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ABSTRACT. We refer to a labeling of a plane graph as a 4 - antimagic labeling
if the vertices, edges and faces of the graph are labeled in such a way that the
label of a face and the labels of the vertices and edges surrounding that face add
up to a weight of that face and the weights of all the faces form an arithmetic
progression of difference d. This paper describes d — antimagic labelings for
special class of plane graphs.

1. INTRODUCTION AND DEFINITIONS

The graphs considered here will be finite, undirected, without loops and
multiple edges. The graph G has vertex set V (G) and edge set E(G) and we
let |V(G)|=vand [E(G)| =e.

A graph G is said to be plane if it is drawn on the Euclidean plane in such a
way that its edges do not cross each other except at the vertices of the graph.
Assume that all the plane graphs considered in this paper possess no vertices of
degree one. For a plane graph G, it makes sense to consider its faces, including
the unique face of infinite area. Let F( G ) be the face-set of G and | F (G)| =f.
General references for graph — theoretic notionsare [ 17 Jand [ 18 ].

A labeling of a graph is any mapping that sends some set of graph elements
to a set of numbers (usually positive integers). Specially, if we have bijection o :
V(G) = {1,23,....v}or B:E(G)—> {1,2.3,....e}or y:F(G)—> {1,2.3,....1 }
then the corresponding labeling is called a vertex labeling or an edge labeling or
a face labeling respectively.

A bijection ¢ : V(G) U E(G) U F(G) = {1,2,3, ...,v +e+ f}iscalleda
labeling of type (1,1,1) and a labeling of type (1,1,0) is a bijection from the set
{1,2,3,..., v +e} onto the vertices and edges of plane graph G ( V,E,F ). The
weight of a face under a labeling is the sum of the labels ( if present ) carried by
that face and the edges and the vertices surrounding it.
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A labeling of plane graph G is called d - antimagic if for every number s
the set of s - sided face weights is W, = {a,, a; + d, a; + 2d,...,a, +( f; - 1)d} for
some integers a, and d, d = 0,where f, is the number of s - sided faces. We allow
different sets W, for different s. Other types of antimagic labelings were
considered by Hartsfield and Ringel [9], Bodendiek and Walther [8]and
Simanjuntak, Miller and Bertault [16]. If d=0 then Lih in [13] called such
labeling magic (face-magic).Face- magic labelings of type (1,1,0) for wheels,
friendship graphs, prisms and some of the platonic polyhedra are given in [13].
Face-magic labelings of type (1,1,1) for m-antiprisms, fans,planar bi-pyramids,
ladders and the Mobius ladders are described in [2],[1] and [3]. Baca has
described the face-magic labeling of type (1,1,1) for the hexagonal planar maps

m m
Hy, (see [5]) and for the grid graphs Gn (see [4]).

If d=1 then d-antimagic labeling is called consecutive. Qu in [15] and
Kathiresan et.al. in [10,11,12] studied consecutive labelings for special classes
of plane graphs.

d-antimagic labelings of prisms and generalized Petersen graphs P(n,2)
can be found in [14] and [7]. Additional known results about face-antimagic
labelings are shown in [6]).

Let a and b be integers such thata>2 and b 2 2. Let y, ys,...,y, be the
a fixed vertices. We connect the vertices y; and y;,; by means of b internally

J
disjoint paths P of length i+1 each,] < i < a-1,1<j < b. Let y; x il
J
Xij2.--X iji-y i+1 be the vertices of path Pj, where 1< i<a-land 1 < j < b. The

b b
resulting graph embedded in the plane is denoted by Pa, where V(Pa )= {y;
a-1 b b a-1
Hl<i<a} v IUI ju1 {xiyx1<k<i}and E(Pa)= U1 {yixinl<j<
= = : =

a-1 b a-1
b} () ‘.\=J1 j:)l{xi\j.kxi‘j‘Hﬁ]SkSi-]} Uitjl{xij‘iyiﬂtlsjsb}.

_ba@-1)

b(a-1)a+2)
We observe that v -T+a and e= ——MM88—,

2

The

b
face set F(Pa) contains b-1 (2i +2 )-sided faces, for 1 < i < a-1, and one
external infinite face. Here f=(a-1) (b-1) + 1.
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This paper describes d-antimagic labelings of type (1,1,1) for the plane
b
graph Pa, d e {0,1,2,3,4,6}.
2. VERTEX AND EDGE LABELINGS

We shall use Ln] to denote the greatest integer smaller than or equal
ton.

Ifa 22 and b 2 2, we construct a vertex labeling o, and an edge

b
labeling B, of the plane graph Pj in the following way.
a; (vi)= -l;—(i—l)(i -2 +i iflsi<a

Ifl<i<alandl<j<b then
oy (X i) =

bifi— 1 .
(‘%+i+l+% if iandjareoddandk =1

i _
oD 8t i1+ d ifiisodd jisevenandk =1
2 2 2
biGi — 1
ﬁ '('2 ) bitl+] if iisevenand k=1
biCi - 1
—1(15—)+kb+i+2-j if kiseven,2 < k < i
bi(i~1) . . ey .
+(k-Db+i+1+j if kisodd,3 < k < i

N\
B.(yixi‘j‘.)=%((i+])i-2)+j ifl<i < a-l aﬂdls_] <b

If1<i< al and 1< j< bthen
Bi (XijokX ijke1) =

bi(i + 1) ) oy . .
~——+kb+1-j if kisodd, 1 < k< i

bi(i +1)

