™")
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Hence we have
Q@'+ RR'4+SS'+TT!

= AA—lf-f-" + CC-lgg—l + B'B‘-’ + BB‘lf'f'-l + DD—lg.g.-‘
+ATAT AT
+CC-lff~ 4+ DD + BB 'gg~' + DD ff!
+ctc*

= AATNSF ST 4 T+ BB ST g7+ CCTN S g7
+DDN(ff M +g%0")
+A A BB e + DD

= (AA'4+ BB '+ CC '+ DD N)(ff ' +g97 ")+ AA + BB}

+cCc'+DD!

= (AA'+ BB '+ CC 4+ DD N)ff 1 +g97 +1)

= 2i(2s+1).

If we define
X(z) = (Q(z)+ R(=))/2,
Y(z) = (Qz)- R(z))/2,
V(z) = (S(2)+T(2))/2,
W(z) = (5(z)-T(z))/2.

then we have

X(@)X @@ D+ Y@)Y(E )+ V(E)V(E) +WE)WE)
Q@+ R@ + R +(@-RYQ™ - B
(S+TYS'+T N +(S=-T)S™' -T"1)}
%(QQ" +RR™' 4S5 4+ TTY)

= t(2s+1),
and the corresponding sequences for X(z),Y(2), Z(z), W(z) are disjoint. O

+

Note: The interesting case for Yang’s theorem is for base sequences of
lengths m + p,m + p, m, m where p is odd for then Yang’s theorem produces
T-sequences of odd length 3(2m + p).

Restatement 25 (Yang) Suppose E,F,G,H are base sequences of lengths
m+p,m+p,m,m. Define A= L (E+F),B= }(E-F),C= }(G+H) and
D = L (G- F) to be suitable (pairwise disjoint) sequences. Then the following
sequences are disjoint T-sequences of length 3(2m + p):

X = A C 0o 0 B* o
Y = B D 0 o' —A* o
Z = 0 0 A =C; 0 D*
w = 0 0; B -D; 0o -C*
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and

X = B 0'; A C; o o
Y = -4 0'; B D; o 0
Z = 0 Dt 0 0; A -C
W = 0 -C% 0o o B -D

where 0 and 0’ are the zero sequences of lengths m + p and m respectively.

Multiplying by 7 and 13

The next two theorems can be used recursively but as the sequences produced
are of equal lengths the next recursive use of the theorems gives sequences of
(equal) even length.

Theorem 26 (Yang) Let(E, F,G, H) be the base sequences of length 2m+p =
t (TBS(t)). Define the suitable sequences A= }(E+ F), B= }(E-F),
C= }(G+H),and D= } (G- H) of lengths m+ p,m+ p,m and m. Then
the following X,Y,Z,W are -disjoint T-sequences of length Tt (RD(7t)):

X = (AC; 0,0; AD; 0,0 AC; 0,0; B,0),
Y = (B,D; 0,0, B,C; 0,0, B,D; 0,0; A’LO),
zZ = (0,0 AC; 0,0, B,C; 0,0; AC; 0,D),
w = (0,0, B,D; 0,0; A,D; 0,0, B,D; 0,C).
(in Yang’s paper on the Lagrange identily for polynomials and 5-codes of length

7t and 13t [31]).

Theorem 27 (Yang) Let(A,B,C, D) be the base sequences of length 2m+p =

t (TBS(t)). Define the suilable sequences A= }(E+F), B= }(E-F),
= $(G+H),and D= 4 (G- H) of lengths m+ p,m+ p,m and m. Then

the following X,Y,Z, W are §-disjoint T-sequences of length 13t (RD(13t)).

,; ,0; 0,0; 0,0; 0,0),

(0,0; 0,0; 0,0;

(in Yang’s paper on the Lagrange identily for polynomials and é-codes of
length Tt and 13t [31]).

Yang shows how to multiply by 11. The sequences obtained are not disjoint
and so cannot be used in another iteration.
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Theorem 28 (Yang) Lei (E, F,G, H) be the base sequences of length 2m+p =
t (TBS(t)). Define the suitable sequences A= } (E+ F), B= }(E-F),
C= Lt (G+H),and D= L (G- H) of lengths m+ p,m+p,m and m. Then
the following (Q, R, S,T) are 4 complementary sequences of length 11t.

