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1 Introduction

A kite is a triangle with a tail consisting of a single edge. A \-fold kite
system (A-fold triple system) of order n is a pair (X, B), where B is a
collection of kites (triangles) which partitions the edge set of AK,, (X copies
of the complete undirected graph on n vertices) with vertex set X. When
A = 1 we will simply say kite system (triple system). If we drop the
quantification “partitions” we have the definition of A-fold partial kite
system (A-fold partial triple system).

A packing of AK, with triangles is a triple (X,T, L), where T is a
collection of edge disjoint triangles and L is the set of edges not belonging
to a triangle in T. The collection of edges L is called the leave. If |T| is
as large as possible, the packing (X, T, L) is said to be mazimum. (So, for
example, a A-fold triple system of order n is a maximum packing of AK,
with leave the empty set.)

In what follows we will denote the m-cycle with edges {z1,z2}, {z2, z3},
ooy {Zm-1,Zm}, {zm,z1} by any cyclic shift of (z;,z2,23,...,Zm) or
(z2,%1, Tm)Tm—1,...,z3) (in particular, the triangle with edges {a,b},
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{b,¢c}, {c,a} will be denoted by any cyclic shift of (a, b, c) or (b, a,c)); and
the kite

by (a,b,c)-d or (b, a, c)-d. Now let (X, K') be a A-fold kite system of order n
and let E(K) = {{c,d}|(a,b,c)-d € K} and T\(K) = {(a,b, )| (a,b,c)-d €
K}. Then T (K) is a A-fold partial triple system. If the edges belonging
to E(K) can be arranged into a collection of triangles T>(K) with leave
L, then (X, T1(K) U T2(K), L) is a packing of AK,, with triangles, and
is said to be a metamorphosis of (X, K). (The algorithm of going from
(X,K) to (X, Ti(K) U Tp(K), L) is also called a metamorphosis.) There
are some fairly extensive results on similar metamorphosis problems, and
the interested reader is referred to [2, 3, 5, 6, 7] for further reading. The
purpose of this paper is the complete solution of the problem of constructing
for each A and for each admissible value of n a A-fold kite system of order
n having a metamorphosis into 2 maximum packing of AK,, with triangles
with all possible leaves. It is sufficient to give a solution of this problem for
A=1,2,3,4,5,6,7,8,9,10,11, 12, since these results can be pasted together
to obtain a complete solution for all other values of A.

2 Kite systems

It is well known that the spectrum for kite systems is the set of all
n = 0,1 (mod 8) [3] and a maximum packing of K, with triangles has
leave [4]:

(i) a 1-factor if n = 0,2 (mod 6);
(ii) a 4-cycle if n =5 (mod 6);

(iii) a tripole (the graph consisting of (n —4)/2 disjoint edges and a 3-star
(see Figure 1) if n = 4 (mod 6); and

(iv) the empty set if n = 1,3 (mod 6).
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Figure 1: tripole.

In this section we will show that for every admissible value of n there
exists a kite system of order n» having a metamorphosis into a maximum
packing of K,, with triangles. To begin with, we will give examples for
n=238 n=29 n=16, and n = 17 followed by a recursive construction for
the remaining cases.

Example 2.1. (n=8). Let (X, K) be the kite system with K = {(4, 6, 1)-2,
(4,7,2)-3, (4,5,3)-1, (6,7,5)-1, (3,8,6)-2, (1,8,7)-3, (2, 5,8)-4}.
Then (X, T1(K) U T>(K), L) is a maximum packing of Kg with triangles,
where To(K) = {(1,2,3)} and L = {{1,5}, {2, 6}, {3,7}, {4,8}}.

Example 2.2. (n=9). Let (X, K be the kite system with K = {(1, 2, 3)-5,
(4,6,5)-7, (8,9,7)-3, (4,7,1)-8, (2,5,8)-6, (3,9,6)-1, (1,5,9)-2, (6,7,2)-4,
(3,8,4)-9}. Then (X, Ti(K)UT2(K)) is a Steiner triple system of order 9,
where T>(K) = {(3,5,7),(1,6,8), (2,4,9)}.

Example 2.3. (n=16). Let (X, K) be the kite system where X = ({a, b, c}
X Z5)U{co} and K = {(bi, c3+i,00)-ai, (bati, €341, @i)-C14i, (@i, b14i, b3ti)-
Ciy (C144) Cis @i)-0244, (Crtis Cati, Q244 )-b24i, (C24i, brai, boti)-ai | i € Zs).
From here on we will use subscript notation z; to denote the ordered pair
(z,1).) Then (X, T1(K)UTy(K), L) is a maximum packing of K¢ with tri-
angles, where T>(K) = {(00, a9, a1), (00, az, az)} U {(ai, a2+, ba4:) | i € Zs}
and L = {{a4, 00}, {a4, a3}, {aq, a0}, {a1,02}} U {{ci, ba:}|i € Zs}.

Example 2.4. (n=17). Let (X, K) be the kite system where X = {z,, z3,
3,24,25}U Z12 and K = {(8,11,9)-10, (7,8,10)-0, (2,11,0)-9, (3,0, 1)-10,
(z1,5,1)-2, (£1,9,2)4, (1,3,7)-6, (z1,11,4)-1, (6,10,2;)- z2, (8,0, z1)-x3,
(z2,1,6)-9, (x2,10,2)-3, (x2,8,3)-5, (z2,0,5)-2, (4,9, z2)- z3, (7,11, z3)-24,
(.'L'3, 8, 1)- 11, (1:3, 10, 3) ~4, (1'3, 0, 4) - 6, (33, 11, 6)- 3, (2, 7, :133)- T4, (5, 9,
z3)-zs, (24,3,11)-10, (z4,8,4)-5, (24, 10,5)-7, (z4,0,7)-4, (1,9, z4)-zs, (2,
6,z4)-21, (s,1,7)-9, (zs,2,8)-5, (zs,11,5)-6, (x5,0,6)-8, (3,9, z5)-z1, (4,
10, z5)-z2}. Then (X, Ti(K)UT2(K), L) is a maximum packing of K7 with
triangles, where T2(K) = {(z1,z3,zs), (x2, z4, z5), (0,9, 10), (1, 10, 11), (1,
2,4),(2,3,5),(3,4,6),(4,5,7),(5,6,8),(6,7,9)} and L = {(z1, z2, %3, Z4)}.