+(k-Db+j if kiseven,2 < k< i
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B (x inj,iy 1) =

- bi(i+3)

> j+i if iis odd
b j+1
) ;((i+3)i-z)+9-12'— if iis even and j is odd
bii+3) b, j
ia )—L—J+;'- ifiand j are even
\_ 2 2 2

3. THE RESULTS

With the vertex labelings and the edge labelings of the previous section in
b
hand, we investigate d-antimagic labelings of the graph Pa.
b

Theorem 1. For a > 2 and b 2 2, the plane graph Pahas a 0 -antimagic labeling
and 2-antimagic labeling of type (1,1,1).
ba(a-1)

2

Proof. 1t is not difficult to check that the values of o, are 1,2,3,...,

b(a-1)(a+2)
2

+a

and that the labeling B, uses each integer 1,2.3,..., exactly once.

b
Label the vertices and the edges of Pa by labeling o, and labeling

B+ v respectively. The labelings o, and B, + v combine to a labeling of type
(1,1,0).

If A= b(2i*+4i%-i)+6i+2i*+2+(i+1)a(ba-b+2) then the weights of the (2i+2)-sided
faces successively attain the values

I
{A—b+|_bT+J +j:1<j<b-1 } foriodd and

b
{A-L;J +j:1<j<b-1} forieven, 1 <i<a-l.

If we complete the face labeling with values in the set { v +e+l,
vie+2, ...,V +et+(a-1)(b-1)} and B = b(2i*+4i*+2a’+ia’-ia-a-1)+5i+2i*+3 + 3a +
2ai then the resulting labeling of type (1,1,1) can be

(i) O-antimagic with the common weight for all (2i+2)-sided faces equal to

B—b+LP—?+—IJ for i odd B—L%J forieven, 1 <i< a-1or
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(ii) 2-antimagic with the weights of (2i+2)-sided faces in the set { B~2b +
L %J +2j: 1< j< b-1} foriodd and {B-b -L%J +2j: 1 <j<b-1} for

i even, Igi<a-l.
The proof is completed.

b
Theorem 2. Fora >2 and b > 2, the plane graph P, has a | -antimagic

labeling and 3-antimagic labeling of type (1,1,1).

b
Proof. Define a vertex labeling a, and an edge labeling B, of Pa as follows.
a (y))= oy (i)
If1<i<a-1 and 1 <j< bthen
o (Xigx) =
bi(i ~ 1
=D brie2—] if Kiseven,2< k < i
b. . —] :
2D | kmtbriat+ if kisodd, 1< k < i
B (yixign) = Bi(yxijs
Ba (X igkXijkr) = Br (X ijkX igke1)-
Ifl1<i<al and1< j< bthen
bili+3) .4y if i is odd
Ba (Xijiyis1) = 2
b
;((i +3)i-2)+]j if iiseven.

b

Label the vertices and the edges of Pa by a, and B,+ v respectively.
It is not difficult to check analogously to the proof of Theorem 1, that in the
resulting labeling the weights of (2i+2)-sided faces constitute an arithmetic
progression of difference 2 for 1 < i < a-l.

b

Complete the face labeling of Pa such that the values v +e+1, v+e+2
»eens VHe+(a-1)(b-1) will be given to the (2i+2)-sided faces,
1<i<al.
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We are able to arrange the face values of (2i+2)-sided faces such that
the resulting labeling of type (1,1,1) is
@) 1- antimagic or
(ii) 3- antimagic.
b
Theorem 3. Fora>2 and b > 2, the plane graph P, hasa 4-antimagic labeling
and 6-antimagic labeling of type (1,1,1).

Proof: Consider the following bijections

b ba(a-1
as. V(Pa) > { 1,2,3,...,¥+a } and

b b(a-1)a+2
Bs: E(Pa) - { |,2,3,...,% },where
a3 (yi) = oy (vi).
If1<i< a1 and 1< j<bthen
o3 (X ijk) =
i1 .
(1(12 )+i+1+‘]—§—] if iandjareoddandk =1
bii—1) |, b+l °
oD 2 ivied ifiisodd,jisevenandk= 1
2 2 2
bi(i — 1
D L ivrag if iisevenand k=1
bii -1
< '('2 ) i kb4it2-] if kiseven,4< k< i
b 2 | . . -
E(l —i+4)+i+2-]j ifiisoddand k=2
b .2 . . ol
5(1 =i+2)+i+1+] ifiisevenand k =2
bi(i - 1
\102 ) e k=Db+i+1+] if kisodd,3< k< i.

Bs yixij1) = B (yixij)

Bs (X ijxX igae1) = Br (X ijxX ijeer)-

Ifl<i< a1 and1< j< bthen
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Bs (Xigiyin) =

/'
b
;(iz +3i-2)+] if i is odd
b i1

< ;((i+3)i—2)+"—;— if iis even and j is odd

bii+3) | b, j
1(12 )—|_ 5]4»% if i and j are even.

_

It is a matter of routine checking to see that combining the vertex
labeling a; and the edge labeling B; + V gives a S-antimagic labeling of type
(1,1,0).

b

If we complete the face labeling of Pa with values in the set { v+e+l,
v+e+2,.... v +et+(a-1)(b-1)} then we are able to obtain

(i) 4-antimagic labeling of type (1,1,1) or

(ii) 6-antimagic labeling of type (1,1,1).
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