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Abstract
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It is known that 31 < g{*)(18) < 33. In this paper we show
that g(4)(18) +# 31.
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Introduction

Let K be a set of positive integers. A pairwise balanced design
PBD(v, K) (denoted by P) of order v with block sizes from K is
a pair P = (V,B), where V is a finite set (the point set) of cardinal-
ity v and B is a family of subsets (called blocks) of V which satisfy
the following properties:

(i) every pair of distinct elements of V' occurs in exactly one block
of B;

(ii) if B € B, then |B| € K.

A partial PBD(v, K) is defined similarly, with the difference that
(V, B) satisfies instead of property (i) the property:

(i) every pair of distinct elements of V occurs in at most one block
of B.

The dual of a (partial) PBD with point set V = {0,1,...,v—1} and
block set B = {By, Bi,...,Bmn-1} is a pair P* = (V* B*), where
V*={0,1,...,m — 1} and B* = {B§, B},...,B:_,} is a family of
subsets of V* with the property that z € B if and only if j € B,.
Clearly, the dual of a (partial) PBD is a partial PBD.

The cardinality of the minimal pairwise balanced designs on v
elements with largest block size k is denoted by g‘*)(v). The value
g™ (v) was investigated in [5, 8] and was determined for all v with
the exception of 17 and 18. Lower and upper bounds for v = 18 were
established by Stanton [6, 7] as 30 < g¥)(18) < 33. The lower bound
was improved to 31 < g(¥)(18) by Griittmiiller, Roberts and Stanton
[3]. The study of bounds on g{¥)(v) for arbitrary k and different
replication factors has been subject of numerous papers. The paper
[2] includes a recent survey of known results.

In this paper, we prove that there does not exist a
PBD(18, {2, 3,4}) with exactly 31 blocks by showing that no partial
design can be completed to be such a design. This has been achieved
by case analysis and a combination of analytic and computational
techniques. Most of the cases have been eliminated by an analytic
approach using either a PBD or dual design. However only examples
of the analytic arguments involved in either approach are included
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here, for the purpose of illustrating the methods of argument. Al-
most all cases have also been eliminated by exhaustive computer
searches. The reason for the reliance on computer searches is that
the analytic arguments became quite detailed and long as the num-
ber of subcases increased beyond 30, and thus many more pages of
arguments of similar types but different detail are needed to achieve
the same result as claimed here.

1 Preliminaries

Let g; be the number of blocks of size ¢ for 2 = 2,3,4. Then counting
pairs of points in two ways gives

18
g2 +3g3 + 694 = (2)

Also, g2 + g3 + g4 = 31, and there are three integer solutions to
these two equations. It has been shown in [7, Cases 2, 6] that there
is one solution, (g2, g3, 94) = (6,1,24), which cannot be realised as a
PBD(18, {2,3,4}). The simple argument for this solution is included
here as Lemma 1.1 for completeness. The other two solutions are
(g2, 93, 94) = (3,6,22) and (g2, 93, 94) = (0, 11, 20). Illustration of the
elimination of some of the subcases by analysis when (g2, 43,94) =
(0,11,20) and (g2,93,94) = (3,6,22) appear in Sections 2 and 3
respectively. All cases, except for some cases eliminated in Section 2,
are eliminated by computation in Section 5.

Let B’ be a subset of the block set B. The volume(frequency) of
a point z in B, denoted by V(z|p’), is the number of blocks in B’
which contain z. Similarly, if X’ is a subset of the point set, then
V(X'lg) = Y zex+ V(zls)- A point which occurs in exactly j blocks
is called a j-point.

A point  has point type P(z) = 2%23%34% or (og, a3, ay) if z is
contained in exactly ag blocks of size 2 (doubles), az blocks of size
3 (triples) and a4 blocks of size 4 (quads). Each point type must
satisfy

a2 +2a3+3as=v—-1=17. (1)

With this equation and oy < gi it is easily checked that for
a point = in a PBD with (g2,93,94) = (0,11,20) or (3,6,22) then
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Volume V(z|p) Possible point types

213244 3448
2331 44 223343 213542 3741
23 34 42 22 36 41

© 0o
™
N
o

Table 1: Possible point types in P

the only possible point types are exhibited in Table 1. Let a,b,c,d
denote the number of points z with a volume V(z|p) = 6,7,8,9
respectively. Then

a+b+c+d=18 and 6a+T7b+8c+9d=2g2+393+49s. (2)

It can be noted that in Sections 2 and 3 it is shown that d = 0.