In order to handle the remaining cases we need the following example.
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Example 2.5. (A K4 4,4 kite system having a metamorphosis into a
packing of Ky 4 4 with triangles with leave the empty set). Let K, 4 4
have parts {z} x Z4, {y} x Z4, and {2} x Z4 and define a collection of kites
K = {(22, i, zO)'-’”la (y2| 21, z(])'yla (xlv 22, yO)'zl, (yOs 20, I3)-y31 ($3, 1,
z1)-x2, (23, Y2, 22)-Zo, (Zo, 20, ¥3)-23, (¥3, 21, %1)-¥2, (¥3, 22, Z2)-y0, (%0, 0,
23)-z3, (1, 23, 11)-22, (%2, 23,72)-20}. Then T1(K)UTH(K), where To(K) =
{(z0,y1, 22), (*2, Y0, 21), (Z1,¥2, 20), (3, y3, 23)}, partitions the edge set of
K4'4'4 into triangles.

The main ingredient we will need in our recursive construction is a {3}-
GDD of type 2* or 25241, 1t is well known (see [1]) that there exists a
{3}-GDD of type 2* for every k = 0,1 (mod 3) and a {3}-GDD of type
25241 for every k = 2 (mod 3) > 5.

The 8k + r Construction. Write 8k + r = 4(2k) + r, where 2k > 6 and
r € {0,1}. Let S be a set of size 2k, R be a set of size r, and (S5,G,T) a
{3}-GDD of type 2* (for k = 0,1 (mod 3)) or 25¥=24! (for k = 2 (mod 3)).
Set X = RU (S x Z;) and define a collection K of kites as follows.

(1) For every group g € G, let (RU (g x Z4), K,) be a kite system of
order 4|g| + r having a metamorphosis into a maximum packing with
triangles with leave L, (see Examples 2.1, 2.2, 2.3, and 2.4); put
K;CK.

(2) Foreveryt = (z,y,z) € T, let (K4,4,4, K.) be a kite system with parts
{z} x Z4, {y} x Z4, {2} x Z4, having a metamorphosis into a packing
of K4,4,4 with triangles with leave the empty set (see Example 2.5);
put K; C K.

Then (X, K) is a kite system of order 8k + r. The metamorphosis is the
following: for each group in G use the metamorphosis in (1) and for each
triple in T use the metamorphosis in (2). The leave is L = UyegLy; we have
the following four cases.

(a) The case of r=0, k=0,1 (mod 3) (and so 8k +r = 0,2 (mod 6)).
Each L, is a 1-factor of Ky with vertex set ¢ x Z4 and so L is a
1-factor of Kgktr.

(b) The case of r =0, k=2 (mod 3) (and so 8k+r = 4 (mod 6)). Each
Lgy is a 1-factor of Kg with vertex set g x Z, with one exception, a
tripole, corresponding to the group of size 4 and so L is a tripole.

(c) The case of r=1, k=0,1 (mod 3) (and so 8k +r = 1,3 (mod 6)).
Ly =0 for each g€ G and so L = 0.
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(d) The case of r =1, k = 2 (mod 3) (and so 8k 4+ r = 5 (mod 6)).
L, = 0 for each g € G with one exception, a 4-cycle, corresponding
to the group of size 4 and so L is a 4-cycle.

Then (X, T1(K)UT2(K), L) is a maximum packing of Kg4r with triangles.

Lemma 2.1. There exists a kite system of order n having a metamorphosis
into & mazimum packing of K, with triangles for alln=0,1 (mod 8). O

3 2-fold kite systems

It is well known that the spectrum for 2-fold kite systems is the set of all
n = 0,1 (mod 4) [3] and a maximum packing of 2K, with triangles has
leave [1):

(i) the empty set if n=0,1,3,4 (mod 6); and
(ii) a double edge if n =2,5 (mod 6).

In this section we will show that for every admissible value of n there exists
a 2-fold kite system of order n having a metamorphosis into a maximum
packing of 2K,, with triangles. To begin with, we will give examples for
n=4,n=5,n=8, and n =9 followed by a recursive construction for the
remaining cases.

Example 3.1. (n=4). Let (X, K) be the 2-fold kite system where K =
{(3,4,1)-2, (1,4,2)-3, (2,4,3)-1}. Then (X, T1(K) U T3(K)) is a 2-fold
triple system, where To(K) = {(1, 2, 3)}.

Example 3.2. (n=5). Let (X, K) be the 2-fold kite system where K =
{(3,5,1)-2, (4,5,2)-3, (2,4,3)-1, (2,5,1)4, (3,5,4)-1}. Then (X, Ti(K)U
T»(K), L) is a maximum packing of 2Ks, where To(K) = {(1,2,3)} and
L ={{1,4},{1,4}}.

Example 3.3. (n=8). Let (X, K) be a kite system of order 8 having a
metamorphosis into a maximum packing of K with triangles with leave L =
{{1,2},{3,4}, {5, 6}, {7, 8}} (see Example 2.1), and (X, K?2) the kite system
where K; = {(5,8,1)-2,(5,6,3)-1, (2,3,4)-1, (7,8,2)-5, (1,7,6)-2, (4,5,
7)-3, (4,6,8)-3}. Then (X, K, U K3) is a 2-fold kite system of order 8.
The metamorphosis is the following: use the metamorphosis of (X, K;)
and delete the tail from each of the kites of Kj; reassemble these edges
including the edges of L into the triangles {(1, 3,4), (2,5,6), (3,7,8)} with
leave {{1,2}, {1, 2}}.
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Example 3.4. (n=9). Take a kite system of order 9 having a metamor-
phosis into a Steiner triple system (see Example 2.2) and double each kite.
The result is a 2-fold kite system of order 9 having a metamorphosis into a
2-fold triple system.