Q@ = (AC; AC; B.C, AC; 0,D;

0,D; 0,D; 0,0; 0,0; 0,0; 0,0),
R = (AC; AD; AC; AC; B,0;

B,0 B,0; 0,0; 0,0 0,0; 0,0),
S = (0,0; 10,0; 0,0; 0,0; A0

A,0; A0, B,D; B,C'; B,D; B,D),
T = (0,0, 0,0 0,0; 0,0; 0,C;

0,C; 0,C; B,D; B,D; A',D; B,D).

However Theorem 28 becomes less important when the next result is known.

4 T-sequences and T-matrices of length up to
200

From Table 2 and Golay sequences we can construct 4-disjoint T-sequences for
all lengths up to 33, and also for 51 and 59. These are given in Table 3 with
the corresponding decomposition into squares.

We now give an example showing how to use Yang’s theorem to find se-
quences 3(2m + p) and how the results can be clearly inequivalent as they
correspond to different decompositions of 3(2m + p) into four squares.
Example Suppose we have m = 1. Then four suitable sequences of lengths 2,
2,1, 1 are

1
01
1
0

Note that A and B are disjoint and C and D are disjoint.
Suppose we want to use these in Yang’s construction to multiply by 3 finding
sequences of length 9. The construction gives the T-sequences

X = AC;00;B°0

Y = BD;00; -A"0
Z = 00;A-C;0D"
W = 00;B-D;0-C"

Use the suitable sequences A =10,B=01,C=1,D =0 to get

X =101 00 O 1 0 o
Y =010 00 0 0 -1 0
Z = 000 1 0 -1 0o 0 O
W =000 01 0 0o 0 -1
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Length Sum of Squares Sequences

3 12412412 100,010,001,000

5 11000,00110,00001,00000

7 1 22+12+12+1%2|-1110100,0001000,0000010,0000001

9 2 110100000.00100.1000,000010-100,00000001-1

9 | 22422412 111-100000,000011-110,000000001,000000000

n o R+2+12 1-1:101010000,000101011-10,
00000000001,00000000000

13 32422 0010101000000,1101010000000,
00000001 1-11-1.1,0000000000000

13 | 22+22+42%2+12.1011010000000,0100100000000
0000000001001,00000011-10.110

15 324+224+12+12[011-111000000000,100000100000000
00000001101-10-10,000000000100-101

17 | 4%2+12 011-11111-100000000,10000000000000000
00000000000000000,00000000011-11-1.1-11

17 | 3*+22+22 11000011000000000,001-1-1100000000000
00000000001000101,000000001101110-10

19 [424+12+1241%{1.111011110000000000,0000100000000000000
000000000000011000-1,000000000111.100-11-10

19 | 32432412 011111-11.11000000000,000000000010101010-1,
1000000000000000000,00000000000-1010-1010

21 | 42+22412 011-1111111.10000000000,0;-1 111111111,
100000000000000000000,0,

21 | 42422412 11101010000000-1000000,000-101041.1-1000,
000000011-10-1010000010,0,0:10100000-10-1

21 | 32422422422 .101000010100000000000,010-11-11010,;
0,,1000000011,0000000000-101-1-.1111100

23 | 32432422412 011111-1-11-11-100000000000,0,31010-101010,
00000000000010101010101,10p,

25 52 see lext

25 52 01.111000000-11110000000100,
1000000000-10000000001-1000,
00000100000000010000000-1-1,
0000001.1110000001-1-1-100000

25 | 42+3 111011.11.101100,,,0001000001001 0y,
0,000010010000,0,3111-101-101-1-1-1

25 [ 42+22+422412]1110000001110,3,00011-11-1100003,
02111121 1-1-1 1 1-14 aouooooooooooox

27 | 524124+ 12 0331011 1-1-1 111111105 0111-1:1111-11-1-10-10y3, Oy

27 | 42+324+12+12 | 000000000111-100000000001-111,
111-100000000000000100000000,
0000111-1100000000001-1.1-10000,
0000000000000-111-11000000000