The terms blocks and points are used when referring to a (partial)
PBD and the terms elements and sets when referring to the dual
design. In particular let P be a PBD(18, {2, 3,4}) with 31 blocks, g;
blocks of size ¢ and h; j-points then the dua! design P* = (V*,B*)
is an antichain consisting of |V*| = 31 elements in |B*| = 18 sets,
with h; sets of size j, and with g; elements occurring in i sets in P*.
Each pair of distinct points occurs together in exactly one block of
P, hence each pair of distinct sets in P* has exactly one element in
common: |Bf NBj| =1 for i # j. A set of size j is called a j-set
and an element which occurs in exactly ¢ sets is called an i-element,
i 2> 0. If two distinct elements occur in the same set then it is said
that they are a pair.

Lemma 1.1
There is no PBD(18,{2,3,4}) with the configuration (g2,93,94) =
(6,1,24).
Proof Assume that the lemma is false. Then the volume of the quads
is 96, and as there are 18 points in 24 blocks, there must be at least
one point which occurs in six quads. However this point would then
occur in pairs with 18 distinct elements, so this case is not possible.
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2 Case (921 g3ag4) = (Oa 11, 20)

As go = 0 only point types with g = 0 are possible. In Table 1
the only such point types are a 6-point of type 3!4%, a 7-point of
type 3%43 and an 8-point of type 374!, As a refinement of equation
(2), volumes of each point type in the triples and quads require that
a+4b+T7c = 33 and 5a+3b+c = 80. There are three feasible algebraic
solutions: (a,b,c) =(15,1,2), (14,3,1) or (13,5,0). As g3 = 11 there
can be at most one point of type 374!, so (a,b,c) = (15,1,2) is
immediately eliminated.

2.1 Assume that (a,b,c) = (14,3,1) (Using P)

Let C be the point of type 374! and A, B be two points of type 3443,
Begin by assigning the points to triples. C occurs in seven triples.
Each of A and B occur in four triples, once with C and once as a
pair. This requires a minimum of 12 triples, but there are only 11
triples. So this case is not possible.

2.2 Assume that (a,b,c) = (13,5,0) (Using P*)

Let A x B denote the Cartesian product of sets A and B. Say that
a pair of distinct sets (4,B) € A x B is covered by an element
a if AN B = {a}. Alternatively it is said that a covers the pair
(A,B) € Ax B. If a € X then it can be said that X covers (A, B).

Let X C V* and let C C B*. An element 2 € X is called an i-
element with respect to C if z occurs in exactly i sets of C. Say that
X|c has frequency type 0°1°2¢3%4¢ if X consists of a O-elements, b
1-elements, ¢ 2-elements, d 3-elements and e 4-elements with respect
to C. Let S € C be a set. S has set type 12263°4% with respect to
Xl|c if a,b, c,d elements of S are 1,2,3, 4-elements (respectively) of
X with respect to C.

Considering the dual P*, there are five 7-sets and thirteen 6-sets.
The 7-sets each contain four 3-elements and three 4-elements. The 6-
sets each contain one 3-element and five 4-elements. Let P denote the
five 7-sets, let a, ...,k denote the eleven 3-elements and let A,...,T
denote the twenty 4-elements. At most one of the eleven 3-elements
occurs three times in P as V({a,...,k}|p) = 20 and there are 10
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pairs in P x P. Remember that any two distinct sets have exactly
one element in common, thus any pair of distinct sets from P x P is
covered by exactly one element of V*, and an element of V* which
occurs in exactly i sets in P covers i(z — 1)/2 such pairs. Therefore
the only possible frequency types for {a,...,k}|p are 132731, 01210
or 1229, Each of these cases require a separate argument. A part of
one argument is included here for illustration.

2.2.1. Assume that {a,...,k}|p has frequency type 132731,

As the 3-elements cover all of the pairs in P x P, it can be assumed
that P = {abciABC,adejDEF,afgkGHI,bdf hJKL,cegh MNO}.
Partition the remaining 13 sets of P* into Q, the seven 6-sets each
containing one of b,c,d, e, f,g or h, and R the six 6-sets containing
oneofi,jork. Let X = {A,...,0}, Y ={P,...,T}and Z = XUY.
Table 2 shows the set types that might occur in @ with respect to
Z|g given that each set in Q must have six pairs in Q x Q covered
by elements of Z.