In order to handle the remaining cases we need the following example.

Example 3.5. (A K322 kite system having a metamorphosis into
a packing of K22 with triangles with leave the empty set). Let
(K2,2,2, K) be the kite system where K = {(z1,¥1,20)-%0, (¥1, 21, Z0)-20,
(z1,21,%)-z0}. Then T)(K) U To(K), where To(K) = {(x0, %0, 20)}, par-
titions the edge set of K5 2 into triangles with parts {z} x Z3, {y} x Za,
{z} x Z,.

The 4k +r Construction. Write 4k + r = 2(2k) + r, where 2k > 6
and r € {0,1}. Let S = {1,2,...,2k}, R be a set of size r, (5,G,T) be
a {3}-GDD of the type 2% (for £ = 0,1 (mod 3)) or 25724} (for k = 2
(mod 3)), with groups g, = {1,2}, go = {3,4}, ..., g = {2k — 1,2k} or
a1 = {1,2,3,4}, g2 = {5,6}, ..., ge—1 = {2k — 1, 2k}, respectively. Set
X = RU (S x Z;) and define a collection K of kites as follows.

(1) For every group g € G, let (RU (g x Z3), K,) be a 2-fold kite system
of order 2|g| + » having a metamorphosis into a maximum packing
with triangles with leave L, (see Examples 3.1, 3.2, 3.3, and 3.4); put
K, C K.

(2) For every t = (z,y,2) € T, let (K322, K;) be the kite system in
Example 3.5; put 2K, C K.

Then (X, K) is a 2-fold kite system of order 4k + r. The metamorphosis
is the following: for each group in G use the metamorphosis in (1) and for
each triple in T use the metamorphosis in (2); combine the leaves in (1)
and (2) to obtain the leave L as the case may be.

(a) The case of T =0, k=0,1 (mod 3) (and so 4k + r = 0,4 (mod 6)).
Ly = 0 for each g € G and so the leave L = UyegL, is the empty set.

(b) The case of =0, k =2 (mod 3) (and so 4k +r = 2 (mod 6)). Each
Ly, is the empty set with one exception, a double edge, corresponding
to the group of size 4 and so the leave L = UyegL, is a double edge.

(c) The case of r=1, k=0,1 (mod 3) (and so 4k + r = 1,5 (mod 6)).
Use the metamorphosis in (1) with leaves {{10, 20}, {10, 20}}, {{30,40},

{30,40}}, o ,{{(2k - 1)0, (2k)o}, {(2k - 1)0, (Zk)o}}. These leaves
plus all edges of the triples (xo, %0, 20) is a copy of 2Ka,. Replace
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these deleted edges with a maximum packing of 2K, with a leave L.
The result is a maximum packing of 2K}, with triangles with leave
L.

(d) The case of r =1, k =2 (mod 3) (and so 4k +r = 3 (mod 6)). Use
the metamorphosis in (1) with leaves 0, {{50, 60}, {50,60}}, {{70, 80},
{70,80}}, .o ,{{(2’6 - 1)0, (2k)0}, {(2k — 1)0, (2’6)0}} These leaves
plus all edges of the triples (zo, %0, z0) is a copy of 2K, with a hole
of size 4, {10, 20,30,40}. Replace these deleted edges with a 2-fold
triple system of order 2k with a hole of size 4 (see [1]). The result is
a maximum packing of 2K+ with triangles with leave L = 0

Then (X, T1(K)UT,(K), L) is a maximum packing of 2K 4., with triangles.

Lemma 3.1. There ezists a 2-fold kite system of order n having a meta-
morphosis into a mazimum packing of 2K, with triangles for alln = 0,1
(mod 4). o

4 3-fold kite systems

It is well known that the spectrum for 3-fold kite systems is the set of all
n = 0,1 (mod 8) [3] and a maximum packing of 3K, with triangles has
leave [1]:

(i) a 1-factor if n = 0 (mod 6);
(ii) the empty set if n = 1,3,5 (mod 6);

(iii) a graph on n vertices with (n + 4)/2 edges and odd vertex degrees
(see Figure 2) if n = 2 (mod 6); and

(iv) a tripole if n = 4 (mod 6).

In this section we will show that for every admissible value of n there
exists a 3-fold kite system of order »n having a metamorphosis into a maxi-
mum packing of 3K, with triangles with all possible leaves. To begin with,
we will settle the case n = 0 (mod 8) = 2 (mod 6).

Lemma 4.1. For every n = 0 (mod 8) = 2 (mod 6) there exists a $-fold
kite system of order n having a metamorphosis into a mazimum packing of
3K, with triangles with all possible leaves.

Proof. Take three kite systems of order n (X, K}), (X, K2), and (X, K3),
with X = {1,2,... ,n}, having a metamorphosis into a2 maximum packing
of K, with triangles with leaves the 1-factors L;, Lg, and L3, respectively
(see Section 2). Then (X, Ky U K3 U K3) is a 3-fold kite system of order
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n. The metamorphosis is the following: use the metamorphoses of (X, K1),
(X, K3), and (X, K3) with L; D F; = {{1,3},{4,6},{7,9},...,{n—4,n—
2}}, L 2 Fo = {{1,2},{4,5},{7,8},... ,{n—4,n—3}},and L3 D F3 =
{{3,2},{6,5},{9,8},...,{n —2,n — 3}} and combine the edges of F}, F>,
and Fj3 to obtain (n—2)/3 triangles, (1,2, 3), (4,5, 6), and (n—4,n-3,n-2).
Rearrange the remaining edges of L, Lo, and L3 as the case may be:

(1) Let {n,n —1} € Ly, {n,n —1} € Lo, and {n,n — 1} € L3. The result
is a maximum packing of 3K, with triangles with leave a 3-times repeated
edge and (n — 2)/2 disjoint edges.

