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Abstract. A graph G is [ a, b]-covered if each edge of G belongs to an [ a, b} -factor.
Here a necessary and sufficient condition for a graph to be [a, b]-covered is given and
itis shown that an [ m, n]-graph is [ a, b]-covered if bm —na > 2(n—1b) and0 < a <
b<n

1. Introduction

By a graph we mean a finite, undirected graph with no loops. Let G be a graph
with vertex set V(&) and edge set E(G). A vertex set S C V(G) is independent
if there are no edges in G whose two end-vertices in S. For a vertex z of G, the
degree of £ in G is denoted by dg(z). Let b and o be integers such thatb > a > 0.
We say that G is an [a, b]-graph if a < dg(z) < bforallz € V(G). An[r, 1]-
graph is also called an r-regular graph. Similarly, an [r,r]-factor is called an
r-factor,

Let G be a graph, and g and f be two integer-valued functions defined on V(G)
such that g(z) < f(z) forevery z € V(G). Thena (g, f)-factor of G is a
spanning subgraph F' of G satisfying g(z) < dr(z) < f(z) forallz € V(G).
Forasubset S of V(G), we write G— S for the subgraph of G obtained by deleting
the vertices in S together with their incident edges. If § and T are disjoint subsets
of V(@G), then e(S,T) denotes the number of edges of G joining S and T. We
shall need the (g, f) -factor theorem due to Lovész [6] for which Tutte (7] has
given a short proof.

Theorem 1.1. [6,7] Let G be a graph and g and f be integer-valued functions

defined on V(G) such that g(z) < f(z) forallz € V(G). Then G has a
(g, f)-factor if and only if

8(8,T) =) {do(z) —g(2)}+ ) f(z) — e(S,T) - K(S,T) 2 0
€T z€S
for all disjoint subsets S and T of V(Q), where h(S,T) denotes the number of
components, C, of G — (S UT) such that g(z) = f(z) forallz € V(C) and
e(T,V(C)) + zzevw) f(z) =1 (mod?2).
Kano and Saito [4] discussed some sufficicnt conditions for a graph to have an

[a, b]-factor. Heinrich and others [3] characterized graphs which have an [a, b]-
factor. Little [5] introduced the concept of a factor-covered graph, which is a graph
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such that for every edge e there exists a 1-factor containing e. Here we generalize
this idea as follows. A graph G is [ a, b]-factor-covered, or simply [ a, b]-covered,
if for each edge e of G there is an [a, b]-factor containing e. Thus, a [1,1]-covered
graph is a factor-covered graph. In 1974, Little proved the following result.

Theorem 1.2. 5] Let G be a graph of even order. Then G is factor-covered if
and only if

(1) o(G—8) < |S| forall S c V(G) and

(2) o(G — 8) = |S| implies that S is independent
where o(G — 8) is the number of odd components of G — S.

The above mentioned results can be found in a survey article [1].
In this paper we shall characterize [ a, b] -covered graphs and show thatan [ m, n]-
graph is [a, b]-covered if bm — na > 2(n—b)and 0 <a < b < n

2. The characterization of [ o, b)-covered graphs

Ifa = 0 and a < b, every graph is [a, b]-covered. In this section we deduce
a characterization of [ a, b]-covered graphs where b > a > 1. When a = b, the
problem is more complicated and will be dealt with in another paper.

Let G beagraph and 8,T C V(G). Then the number of vertices of degree j
in G — § is denoted by p; (G — S) and the number of vertices in T" having degree
JjinG- Sbyp;(G-S|T).

Theorem 2.1. Letb > a > 1 be integers. Then a graph G is [ a, b] -covered if
and only if forall S C V(&)

a—1

S (= pi(G - 8) < b|S| - &(S)
j=0

where e(8) = 2 if S is not independent, e(S) = 1 if § is independent and there
is at least one edge Ty such thatz € S, y € V(G)\S anddg_s(y) > a, and
&(8S) = 0 otherwise.