Number of set types Possible set types

r 1942

s 12213141
t 112341
u 1233

v 119232
w 2431

Table 2: Set types possible for Q with respect to Z|g

It follows that if the collection Z|g has frequency type 1™2"3°4P,
then

r+s+t+utv+w = 7

r+2s+t+2u+v = m

s+3t+2v+4dw = 2n

s+3u+2v+w = 3o
2r+s+t = 4p 3)
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Unless otherwise stated the elements of Z are now considered in
the context of their occurrences in Q or R alone. It will be useful to
note that all elements of X are 3-elements in QUR and all elements of
Y are 4-elements in QUR, so that upon determination of a frequency
type of a particular set of elements restricted to one of the parts @
or R, the frequency type of the same set of elements in the other
part immediately follows.

Consideration of P x Q shows that each set in Q contains three
elements of X and two elements of Y so V(X|g) = 24 and V(Y|r) =
6. Consideration of P x R shows that each set in R contains four
elements of X and one element of Y. Furthermore V ({4, B,C}|r) =
V({D, E,F}ir) = V({G, H,I}|r) = 4 so each set covers at least one
pair in R x R. V({J,K,L}|r) = V({M,N,O}|r) = 6 so each of
these sets covers at least three pairs in R x R. Therefore X covers
at least 9 of the 15 pairs in R x R. Also Y covers at least one pair
and {4, j, k} covers exactly three pairs in R x R. Thus there remain
two pairs to determine in R x R. Note that neither set {J, K, L}
nor {M, N, O} contains two 3-elements in R as then X would cover
twelve pairs in R x R. There are no 3-elements from {4,...,I} in
R as each element pairs with 7,7 or k in P.

As V(Y|r) = 6, Y covers 1,2 or 3 pairs in R x R and no ele-
ment occurs more than three times in R, Y|z has frequency type
1421,011222, 0223 or 0'133!. One of these subcases is now argued for
illustration.

2.2.1.1. Assume that Y| has frequency type 011331

Then Y covers 3 pairs in R x R so X covers 9 pairs in
R x R. It follows that X|g has each of the sets {A,B,C},
{D,E,F}, {G,H,I} comprising one 2-element and two 1-elements
and {J,K,L}, {M, N, O} each containing three 2-elements of R. So
X|= has frequency type 162°. Let C, F, I be 2-elements in R and let
A,B,D,FE,G, H be 1-elements in R and thus 2-elements in Q. It is
easily seen that X|g, Y|g, Z|g have frequency types 1926, 113341
and 11926334 respectively.

The following additional constraints on the variables in (3) can
be noted. There is only one 4-element in Z|g so set type 1342 is
impossible in Q and therefore 7 = 0. All of the 3-elements of Z|g
are elements of Y and each set in Q contain two elements of Y so
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u = 0. There are no 2-elements in Y|g so w = 0. Therefore (3) is
uniquely satisfied by (r, s,t,u,v,w) = (0,3,1,0,3,0).

Note that the frequency types of X|g and Y|g require that the
1-element and the 4-element in the set W € Q of type 1!234! must
be elements of Y. The three 2-elements in W must be in X and so
they can be assumed to be A, D and G. Hence W must be of the
form hADGPT, where P is a l-element in Q. It follows that P is a
3-element in R and each of the three sets in R which contain P must
also include two 1-elements and two 2-elements of X |z to satisfy R x
R. Thus all six of the 1-elements in X|g, namely A, B,D,E,G,H
are in sets with P in R which is a contradiction given that A, D,G
and P are in W. Therefore this subcase is not possible.

3 Case (g92,93,94) = (3,6,22)

Since a4 < 5 for all point types in Table 1 and the volume of the
quads is 88, there are two ways to configure the quads. Case 1 has
sixteen points in 5 quads and two points occurring in 4 quads. Case
2 has seventeen points occurring in 5 quads and one point occurring
in 3 quads. Point types with a4 > 3 must have volume 6,7, or 8, so
d = 0. Then there are three solutions to the point-volume equations
(2) and these are now considered in turn.

Assume that (a,b,c) = (16,0,2). This solution is impossible for
Case 1 as the two 8-points must be type 23314% giving duplicate
pairs in the doubles. Case 2 cannot be satisfied as only 6-points or
7-points have a4 = 5. Thus (a, b, c) = (16,0, 2) is impossible.

Assume that (a,b,c) = (15,2,1). This solution has an 8-point,
for which a4 < 4 holds. Therefore, in Case 1 the 8-point is of type
23314, Then the other point occurring in 4 quads is of type 213244
This in turn implies that there is exactly one 7-point of type 2245
and a contradiction is reached since duplicated pairs occur in the
doubles. So Case 1 is impossible. In Case 2, noting that only 6-
points or 7-points have a4 = 5, V consists of fifteen 6-points of type
3145, two 7-points of type 2245 and one 8-point of type 223343,

Assume that (a,b,c) = (14,4,0). In Case 1, V must consist of
fourteen 6-points of type 3145, two 7-points of type 224°, and two
7-points of type 21324%. In Case 2 V consist of fourteen 6-points of
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Possible point types

P 223343
Py 203443
P 213244
Py 223045
P 203145

Table 3: Possible point types P;
type 3!4%, three 7-points of type 224%, and one 7-point of type 3%43.