(2) Let {{2,n—1},{5,n}} C Ly, {{38,n - 1},{6,n}} C Ly, and {{1,n —
1}, {4,n}} C L3; combine these edges into the two 3-stars, {{n—1,1},{n—
1,2}, {n—1,3}} and {{n,4}, {n, 5}, {n, 6}}. The result is a maximum pack-
ing of 3K, with triangles with leave two 3-stars and (n—8)/2 disjoint edges.
(3) Without loss of generality suppose (4,5,n — 1) € To(K)). Let {{2,n —
1},{5,n}} - Ll) {3)7" - 1} € Ly, and {{l,n - 1}) {4,7'?/}} c L3; rearrange
these edges along with the edges of (4,5,n — 1) into the triangle (4,5,n)
and the 5-star {{n—1,1},{n—-1,2},{n—-1,8},{n-1,4},{n—1,5}}. The
result is a maximum packing of 3K,, with triangles with leave one 5-star
and (n — 6)/2 disjoint edges.

(4) Let {{2,n—1},{5,n}} C L1, {{3,n—1},{6,n}} C Lo, and {n,n—1} €
L3. The result is a maximum packing of 3K, with triangles with leave
{n-1,2}, {n-1,8}, {n—-1,n}, {n,5}, {n,6} and (n — 6)/2 disjoint
edges.

(5) Let {n,n — 1} € Ly, {n,n — 1} € Ly, and {{1,n — 1},{4,n}} C
L3. The result is a maximum packing of 3K,, with triangles with leave
{n-1,n}, {n—-1,n}, {4,n}, {1,n -1} and (n — 4)/2 disjoint edges. O

Lemma 4.2. For every n = 0,1 (mod 8) there exists a 3-fold kite system
of order n having a metamorphosis into a mazimum packing of 3K,, with
triangles with all possible leaves.

Proof. If n = 0 (mod 8) = 2 (mod 6) the statement follows from Lemma
4.1. Let n=0,1 (mod 8), n # 2 (mod 6).
Let (1) (X, K1) be a kite system of order n having a metamorphosis into
a maximum packing of K, with triangles with leave L, and (2) (X, K3)
a 2-fold kite system of order » having a metamorphosis into a maximum
packing of 2K,, with triangles with leave Ls. Then (X, K; U K3) is 3-
fold kite system of order n. The metamorphosis is the following: use the
metamorphosis in (1) and (2) and combine the leaves L, and L» to obtain
the leave L as the case may be.

(a) The case of n =0 (mod 6). L, is a 1-factor and Ly = 0. The leave
is L = L, U Ls, a 1-factor.
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Figure 3: all possible graphs with 4 edges and even vertex degrees.

(b) The case of n =1,3(mod 6). Ly = Lz = 0 and so the leave L =
Ly U L; is the empty set.

(d) The case of n =4 (mod 6). L, is a tripole and Ly = @. The leave is
L = Ly U Ly, a tripole.

() The case of n = 5 (mod 6). Use the metamorphosis in (1) with
leave the 4-cycle Ly = (a, b, c,d) and use the metamorphosis in (2)
with leave Ly = {{a,c}, {a,c}}. Reassemble the edges belonging to
L) and L, into the 2 triangles (a,b,c) and (a,c,d). The result is a
maximum packing of 3K, with leave L = 0.

Then (X, T1(K) U T2(K), L) is 2 maximum packing of 3K,, with triangles.
a

5 4-fold kite systems

It is well known that the spectrum for 4-fold kite systems is the set of all
integers n > 4 [3] and a maximum packing of 4K, with triangles has leave

[1):
(i) the empty set if n =0, 1,3,4 (mod 6); and

(ii) a graph with 4 edges and even vertex degrees (see Figure 3) ifn =2,5
(mod 6).

In this section we will show that for every n > 4 there exists a 4-fold kite
system of order n having a metamorphosis into 2 maximum packing of 4K,
with triangles with all possible leaves.

To begin with, we will handle the case n =0,1 (mod 4).

Example 5.1. (n=>5, with leave a 4-cycle). Let {Zs, K) be the kite
system where K = {(2+ 1,3+ 4,7)-(1+14), (44,3 +4,9)-(2+17)|i € Zs}.
E(K)is a copy of K5. Replace these deleted edges with a maximum packing
of K5 with triangles with leave a 4-cycle (see Section 2). The result is a
maximum packing of 4K with triangles with leave a 4-cycle.
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Example 5.2. (n=8, with leave a 4-cycle). Let (X, K) be the 2-fold
kite system of order 8 of Example 3.3 and (X, K’) be a 2-fold kite system
of order 8 having a metamorphosis into a maximum packing with triangles
with leave {{2,3},{2,3}}. Then (X, KUK") is a 4-fold kite system of order
8. The metamorphosis is the following: use the metamorphoses of (X, K)
and (X, K’). Since the triangle (1,3,4) € T2(K), its edges can be used in
a rearrangement and so combine them with the leaves {{1,2},{1,2}} and
{{2,3},{2,3}} and reassemble these deleted edges into the triangle (1,2, 3)
and the 4-cycle (1,2, 3, 4).