Proof: The condition is necessary. Let G have an [a,b]-factor F', and let S C
V(G).Ifdg_s(z) = j, 0 < j < a~-1,thenin F, the vertex z is incident with
at least a — j edges, zx;, where z; € S. Butdp(z) < bforevery z € V(G).
Thus,

a-1

> (a—p(G-8) < blS|,

j=0

since there exist at most 5|S| edges of F' joining S to G — S. Now if § is not
independent, the induced subgraph G[S] contains at least one edge e. Consider
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an [ a, b]-factor F containing e. We have

a-1

> (a=)pi(G-8) <blS|~2.
j=0

If S is independent and there is an edge zy such thatz € S,y € V(G)\S and
dg-s(y) > a, consider an [a, b]-factor ' containing zy. We have

a-1

D (a-Npi(G-8) < b|S| 1.

j=0

The condition is sufficient. Let e = uv be any edge of G. Define f and g on
V(G) by f(u) = f(v) =b-1, f(z) =bwhenz # u,v, g(u) =g(v) =a—1
and g(z) = e when z ¥ u, v. Clearly, there exists an [ a, 5] -factor of G containing
e if there exists a (g, f)-factorof G’ = G — e, by Theorem 1.1 if forany S, T C
V(G) withSNT = ¢,

8(8,T) = Y {da'(z) —g(2)} + Y f(z) — e(8,T) - h(S,T) > 0.
z€T z€8

Since g(z) # f(z) forany z € V(G'), h(S,T) = o. Thus, we have

8(8,T) =Y dor-s(z) = Y g(z) + Y, f(=).

zeT z€T €S

We distinguish three cases.

Case l. u,v € S. In this case we have

8(8,T) =) dg'-s() — a|T| + b|S| - 2

z€T
and
pi(G - 8) =pi(G' - 8).

Clearly,

a-1
> dai_s(z) 2 e|T| =Y (e = j)p;(G' - SIT)
z€T =0

a-1 a-1

>alT| =Y (a=Npi (G~ 8) =a|T| = > (a—p;(G - 5).
j=0 j=0
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By hypothesis,

S (a- (G- 8) <blS| -2,

7=0
since S is not independent. It follows that

Y- dgi_s(z) 2 a|T| - b|S| + 2,

z€T

namely, 6(S,T) > 0.
Case2. u € Sand v € V(G)\S. In this case we have

pi(G' - 8) =pi(G - 8).
Case2.l. v € T. We have

8(8,T) =) dg-s(z) = (a|T| = 1) + bS] - 1

z€T
= z dgr—s(z) — a|T|+ b|8|.
z€T
By hypothesis,
a-1
Y (a=p (G- 8) <blS|.
j=0
Thus,
a-1
D der-s(z) 2 a|T| = Y (a = /)pi(G - S|T)
z€T Jj=0
a-1
>alT|—) (a—)pi(G - 8)
j=0
a-1
=a|T|~ Y (a~7)pj(G~8) >olT| - 4lS].
j=0

It follows that (S, T) > 0.
Case2.2. v ¢ T. We have

8(8,T) = Y dgr_s(z) —a|T| + b|S| - 1.
zeT
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If dg_s(v) > a, by hypothesis,

Thus,

a—1
S (a-)pi(G-8) < bIS|- 1.

=0

a—1

Y- dgr-s(2) 2 alT| =Y (a = ))pi(G' = SIT)
z€T

S0 é(S,T) >0.

Jj=0
a—-1
>alT| =) (a—)pi(G - 8)
j=0
a-1
=a|T| - ) (a = /)pi(G—8) >a|T|—b|S|+ 1.
Jj=0

If dg_s(v) < a, we have

a—1

Y do-s(2) 2 alT| =) (a = )p;(G' — SIT)
z€T

j=0
a—1

>alT|- Y (a—/)pi(G -8 +1
J=0
a-1

=a|T| - Y (a—)p;(G—8) +1>a|T| - bIS]| + 1.
j=0

Therefore §(S,T) > 0.
Case 3. u,v € V(G\S.
Case 3.1. u,v ¢ T. In this case

and

By hypothesis,

8(S,T) = Y dgi_s(z) — a|T]| + bS]

z€T

pi(G - S|T) = p;(G - S|T).

a—1

> (s~ pi (G- 8S) <bS].
j=0
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Thus,
a-1
Y- dor-s(z) 2 alT| = 3 (a - ))pi(G' - SIT)
zeT j=0
a-1
= a|T| - ) (e — )p;(G - S|T)
j=0
a-1
> alT| - ) (a—7)pi(G—8) > a|T| - blS].
j=0
S0é6(S,T) >0.
Case 3.2. u € T and v ¢ T'. In this case
8(8,T) = ) der-s(z) — (alT| — 1) + b|S].
z€T
If dg_s(u) > a, we have pi(G' — S|T) = p(G—S|T) for0 < j<a-1.1If
dg-s(u) = o, we have p,_1 (G’ — S|T) = pa—1(G — S|T) + 1. So
-1 a-1

z(a —)pi(G' = 8IT) = Y (a - )p;(G— SIT) + 1.