27 32432432 101000000110101001000000000,
010110000001010-110000000000,
000000-11000000000011010-1001,
00000100-100000000000-1010-110

29 | 52+22 110011-10:11100100,,

001100010001-101 Oy,
0;s1000100001000-1,
0;s0111011-1101-1.10

Table 3: 4-disjoint T-sequences
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<

Length Sum of Squares g

29 | 42+32+22 1-:10011001-10011000000000000000,
0000000000000001-10110001101-11,
00-110011001.100000000000000000,
00000000000000-10010011-1001000

31 [ S2+22+ 12412 | 011111101111 -1 110y,
016101010101010101,
0,60101010-10101010,

1039

3] 32+ 32+ 32+ 22 | T-matrices are known, see text.

33 | 2+22422 1100-1011.11100000000000101.10000000.
000000000001-1001011-11100000000000,
00000000000001-10-10000000000011-111,
00110-.1000000000000000001001100000

33 [ 42+42412 Let X. Y be Golay sequences each of length 16 and row sum 4.
The sequences are X 017, 015 Y 0, 03, 1, 033

33 (42432422422 (0,,0011010,;11-313,11001011-1110,;-10-11000
0,,-11001011-1110;;,001101000000,0100110s

35 | 52+32412 1101100011031-1010,4,0010011.100-11100101 0y,
0;5010-10100100101010,0,4101010-1-10-1101010-)

35 | 42432432412 0;1-1105110-110;11-105, 051103610, 11051-1,
0011.10;10011-10,1100,-1-1041101-1051105-10000

37 62+ 12 T-matrices are known, see text

37 52422422422

37 | 42+424+224 12

39 | 62+12+12+12]0,,1001.1011010000000010010,
0;311-10110010010g101201,
000310011011010,,1-10111000000,
11-10.1100-100-10,,1001000000000

39 | 52+32+22+12[0010101051010110,0,5201010;5:1-11-111,
0;311010101-11-1110;3,-1-101010-1-11-1110;3101010,

41 6 +2%2+12 Let X, Y be Golay sequences each of length 10 and row sums 4 and 2.
The sequences are 0 X Oy Y 040, 0y X 0y -Y. 1 Ogp. 0gy

4 [62+22412 1111111101 1 11 111 11 21 0y,

Oy 1--1 1311111 31 0 11D ),
02100000000000000000000, 0y

41 5% + 42 T-matrices are known, see text,

41 (42442432

43 2442412412

43 | 52+324+232

43 42432432432

45 | 62+ 32 0,7100101100000106000000011-1110,
1101-1010011-1110,,-10100-1000000000,
0;51101-10100-1-11.1.10000000001000001,
0010010110000010,4101-101-10000000

45 62+22+22+4121.10100.10000000001101-10-1010000010ys,

03101-101.1000000000-100101011-1110
00000000011-1110;41101-10-10-100000-1,
0000000010000010,7100101011-1110

Table 3(cont): 4-disjoint T-sequences

89




Length Sum of Squares Sequences

45 | 52+42422 1101.10-10011-1110,410-1001000000000,
0,5:1-10.11030011.1110000000001000001,
00-10010110000010,610110110000000,
0,710010-1100000-100000000011-1110

45 | 42442432422 | 0,51-10.11030100000100000000011-1110,
1101-10-1010000010,5101001000000000.
00100101011-1110,3-10-110110000000,
0,,100101011.111000000000100000-1

47 (62432412412

47 | 52+32+432+2% | 1-1-100-1 1-1 Og 1-1-1 0 0-1-1 Oy,
00011000-1-1-13111110001-1001 0z,
0,-101000011111000010-100,
0311010-111.100000-1 1-1-10-1-1 1

9 [P 1-1101010;11.1001011-1010100000001000000,
0001010,-1-1010,4-:101000000000-111000,
0;11-10.10-10y91-10:1000000011.1010100000-10.
0,61010000000011-100-10,,-10100000101

9 |62+32+22 0,01010;,11-10010000000000010100000101,
1-1101010,11-10010511-101010;,-1000000.
0001010, 1-1010,0101000000000-111000,
ooooooon1010.10.0-1-1010111-101010000010.