Lemma 5.1. There exists a 4-fold kite system of every order n = 0,1
(mod 4) having @ metamorphosis into a mazimum packing of 4K, with
triangles with all possible leaves. m]

Proof. As was pointed out in Section 3, the spectrum for 2-fold kite
systems having metamorphoses into maximum packings of 2K, with trian-
gles is the set of all n = 0,1 (mod 4). So let (X, K) and (X, K’) be two
such systems of order n. Then (X, KU K’) is a 4-fold kite system of order
n. Clearly, if (X, T\ (K)UT2(K), L) and (X, T1(K')UT2(K'), L') are meta-
morphoses of (X, K) and (X, K'), respectively, into maximum packings of
2K,, with triangles, then (X, T)(K U K’')U To(K U K’), LU L'), is a meta-
morphosis of (X, K U K') into a maximum packing of 4K, with triangles,
where To(K U K') = To(K)U To(K'). Ifn=0,1,3,4 (mod 6), L=L"'=0
andso LU L' =0. If n = 2,5 (mod 6), L and L’ are isomorphic to 2K>
(a double edge) and there are three possibilities: L = L’; L and L’ have
one point in common; L and L’ have no point in common. It follows that
L U L’ is isomorphic to Ds, D3, or Dy, respectively (see Figure 3). There
are four possible leaves for a 4-fold kite system of order n = 2,5 (mod 6);
the fourth is a 4-cycle. The following is a solution for a 4-cycle. For n =5
and n = 8 see Examples 5.1 and 5.2. For n = 2,5 (mod 6) > 17 use the
4k + r Construction (see Section 3) to obtain (X, K) and (X, K’) with
the metamorphoses (X,T)(K) U T2(K), L) and (X, Ti(K') U To(K'), L'),
respectively, where L = {{l0,20},{l0,20}}, L' = {{10,30},{10,30}}, and
(20,30, 20) € T2(K). The edges of (20,30, 20)) can be used in a rearrange-
ment; so combine them with the leaves L and L’ and reassemble these
deleted edges into the triangle (10,20, 30) and the 4-cycle (1o, 20, 20, 30). O
We will now handle the case n = 2,3 (mod 4). The following examples take

care of the cases n =6, n =7, n =10, and n = 11.

Example 5.3. (n=6). Let ({00} U Zs, K) be the 4-fold kite system where
K= {(1'1 2+ i! OO)-(1+1), (1 + i’ 2+ i» i)'OO) (2 + i) 4+ is 7‘)'(1"*'1) |7' € ZS}‘
Then (X, T} (K) UTy(K)) is a 4-fold triple system of order 6, where T5(K) =
{(3,1 +1i,00)|i € Zs}.

181



Example 5.4. (n=7). Let (Z7, K) be the 4-fold kite system where K =
{(G, 1+ 14,344)-(i+6), (¢,1 4%, 3+4)-(¢+5) (244, 3 + 4, 5+44)-(i+6) |1 € Z}.
Then (X, T1 (K)UT2(K)) is a 4-fold triple system of order 7, where T>(K) =
{(,2+ 1,3+ 1) |i € Z7}.

Example 5.5. (n=10). Let ({o0}UZy, K) be the 4-fold kite system where
K = {(i,4+4,00)-(1 + i), (4 +1,6 +3,i)-00, (3+4,5+1,1 + )4, (4+1,
1+14,9)-(83+1), (2+14,1+44¢,1)-(3+1), |2 € Zo}. Then (X,T1(K) U T2(K))
is a 4-fold triple system of order 10, where T2(K) = {(i,1 +4,00)|% €
Zs} U (2{(0,3,6), (1,4,7),(2,5,8)}).

Example 5.6. (n=11, with all possible leaves). Let S = {zo, z1, 2, 3,
z4} and X = SU Z5 U {co}. Define a collection K of kites as follows.

(1) Let (S, K') be a 4-fold kite system of order 5 having a metamorphosis
into a maximum packing with triangles (see Example 5.1 and Lemma
5.1); put K' C K.

(2) For every i € Zg5 set K; = {(i — 1,1+ 1,z:)-00,(¢ — 2, + 2, z:)-(i +
1)7 (xiv 1’00)'(1' + 1)! (oo,i, xf)'(i + 2)’ (7' —-1,i+1, Ii)-i, (:B,;,i -2,i+
2)'7:’ (OO, 1, xi)'(i - 2): (7’ - 2: i+ 2’2:1')'(1: - 1)) (:B,', i+1,i— 1)’(7' - 2)}
with arithmetic modulo 5; put K; C K.

Then (X, K) is a 4-fold kite system of order 11. The metamorphosis is the
following: use the metamorphosis in (1) with leave L; for every i € Zs,
delete the tail from each kite in K; and reassemble them into the triangles
(00,1 + 1,z;), (3,1 + 2,2;), and (i — 1,7 — 2,z;). The result is a maximum
packing of 4K; with triangles with leave L.

In order to handle the remaining cases we need the following examples.
In what follows a hole is a set of vertices H with all edges between any two
vertices in H removed.

Example 5.7. (A 4-fold kite system of order 6 with a hole of size 2
having a metamorphosis into a packing of 4( K¢\ K2) with triangles
with leave a double edge). Let K = {(1,2,a)-3, (2,3,a)-1, (0,3, a)-2,
(a,1,0)-b, (a,1,2)-3, (a,0,3)-d, (b,0,1)-3, (1,3,b)-2, (b,3,2)-0, (b,2,0)-a,
(5,3,1)-2, (b, 2,0)-3, (0,1,2)-3, (0,3,1)-b}. Then (X, K) is a 4-fold kite
system of order 6 with hole {a,b} and (X, T1(K)UT2(K), L) is a packing of
4(Kg\ K7) with triangles, where To(K) = {(a,1,2), (a,0, 3),(b,0,2), (5,1, 3)}
and L = {{2,3},{2,3}}.

Example 5.8. (A 4-fold kite system of order 7 with a hole of size 3
having a metamorphosis into a packing of 4(K7\ K3) with triangles
with leave the empty set). Let K = {(a,4, 3)-1, (a,4,2)-b, (a,3,2)-c,
(a,1,2)-4, (a,3,1)-b, (a,4,1)-c, (b,4,3)-a, (b,2,4)-1, (5,2,3)-c, (b,2,1)-a,
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(b) 1: 3)'2) (br 1’ 4)-0, (C, 31 4)'01 (C, 2’ 4)'b: (Ci 2, 3)'4s (C, 1) 2)-0., (C, 1, 3)'6:
(c,4,1)-2}. Then (X, K) is a 4-fold kite system of order 7 with hole {a, b, c}
and T, (K) U T>(K) is a decomposition of 4(K; \ K3) into triangles, where
T2(K) = {(a,3,4),(a,1,2), (b,2,4),(c, 2,3),(b,1,3),(c, 1,4)}.