j=0 =0

Ifde_s(u) = jo < a, lhenp;o(G' SIT) = pjo(G - S|T) — 1 and pj, 1 (G’ -
S|T) = pjo-1(G — S|T) + 1. Itis easy tovenfy that

PCER)I (e SIT)-E(a-J)p,m SIT) + 1.
Thus, in alll::ses we have "
cff(a—;)p,cc‘ SIT)<Z<a—;>p,<G S|T) + 1.
Therefore = "
ETdc-s(z)>0|T| Da—;)p,(c: - §IT)
= =

-1
>a|T| - Z(a -G -8IT) -1
y=0

a-1

>alT| - Y (a-/)pi(G—8) =1 >a|T| - b|S| - 1.

j=0
Hence, 6(S,T) > 0.
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Case 3.3. u,v € T. In this case

8(5,T) =) dei-s(z) — (a|T| - 2) + b|S].
z€T

By an argument similar to that used in Case 3.2, it is not difficult to verify that

a-1 a—1
Y (a= (G = 8IT) <) (a—)pi(G~SIT) +2.
j=0 i=0

As in Case 3.2, we can prove that

Y dgrs(z) > alT| - S| - 2.

zeT

So08(S,T) > 0.

3. [a, b)-covered graphs

In [2, Chapter 8, Theorem 13] Berge proved that if G is a graph of even order
which is regular of degree r > 1 and if G is (r — 1) -edge-connected, then G is
factor-covered. Here we present a similar result about [ e, b]-covered graphs. In
particular, we have the following general result.

Theorem 3.1. LetG be an['m,n)-graph. Ifa and b are integers such that bm —
na > 2(n—>b) and0 < a < b< n, thenG is [a,b] -covered.

Proof: When a = 0, the theorem is trivial. Otherwise, by Theorem 2.1 it is suffi-
cient to prove that forall S C V(QG),

a-—1

D (a—)pi(G—5) < b|S| - &(S) o))

j=0

where £(S) is defined as in Theorem 2.1, Forall S C V(QG), if p;{(G - S) =0
forall j = 0,1,...,a — 1, clearly, inequality (1) is true. In the following we
assume that p;(G — S) # 0 for some ;j and some S C V(G). We consider the
following three cases.

Case 1. S is not independent. Since m < dg(z) < nforevery z € V(G), it
follows that

a—1

S (m - Npi(G-8) < S| -2.

j=0
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Thus,

a-1
8181 > % [Z(m - PG~ 8) + 2] :

j=0

Since bm—na > 2(n—b), (bm—na)p;j(G—S) > 2(n—b) whenp;(G-8) # 0.
Alson— b > 0. Thus, we have

b o—1 2 a1
S (m = ey (G- + 22— [E(«—nmca-m . 2}

j=0 j=0
—lg[b +(n—b)j]pi(G-5) 2( b) >0
-"jzo m—na+(n J1pilG — —nn— 2 0.
namely,
o1
BISI> Y (a—)p(G-8) +2.
j=0

Case 2. S is independent and there is an edge zy suchthatz € S, y € V(G) \S
and dg_s(y) > a. In this case

a-1

Y (m = 5)pi(G - 8) < S| - 1. Thus,
j=0

j=0

o—1
b|S| > % [E(m - Npi(G-8) + 1} .

As in Case 1, we can prove that

a-1 a—1
% [E(m - N (G- 8)+ 1} > Y (a-pi(G-8) +1.

Jj=0 Jj=0
So .
BISI 2 ) (a—Np(G—8) + 1.
7=0

Case 3. Case 1 and Case 2 are not true. In this case

a—-1

Y (m = pi(G~8) < S|,

=0
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It follows that

a-1

HSI > =Y (m— )py(G - 8).

i=0
Since bm — na > 2(n— b) > 0, we have

a-1 s-1

%E(m PG —8) =) (a—Npi(G-15)
j=° j:o
a-1
- %Elbm—m(n—b)j]p,-(a-a >0.
j=0

Thus inequality (1) is satisfied and the proof is complete.
The next result follows immediately from Theorem 3.1.

Corollary 3.2, Let b,a and r be integers such that r(b — @) > 2(r — b) and
0 < a< b< r. Thenif graphG isr-regular, G is [ a,b]-covered.

From Corollary 3.2 we can easily obtain the following corollaries.

Corollary 3.3. Leta and b be non-negative integers and let G be an r-regular
graph. ThenG is[a,b)-coveredifb—a > 2 andb < r.

Corollary 3.4. Every r-regular graph is [ k — 1, k] -covered for every integer k
suchthat 7 < k< r.
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