49 | 5?+42+22+22-11101010,1110010511-101010,-:1000000,
001010511-100-10000000000010100000101,
0001010, 1-1010,,101000000000-111000,
0,-11101010,,11010000000-1-110-10-10000010

49 |42+42442+12{0001010,;-11010,,:10100000000011-1000,
0,11101010,011010000000-1110-10100000-10,
0,0101051-1-10010000000000010100000101,
11101010;1-3-100-1051-1:101010,-1000000

s1 | 7?+12412 0111111 1-3-1111-1-11-1-1 1 1-1 21 1-1 1 Ogs, 1 Oso
05101010-10-10101010.10:101010-1,
0,50101010-101010101010.1010-10,

51 52+52+12 .110111010001-1-110,,10100010000000000.
0,31000101-1100001100000000000-111-100,
00100010-1.110000110,5-1011101-100000000.
0,-1101110-1000.111:100000000000-1-10000-11

51 | S?2+42+3%+12|100000000111-1-1-11-10;71.1111111000000000,
0)3111-111.11000000000000000001-1111-1.1-1,
0111-111-110,5-100000000,
0,71000000001-1-1111.1100000000000000000

53 | 7%+22

53 6+ 42+ 12 Let X, Y be Golay sequences each of length 26 and row sums 6 and 4.
The sequences are 0 X 0 Y, 1052 0

5 |@eeten| o OO Y. 1 02 O3

5 | 72+22+12+12(0,1111101000-10,,1-11110100010000000-1110,

0,6101.110,,1011-1000000010001,
-11-1-1-10-100010,;1-:11110100010,; 10000000000,
00000101-110;7101-110;3111.1100000

Table 3(cont): 4-disjoint T-sequences
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Length

Sum of Sq

- |

55

55

57

57
57
57

59

63
63

63

63

62+32+32+12

52452422412

7422422

2+42+22+17
52+ 4%+ 42
244244243

7?7+32412

52452432

52442432432
ﬁ+€+?+?
%I;+?

2442442422
P+R+224+12
Tr+324224 12

6+52+12+ 12
62+ 5%+124+12

62+324+3%+ 32

2452432422

01001111-1110;1001-1-1 1111 0,51-10100000,
10110,5101-10,511001000000,
0,10011-11-1110;2100111-11-1-100000000000,
00000000000-10110,5-10110,311-11-1
11001011-1110,4-11001011-1110,4:10110000000.
001.10-10,5-110100000000000000000100-1-100000,
0,,11001011-1110,;1100.10-1-111-100000000000,
00000000000001.10-10,51-10-100000000000-1-1 1-1-1

01111-1-11-1110101010-1 055105,
10401 0 10-1 01 Opgel 1-1 1 11-1-1°1 Oy
0101 0301 0-1 010-1 0300 10-1 0-10-10-1
Opil111-1-11-11-1 010-101010,,0101010-10,
see lext
see lext
000011000-11-1110-11110,51-11001-1-1-11000000000.
1111001 1-1000001023-1000110000000000000.
03-1-1100011-11 1011110000000000000010000,
Org111-100-1110000010,,1111011.11
011111111121 10-0111-1-11111-11-3-0-11-1 1 O,
023101010-101010-1010-101010-10101D-I.

Oss.

T-matrices are known, see text

see text
01000000011-1010000101055-1-1-1-111-1010pp
1011-11111000101111010,11000000010),
0,-10000000-1-1-10100001010;101-11:1010,
0-1011:11111000-101.11-1010;2101000010:1
see text
0010110010,;10301-10,,101
1-101001-10,p11010-1001041
0,,101-1001051-1010100.10;
1
1

10010;010-1-10000,
101001.10,01010,
101100106110,
0- 01
106110,

0
1

0110100110,,1010110,4110.1001-10510
051101010010,00-101-1001011
1-10.1010010,110100110,0110
00-1010-110y,101-1001 0, 10-10-1
0,1010110,1101001-10;510-10-
101000-1010001010001051051
000101000-10-1000-100
01051 05-105110,1-104110,1-10000105105:10510
00010-105-10105-1010411041104110,1 1.
000-10-1000-10-10001010,,
000010510510000-105105105101051 0510001

10100-
01001051010
010110000,
1050-1001
0510510 1.