The 4k +s Construction. Write 4k + s = 2(2k) + s, where 2k > 6
and s € {2,3}. Let $ = {1,2,...,2k} , R a set of size s, and (S,G,T)
a {3}-GDD of the type 2* (for k = 0,1 (mod 3)) or 25-24! (for k = 2
(mOd 3))! with groups g1 = {1,2}, 92 = {3,4}1 ceey 9k = {2k -1, 2k} or
a1 = {1,2,3,4}, go = {5,6}, ..., gr—1 = {2k — 1, 2k}, respectively. Set
X = RU(S x Z) and define a collection K of kites as follows.

(1) Let (RU (g1 x Z3), Kg,) be a 4-fold kite system of order 2[g;| + s
having a metamorphosis into a maximum packing with triangles with
Jeave L, (see Examples 5.3, 5.4, 5.5, and 5.6); put K, C K.

(2) For every group g € G\ {91}, let (RU (g x Z3), K,) be a 4-fold kite
system of order 2]g| + s with a hole of size s having a metamorphosis
into a packing of 4(Kypg+s \ Ks) with triangles with leave L, (see
Examples 5.7 and 5.8); put K, C K.

(3) For every t = (z,y,2) € T, let (S;, K;) be the Kz 22 kite system of
Example 3.5; put 4K, C K.

Then (X, K) is a 4-fold kite system of order 4k + s. The metamorphosis
is the following: for the group g; use the metamorphosis in (1); for each
group in G\ {g,} use the metamorphosis in (2); for each triple in T use the
metamorphosis in (3); and combine the leaves in (1), (2), and (3) to obtain
the leave L as the case may be.

(a) The case of s =2, k=0,1 (mod 3) (and so 4k + s = 2,0 (mod 6)).
Lg, = 0 (see Example 5.3); use the metamorphosis in (2) with leaves
{{30'40}1 {30’ 40}}’ {{50: 60}: {501 60}}r s 1{{(2"7_1)0) (2":)0}’ {(2k_
1)o, (2k)o}}. These leaves plus all edges of 2(xg, 0, 20) for each (z,y, z)
€ T is a copy of 2K, with a hole of size 2, {1¢,20}; replace these
deleted edges with a packing of 2( Ky, \ K2) with triangles with leave
L. More precisely, if k = 0 (mod 3), take a decomposition (Sx {0}, T”)
of 2Ky into triangles (for the existence see Section 3) such that
{{10,20,20},{10,20,20}} € T’, with zp # 2z, and delete the dou-
ble edge {{19,20}, {10, 20}}; the leave is a 4-cycle L = (1o, 2, 20, 25)-
If k = 1 (mod 3), take a decomposition of 2Ky into triangles with
leave {{10,20}, {10,20}} (see Section 3) and delete the double edge
{{10,20}, {10, 20}}; the result is a decomposition of 2(K2, \ K?) into
triangles with leave L = 0.
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(b) The case of s = 2, k = 2 (mod 3) (and so 4k + s = 4 (mod 6)).
Lg, = 0 (see Example 5.5); use the metamorphosis in (2) with leaves
{{50 60}, {50, 60}}, {{70,80},{70,80}}, - .. .,{{(2k—1)o, (2k)o}, {(2k—
1)o,(2k)o}}. These leaves plus all edges of 2(a:o, Yo, 20) for each (x,y, 2)
€ T is a copy of 2K3, with a hole of size 4, {1¢, 20, 30,40}. Replace
these deleted edges with a packing of 2(Kax \ K4) with triangles with
leave L = 0 (see [1]).

(c) The case of s=3, k=0,1(mod 3) (and so 4k + s = 3,1 (mod 6)).
Lg, = 0 (see Example 5.4) and L, = @ for each group in G\ {g:} (see
Example 5.8) and so L = 0.

(d) The case of s = 3, k = 2 (mod 3) (and so 4k + s = 5 (mod 6)).
= { for each group in G\ {91} (see Example 5.8) and so L = L,,
(Cq or Dy, i € {2,3,4}; see Example 5.6).

Then (X, T\ (K )UT2(K), L) is a maximum packing of 4K+ with triangles.
Remark. Note that in the above construction in the case when s = 2 and

k = 0 (mod 3), we constructed a 4-fold kite system having a metamorphosis
into a maximum packing with triangles with leave a 4-cycle. In this case
there are other three possible leaves. In order to give a solution for the
remaining leaves, we need the following example.

Example 5.9. (n=14, with all possible leaves). For a 4-cycle see pre-
vious remark. In order to obtain a solution for the remaining possible leaves
we need the following partial kite systems.

(a) A partial kite system of order 14 with leave a 1-factor, having a meta-
morphosis into a partial triple system. Let (X, K1) be the partial kite
system where K; = {(9,11,1)-2, (10,14,1)-4}, (12,13,1)-3, (8,11,
2)-3, (10,12, 2)-5, (13, 14, 2)-4, (8,14, 3)-4, (9, 12,3)-6, (11,13, 3)-5, (8,
9,4)-5, (10,13,4)-7, (12, 14,4)-6, (8,13,5)-6, (9,10,5)-1, (11,14, 5)-7,
(8,12,6)-7, (9,14,6)-2, (10, 11,6)-1, (8,10, 7)-1, (9,13,7)-3,(11,12,7)
-2}. K is a decomposition of K14\ L; into kites, where L; = {{1, 8},
(2,9}, {3,10}, {4,11}, {5,12}, {6,13}, {7,14}}. Then (X, Ty(K;) U
T»(K,)) is a decomposition of K14\ L, into triangles, where T>(K,) =
{(1,2,4), (2,3,5), (3,4,6), (4,5,7), (5,6,1),(6,7,2), (7, 1,3)}.

