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Abstract

The expected value and the variance of a multiplicity of a given
part size in a random composition of an integer is obtained. This
result was used in [1] to analyze algorithms for computing the Walsh-
Hadamard transform.

The expected multiplicity of a part size can be viewed as one aspect of
a measure of the “m-distinctness” [2] of a random composition. Because of
its simplicity the formula has already found a nice application to theoretical
computer science. In the paper [1], which is devoted to the analysis of a
class of divide and conquer recurrences arising from the computation of
the WHT, the expected multiplicity of a part size was used (Lemma 2,
Section 5) to calculate the mean value of times of execution loops in WHT
algorithm.

We start presenting the result of this paper with necessary definitions.
We consider a k-tuple kn = (71,...,7&) where all v;’s are positive in-
te%:ers, called parts, and the number k is called a “number of parts’. If
2j=1 v; = n, then we call k, - a composition of an integer n. The values
of «;’s are called “part sizes”. The multiplicity of a part size is the number
of parts with that size. There are exactly 2"~! different compositions of n.
This fact can be found e.g. in Andrews [3, Example 3, p. 63]. We denote
the set of all compositions of n by §,,. A “random composition” means a

*Supported in part by NSA grant MSPF-02G-043

JCMCC 52 (2005), pp. 65-68



composition chosen accordingly to the uniform probability measure on ,,.
The following theorem is true.

Theorem 1. Let X = X, ; denote the multiplicity of part size 7 in a
random composition of n. For n > j+1,

n+3-—j

E(X)= T+l
and forn > 25+ 1,

3n—2nj+352-12j+5 n+3—j

Var(X) = 22(3+1) 25 +1

Proof. Let g;j(n, m) be the number of compositions of n in which part size
J has multiplicity 7. In terms of generating function [4):

Gj(z,u) = Z Z gj(n,m)z"u™ =

n=0m=0

the expected value of X is [5, p. 108]:
n 8G%-(z,u)
[z ] ( u )u=1 .

1-2
1-2z—(u—1)27(1-2)’

B = T
Let H(z) =1 — 2z and K(z) = 27(1 — z). Expending
1—2 1
Gilow) = HE) 1 - (u-1)%9
_ l-=z w_1E@ e K2
= i (1 IEG e g ) O
we see that

| —2)2%
E(X) = 2-%D 7] (——-—((11 = 2)2): ) .

In view of the expansion

(1-22)"%2= f:(k + 1)2% 2k,

k=0

we have

E(X) = 2-(»-D [2"] i(k +1)25(1 — 22 + 22)2%+7

k=0
= 279" Un-j+1) ~4(n~5)+(n -5 -1))
n+3-3 .



Note. If n = j then E(X) = 27U~V and if n < j then E(X) = 0.
To determine the variance, we begin by computing the second factorial
moment. From

1 (25)

E(X(X -1)) = =

and the expansion (1), we have

E(X(X —1))=2-2"""D[;7] (w) |

(1-22z)3
Thus
X (k+2 )
BX(X-1) = 2.27(1 [z”]Z( 0 )2"(1—3z+3z2—z3)zk+2’
k=0
2 2
n—2j n—2~1
+2(" %) 2" 7))
n? —4nj + 452 +9n — 185 + 14 .
Hence

Var(X) = E(X(X -1))+ E(X) - E¥X)
n? — 4nj + 452 + 9n — 185 + 14 n+3—j_(n+3-j)2

- 227 +1) 2i+1 23 +1
3n—2nj+;2-12j+5 n+3-3 )
= 52+ + n>25+1).

This completes the proof.
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