0
1
1
1

Table 3(cont): 4-disjoint T-sequences
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Length

Sum of Squares

Q

> |

8!

81

83

85

85

85

85

85

6+ 6%+ 3

62+ 52 +424+22

92 +22

2+42+22+12

72+ 6%

7?+424424 22

6+ 6%+ 32+ 22

0p1111001-10;-1-1-11001.1 0,911 1-1001-10;91 1 11,
00110000001001,
05110010,3110010,5-110010,51-100-10000001-10,
-11110&11om111100110w||1100110w1111

1104,
0.
010,

2100-1 0,51 1110,
1
1°

-ose
O s
---o.-o

—— b

—
£
—
—
o
—
v
O
&
O
-
L

1 051-110;1041-11000000-1-100,
-11051101105-)!

——

1
- S

-1-1 0y0-1 09-107110301011]00000011
1-1 0;1001110;1051-100,

-1 0g-110g1-1..

PS’

0010,1110,
1-1 0-1-1 0s-1

(=]
o
[=]
o
(=4
.
2
.
T
=95
Torellies:
—_—

5
O

—

4
-5

£
i
:
o
o
2
.
ot
.Oo—
2
z
£
i
=
=4
2
-

00,
1-1 05-1-1 0-1 1.

011
-1010-1 1.

o .
00-1000-10-100 1- 1on1000101001111
0»1011101100000000
001000101-110000110,0:1000-10-1.11000011...
Opp 1 0-1-1-1 011 0y,
11011101000111-10,91-10-1-1101000-111-1...
01510100010y
0,51000101-110000110,010001011-10000-1-1...
0y, 1-1-11 00,
0,11011101000111-10,91101110:10001-1-11...
0,11000011

Table 3(cont): 4-disjoint T-sequences
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Length Sum of Squares Sequences

87 | 924+224+12+ 12| 0y1-101100013012112-10011001-1001 1.
0;7110011001-100,
01001001-11001000001-100-1-1001 1.
0,711001100110011,
01101-1000-1.10-11-11.10011001-1001 1.
032-100-11100100-1 0y,
10010011.1001000001-100-1-100-1 L...
03,1-110110001101-10;5

87 7?24+62+12+12 [ 01-10110001101-111-10011001-10011...
035100-11100100-104
059 100100-1-1100100000-110011001-1...
0;711001100110011,
100-100-1-11001000001-100-1-100-11...
05, 1-110110001101-10;5,
05:1-10110001101-11-1100-1-100-1100-1-1..
0;,7110011001-100

87 72452432422 110011101110 101000-100001000.1...
029101100010001-10,
001-1000-1000110101 1101111011 1.
05,10011-1011100110;,
029110011-101noo:mooo:ooomooon.
O:1-1-101-11-101110,
05,-1100010001-1010-1-1-101-11-101 1 1.
0,61000.100001000-1

87 | 62+5%+52+412{09100-100-1.110010001.10011001.1001 1.
0,7110011001-100
030-1-101lOOOllOlllOOllOO-llOO-ll
0,711001100110011,
0110110001101-110011001100 11...
034-100-11100100-10y,
10010011.100.10001.10011001-1001 1.
02,.111011000110110,,

89 Not known for any position into

91 | 92+3%+12 ooo:om1011010‘61001010010,71001101101
0,41-10.111000000,
11-10110010010,,-1-1101.1010-1-1 0-1..,
0,51-110110010010,,10010,
0,61001101-10-10;311-1011010-1-1 0-1...
0,61001-10110104-100-10,
0,51-110110010010,,10010-100-1...
0,,-1-1101.10010010410110-1

91 82+52+12+12]000110100010100001101000101...
00001101000-101000000-104,

11100101-1-101011-.100101-1-10 1...
011-1410010-1110-10-10,1010g,
0gs 106101001 1-1...