(b) A partial kite system (Z13, K2) with leave two triangles with one
vertez in common, having a metamorphosis into a triple system. Let
Ky = {(4+14,1+413)-(6+1%), (104+4,74+14,6+17)-(84+1), (7T+14,2+
1,1)-(8 +1)|0 < i < 5}. Ky is a decomposition of Kj3 \ Lz with
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vertex set Zj3 into kites, where Ly = {(6,1,12),(0,3,12)}. Then
(X, T1(K2) U To(K3)) is a decomposition of K3\ Ly into triangles,
where T5(K3) = {(i,6 +¢,8 +1)|0 < i < 5}.

Set X = {00} U Z;3 and define a collection K of kites as follows.

(1) Let ({oo0} U Z33, K1) be a partial kite system of order 14 with leave
L] = {{2i,1 + 2} |0 < i £ 5} U {12, 0}, having a metamorphosis
into a partial triple system (see (a)); put K C K.

(2) Let (2,3, K3) be a partial kite system of order 13 with leave Ly =
{(0,2,12), (1, 3,12)}, having a metamorphosis into a triple system
(see (b)); put K] C K.

(3) Put K} = {(4 + 2i,5 + 2i,00)-i|0 < i < 3} U {(2,12,0)-1,(1,12,
3)-2} C K.

Then (X, K) is a 2-fold partial kite system of order 14 having a metamor-
phosis into a packing of 2K4 with triangles with leave {{12, 00}, {12, 00}}.
The metamorphosis is the following: use the metamorphoses in (1) and (2);
delete the tail from each kite in K3} and reasseble them into the triangles
(0,1,00), (2,3,00). In order to obtain a 4-fold kite system of order 14
with metamorphosis, let (X, K’) be a 2-fold partial kite system of order 14
having a metamorphosis into a packing of 2K4 with triangles with leave
a double edge {{a, b}, {a,b}}. Then (X, KU K') is a 4-fold kite system of
order 14 having a metamorphosis into a maximum packing of 4K ;4 with
triangles with leave L = {{12, 0}, {12, o0}, {a,b}, {a,b}}. L is isomor-
phic to Dy, D3, Dy, if [{12,00} N {a,b}| = 2, |{12,00} N {a,b}| = 1, and
[{12, o0} N {a,b}] = 0, respectively.

With Example 5.9 in hand we can give a construction which completes
the case n =4k + 2 for k = 0 (mod 3), k > 3. The main ingredient we will
need in this construction is a {3}-GDD of the type 23(*~1)6!. Since such
a {3}-GDD exists if and only if k > 3 (see [1]), we will give a direct con-
struction for n = 26. The 12k + 2 Construction. Let S = {1,2,...,6k},

k >3, Raset of size 2, and (5,6, T) a {3}-GDD of the type 6123(k=1)_ with
groups g1, 92, - - - , 93(k—1)» 91 = {10, 20, 30,40, 50, 60}. Set X = RU(S x Z5)
and define a collection K of kites as follows.

(1) Let (RU (g1 x Z2), Kg,) be a 4-fold kite system of order 14 having a
metamorphosis into a maximum packing with triangles with leave L
(see Example 5.9); put K, C K.

(2) The same as (2) in the 4k + s Construction for s = 2.
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(3) The same as (3) in the 4k + s Construction.

Then (X, K) is a 4-fold kite system of order 12k+2. The metamorphosis is
the following: for the group g; use the metamorphosis in (1): for each group
in G\ {91} use the metamorphosis in (2) with leaves {{70,80},{70,80}},
<o, {{(6k—1)o, (6k)o}, {(6k—1)o, (6k)o}}; for each triple in T use the meta-
morphosis in (3). The leaves in (2) plus all edges of 2(xo, yo,20) for each
(z,y,2) € T is a copy of 2Kg, with a hole of size 6, {10, 20, 30,40, 50, 60}-
Replace these edges with a packing of 2(Kgx \ Kg) with triangles with leave
the empty set (see [1]). Then (X, T1(K)UT2(K), L) is a maximum packing
of 4K 12x4+2 with triangles with all possible leaves. In order to handle the

case n = 26, we need the following example.

Example 5.10. (A 4-fold kite system of order 6 with two holes
of size 2, H,, H;, having a metamorphosis into a packing of
4(Keg \ (H,U Hj)) with triangles with Dy, i € {2,3,4}, as leave). Let
So = ta X Za, where t, = (a,y, z). Set K = {(ao, o, 20)-1, (0, 21, 21)-y1,
(alz 2y, yl)'zO} and K' = {(010, Yo, ZO)'alv (y0$ 2y, al)'QO: (ala ESTR) )'QO)
(yo, 20, @1)-a0, (0,21, @0)-20, (@0, 21,¥1)-a1} and define three collections
of kites with vertices in S, as follows.

(1) K1 = 2K U{(a1, 30, 20)-a0, (%0, 21, @0)-1, (@0, 21, Y1)-20, (Y0, 20, @1)-0x0,
(o, 21, a0)-1, (31, 21, @0)-1, (y1, 20, @0)-011 }.

(2) K2 =K'U {(yﬂt 20, aO)'alv (y0$ 21, M )'010, (alv zl:yl)'ZO) (y0$ ay, zO)'yls
(%0, 21, @0)-y1, (@0, 21, 41)-20, (@1,¥1, 20)-00 }.

(3) K3 = K’ U {(vo, 20, a0)-a1, (30, @1, 21)-y1, (20, ¥1, @1)-21, (30, @1, 20)-¥1,
(yoa o, zl)'yls (207 Y, O‘O)'zlv (ala o, yl)'zO}'

For every i = 1,2,3, K; is a partition of 4(Kg \ (H1 U Hz)), where Kg is the
complete graph with vertex set So, Hy = {0, %1}, and Hz = {20,21}.

For i € {1,2,3}, delete the tail from each of the kites of K; and reassem-
ble them into a collection of triangles with leave L; as the case may be.
Note that the tails of the kites in K and K’ can be reassembled into
T = {(e1,y1,20)} and T’ = {(a1, @0, 1), (@1, @0, 20)}, respectively.

(1) (Sa, K1) admits the metamorphosis (Sa, T1(K1) U T2(K1), L1), where
To(K1) = 2T U {(a0, %1, 20)} and L; = 4{{ao, 1 }}.

(2) (Sa, K2) admits the metamorphosis (Sq, T1(K2) U To(K32), L2), where
To(K2) = T' U {(@0,91,20)} and Ly = 2{{ao, a1}, {20,31}}-

(2) (Sa, K3) admits the metamorphosis (Sa, T1(K3) U T2(K3), L3), where
T2(Ks) = T' U {(ao, @1, 21)} and Lz = 2{{y1, 20}, {v1,21}}-

n = 26, with all possible leaves. For leave a 4-cycle see the 4k + s
Construction. Let ($,T) be a STS(13) having an almost parallel class C
which partitions S\ {a}. Set X = § x Z; and define a collection K of kites
as follows.
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[ X (mod 12) | order n |

0,4,8 anyn>4
1,3,5,7,9,11 | 0,1 (mod 8)
2,6,10 0,1 (mod 4)

Table 1: necessary and sufficient conditions for the eristence of a A-fold
kite system.

(1) Fix a triple ¢4 = (a,y,2) € T. Let (S4, K;) be one of the three 4-fold
partial kite systems of Example 5.10 with leave L;, i € {1,2,3}; put
K; CK.

(2) Foreveryt € T\C, t #t,, let (t x Z,, K;) be a K3 2 2 kite system of
order 6 having a metamorphosis into a packing of K3 2 2 with triangles
with leave the empty set (see Example 3.5); put 4K; C K.

(3) For every t € C, let (t x Z3, K,) be a 4-fold kite system of order 6
having a metamorphosis into a packing of 4K with triangles with
leave the empty set (see Example 5.3); put K; C K.

Then (X, K) is a 4-fold kite system of order 26. Use the metamorphoses
in (1), (2), and (3). The result is maximum packing of 4K with triangles
with leave L;, i € {1,2,3}.

Lemma 5.2. There exists a 4-fold kite system of every order n > 4 having
a metamorphosis into a mazimum packing of 4K, with triangles with all
possible leaves. a

6 A-fold kite systems, 5 < A <12

Table 1 gives the necessary and sufficient conditions for the existence of a
A-fold kite system (see [3]), while Table 2 shows the leaves of maximum
packings of AK,, with triangles (see [1]).

In order to give a solution for 5 £ A < 11 we need the following defini-
tion. Two collections of graphs H; and H» are said to be balanced provided
they contain ezactly the same edges.

Let F, be a 1-factor of K, containing the edges {a,d},{b,c}, T =
{{a,8}, {a,c}, {a,d}} U (Fu\ {{a,d}, {b,c}}), Ds = {{a,b}, {a,b}, {a,c},
{a,c}}, and E = {{b,c},{b,c}}. The following collections of graphs are
balanced: A; = D3U F,, and Ay = {(a,b,c)} UT,; B, = EU D3 and
By = {(a,b,¢),(a,b,c)}; Cy = D3 U2E and C2 = {(a,b,¢),(a,b,c)} UE.
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n (mod 6
0 1 2 3 4 5
A=1 1-factor | @ 1-factor @ | tripole 4-cycle

0 0 (] 0 0 [] []
1 | I-Tactor [ @ I-factor | @ | tripole D

A>1 |2 0 ® | double edge | 0 0 double edge
(mod 6) | 3| 1-factor | @ G @ | tripole 0
4 o |0 D 0 0 D

5 | 1-factor | 0 tripole 0 | tripole | double edge

Table 2: leaves of mazimum packings of AK, with triangles. (G is a graph
on n vertices with (n + 4)/2 edges and odd vertex degrees; D is a graph
with 4 edges and even vertex degrees.)

To obtain solutions for 5 < A < 11 it is sufficient to combine a A;-fold kite
system having a metamorphosis with leave L; and a As-fold kite system
having a metamorphosis with leave Ly (for suitable values of A; and Ap)
and replace L; and Ly with a balanced collection of graphs where it is
necessary (see Table 3).

To obtain solutions for A = 12 combine three copies of a 4-fold kite sys-

tem with leaves {{a,b}, {a,b}, {a,b},{a,b}}, {{a,c},{a,c},{a,c},{a,c}},
and {{b,c}, {b,c}, {b, ¢}, {b,c}}, respectively, and replace these leaves with

{(a,b,¢), (a,b,c), (a, b, c),(a,b,c)}.

7 Concluding remarks

Let A = 1 (mod 6), A > 13. Write A = 6k + 7 and combine k copies of a
6-fold kite system having a metamorphosis with a 7-fold kite system having
a metamorphosis. For any value of A = 12k+h where 0 < h < 11, h # 1,7,
combine k copies of a 12-fold kite system having a metamorphosis with a
h-fold kite system having a metamorphosis.

Theorem 7.1. For every A and for every admissible value of n there exists
a \-fold kite system of order n having a metamorphosis into a mazimum
packing of AK,, with triangles with all possible leaves. 0
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Ml A Ly L LiU Ly leave
A=5|n=0(mod6) 114 ]|F, [0 Fn T
n = 1,3 (mod 6) 114010 0 0
n = 4 (mod 6) 1|14 |T,] @ T Tn
7 =2 (mod 6) 1[4 [ F [ D5 [ A=A | Ta
n =5 (mod 6) 2|3 ET]0 E E
A=6|n=0,1,3,4 (mod 6) 24| 0619 0 0
n = 2,5 (mod 6) 2| 4] EFE|I D3| By = By [
A=7|n=5(mod 6) 31410 | D D D
n=01,234(mod6) |1 ]| 6| L | 0 L 2
A=8|n=0,1,3,4 (mod 6) 4 [ 4] 0 ] (] []
n = 2,5 (mod 6) 4 | 4 | D3 |2E] C, > Cq E
A=9 3|6 L0 L L
A=10 4 6 L i] L L
A=11 516 L]0 L L
Table 3: A=5,6,7,8,9,10,11.
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