0100001010011-1010000-1010011-10-10,
04-11100001-1-10-10-1-1000101-11101...
01-10001011-1-110101.1000-10-1

Table 3(cont): 4-disjoint T-sequences
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Length

Sum of Squares

93

95

95

95

6+ 5%+ 42 + 42

9?2+ 3242%4 12

Te6?+32412

67+ 52+52+32

924+42412412

92+32+32

82+524324+ 12

17101010.101010101

0-1...
01010;51-11-1-111110000000000,
0101010105 1111-1.11.110-1010-1...
0

g

1 11
, 0-10-1,
0 16 0101040w1000000000101010101

oo
O O = 7

[APp—
—_—e -

0111105110001 1-111...
-1-1-1 Og,
105-1-1-:11001-11000001...

o—-.—-—-—oo—-o

T

(I ]

10-11110,311000-1-1 1-1-10...

Sl LySIE32222 2
-
[=]
~Sooco~~—~
LY
o
- s
(-]
°~

01\10101110w1110000110111

-1 0y,
0-102:-1-11-100100010-1...

3

SO~ OO~ 00Q0Q
.-.-

1011101110000 1-1...

cpooco—~o
LX)
=)

-10511:11001000-101...

"‘o—-—-co-—-—

=
-
_.9._.

10
0-1
11
01-
11
10
11
11-

Soo-ocos

121-11110081-10;51-111 1.
111101110151 0y

03 1-11110p1-11012-11-1-1-102-1-1 105 11 11 1.
0,-1-110;21.11110011-105 1041,
0000011000-10,5-1-10001044-11000-1...
0,611000-10,,111-1100000,
0,611000-10,611000-106-11...
00010,51-1000100000001-1-10
10011-1041-120001 1 11 3-3-1 101 0.1 1 1-1-1.
03311 1000110,

0110 52

033-10

Oy 11
0001
00010 000
0100010-1000-10100 1000101000,
00001000001000001 0000100000 1.
00000-100000100000-100000-100000-100000...
100000100000100000-10000010001,
0-100000100000-100000-100000.1000001000...
00100000100000100000-.100000100000100...
000-100000100000100000100000-10,
-10100010100010-1000-101000-10-100010-10...
0010100010-1000101000-10100010100010-1...
00010-100010100010100010-1000100

0,111 10,

1000-11-11-1
001111100011 1 0001-1-1
0-1.1100000-111 1 11111
000-11-11-10001 33 1-11-1-11
010001010001 000101..
1000-10-1 1 0001010001..
0

1
10
00
11
01
01
01
0

o._-....‘_-_.o

1-10
01111
0331 1-1-
00010
00010
01000
0000-1

Table 3(cont): 4-disjoint T-sequences
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Length Sum of Squares Sequences

9 | TF+TP+1? 41001010510, 13111010510, 1111101,
0,10n 111010510410
0,,1111101010.,11111010310“1111101
0,-10,,111110103 01110,
000001011-107101:110;71011-10,7101 1-1..
0,3-1-1111:100000,
06 10-1-1 103 10-1-11043-10-1-110;71011-10,-10001

99 | 72+5%+5? 101000105:101000-105-10100010510100010g1...
05-10.100010;101000.10,101000105101000-100,
010,110105110‘:0,110,10,110,,1104-1...
051104105-1-1051051 10410510,
031010,1:10;1010,11000710-10; 1-1 031 0104 1-1 0p-1-1...
000-1010,-1-10001010,110001010,-1.1000101000,
051051061 04-101 041061041 05-106-10000-1...
Og1041010,-105610001

9 | 72+52+42+32 | .1-1001011-1110,1100-1031100-1...
0,711001011:1110;-10-110,
001-1010,5-1101-3-11-1-1043-1101 1 1-1 1 1.,
0,3110105-1001100000.
0,,-11001011-1110,31-10:111-1110;53110111-11 1.,
0y;-1-10010-1-1 1.1-1 0y,
0,311010,6110010;7:1:10010,611010;;11-111

Table 3(cont): 4-disjoint T-sequences

Remark: Multiple solutions have been found for many of
these lengths. Full details are available in a Technical
Report CSADFAS88/6 from the authors.

Corresponding to the decomposition 32 + 02 + 0% + 0°.
Using A=10,B=01,C=0,D =1 gives

X =100 00 0 1 00
Y =011 0 0 O 0 -1 0
Z =000 1 0 O 0 01
W =000 01 -1 0 00

The sequences correspond to the decomposition 2% + 12 + 22 4 0%,
q

Some dctailed results
t=13and t =19

Koukouvinos and Kounias [12] had found T-matrices corresponding to the
decompositions

13 22 £ 92 422 412
19 = 42412412412

but we now give T-sequences corresponding to these decompositions
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=25
Hunt and (Seberry) Wallis (see Geramita and Seberry p125) give T-matrices
(not T-sequences) which are type 1 and defined over the abelian group EA(25))
which correspond to the decomposition

25 =52 + 02 + 0%+ 0°
t =31

Hunt and (Seberry) Wallis (See Geramita and Seberry p125) give T-matrices
which correspond to the decomposition

31=32 432432422

The rows of these T-matrices are:

1000100~-1-~-101 00-10 00 000 0001101 0 00 O
0100010 0 010-10 00 00 010-1000010 0-11 ©
0001001 0 000 00 00-11-101 0110000-1 00 O
0010000 0 000 01 01 00 000 0000000 O 0O0-1

=37

Hunt and (Seberry) Wallis (see Geramita and Seberry p125) give T-matrices
(not T-sequences) which are type 1 and defined over the abelian group FA(37))
which correspond to the decomposition

37=6"+1>+0% +0°
t=41
Hunt and (Seberry) Wallis (see Geramita and Seberry p125) give T-matrices
(not T-sequences) which are type 1 and defined over the abelian group EA(41)
which corresponds to the decomposition 41 = 52 + 42 4 0% + 02,

t =43
T-sequences are not yet known of length 43 for any decomposition of 43 into
squares.

t =57
Use the sequences
E =100 0 0 0 0 0 0 O
F = 0 1 1 1 1 -1 -1 1 -1 1
G = 0190 -1 0 1 0 -1 0
H =101 01 0 1 0 21

with A = F,B = E,C = G,D = H in Yang’s Theorem (see Restatement
2.2) to obtain decomposition
57T=4+1+6% + 2
and with A = E,B = F,C = G,D = H in Yang’s Theorem (see Restatement
2.2) to obtain the decomposition

2

57T =4 +5%+ 4% 402
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t =59

Use Theorem 9 (Turyn) on the Turyn sequences of lengths 15,15,14,14 given
in Table 2.

t =61
Hunt and (Seberry) Wallis (see Geramita and Seberry p125) give T-matrices

{not T-sequences) which are type 1 and defined over the abelian group EA(61))
which correspond to the decomposition

61 =62 +5% 4+ 0% +0°

t =63

Let X and Y be Golay sequences of length 10 with row sums 4 and 2. Use
the sequences

= 102
0XY
-XY

020
in Yang’s Theorem (see Restatement 2.2) to obtain the decomposition

Cawx

63=72+32+12+22

Use the sequences

A =01 1 1 -1
B =10 00 0
¢ =11 -1 1
D = 00 0 0

in Yang’s Theorem (see Theorem 3.1) to obtain the decomposition
63 =5 +12+1% +6?
i =67

T-sequences are not yet known of length 67 for any decomposition of 67 but
two inequivalent T-matrices of order 67 have been found by Kazue Sawade for

67=82+12+12+12

t=171,73,79,83,89,97
Neither T-sequences nor T-matrices are known for these lengths for any
decomposition of ¢ into squares.

5 Summary

The sequences constructed in section 4 and table 3 can be used with the Cooper-
(Seberry)Wallis construction (3] to obtain orthogonal designs OD(4t;1,1,1,1) for
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t=1,3,...,41,45, ..., 65, 67, 69, 75, 77, 81, 85, 87, 91, 93, 95, 99, 101, 105,
111, 115, 117, 119, 123, 125, 129, 133, 141, ..., 147, 153, 155, 159, 161, 165,
169, 171, 175, 177, 183, 185, 189, 195, 201, 203, 205, 209.

Williamson matrices which can be used with these orthogonal designs to form
Hadamard matrices are the subject of a separate report. The paper (Seberry
[18]) gives a recent listing of the orders for which Williamson matrices are known.
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