4 Preliminaries for Computer Results

Let P = {Py,...,P,} be the set of all possible point types (P; =
(e2,i)s X(3,4), ¢(4,5)))- The point type distribution of a (partial) PBD
with respect to P is a vector d = d(P) = (dy, . ..,d,) such that the
entry d; counts how many points of type P; are in the (partial) PBD.

The case structure analysis in Sections 2 and 3 leaves four major
cases to be eliminated by computation:

(927 93, 94) = (07 11, 20); (a'v b) C) = (131 9, 0)7

(92,93,94) = (37 6, 22)a (0., ba C) = (14’ 4, O) Cases 1 and 2
(92,93, 94) = (3,6,22),(a,b,c) = (15,2,1) Case 2.
Thus there are five possible point types to consider as listed in Table
3.

The corresponding four possible point type distributions are:

di  (0,5,0,0,13) : 5 x 20344313 x 203145;

d2  (0,0,2,2,14) : 2 x 2132442 x 223045 14 x 203145,

ds  (0,1,0,3,14) : 1 x 203443, 3 x 223045, 14 x 203145,

ds  (1,0,0,2,15) : 1 x 2233432 x 223945 15 x 203145,

In order to avoid unnecessary long vectors we consider whenever
possible only those point types (with indices Iy = {i : d; # 0} =
{1,-..,%:}) which really occur. Let B be any block, its single block
type with respect to d(P) is a vector S = S(B) = (sy,...,s;) where

s; counts how many points of type P;; occur in B. Clearly, each
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possible single block type S satisfies

¢

k(S) = Zsj is a size from K; 4)
=1

sj <d;, forj=1,...,t and (5)

Q(k(5),i;) = 0 implies 8; =0 forj=1,...,t. (6)

Let 84 = {S1,...,85:} be the set of all possible single block types
with respect to a point type distribution d(P) and let Iy = {i €
{1,...,7} : k(S;) = k} be the set of indices i such that S; € Sy
belongs to a block of size k. The single block type distribution
of a (partial) PBD with point type distribution d(P) is a vector
cqa = ¢4(Sg) = (c1,---,¢r) such that the entry ¢; counts how many
blocks of type S; are in the (partial) PBD. A possible single block
type distribution needs to satisfy the following conditions which are
obtained by counting points of the same point type which are con-
tained in blocks of size k in two ways (7), or by counting pairs of
points of the same point type (8), or pairs of points of distinct point
types (9) in two ways (Sp, ; denotes the j-th component of the pos-
sible single block type Sj).

D cnSnj=diop,) forallje{l,...,t}andall k€ K, (7)
hely

Y cnSnj(Shj — 1) S diy(di; —1) forall j € {1,....¢}, (8)

h=1
and

T
> cnShiShe < dijdi, forall L€ {1,...,thi#L (9)
h=1
Note that equality holds in (8) and (9) for all 5,£ € {1,...,¢} simul-
taneously if and only if the partial PBD is a PBD. We give here a

list of all possible single block type distributions for each of the point
type distributions dy, ..., ds.
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For the point type distribution d; there are 9 possible single block
types Sq, = {(3,0), (2,1), (1,2), (0,3), (4,0), (3,1), (2,2), (1,3),
(0,4)} which allow 3 possible single block type distributions:

c, = (1,7,3,0,0,0,0,15,5),
ca, = (0,10,0,1,0,0,0,15,5),
cdla = (01 97 2’ 0? 0’ 01 1’ 13’ 6)'

For the point type distribution ds there are 15 possible sin-
gle block types Sq, = {(2,0,0), (1,1,0), (0,2,0), (2,0,1), (1,0,2),
(0,0,3), (2,2,0), (2,1,1), (2,0,2), (1,2,1), (1,1,2), (1,0,3), (0,2,2),
(0,1,3), (0,0,4)} which allow 3 possible single block type distribu-
tions:

cdzx = (0!2’1) 17 2’ 31 O, 0’ 0: 0) 21 61 01 8! 6)1
cd22 = (0’ 2?1’01 41 2? 0’ 110’ 01 0’61 07 91 6)1
Cs = (0,2,1,0,4,2,0,0,1,0,2,4,0,8,7).
For the point type distribution d3 there are 11 possible sin-
gle block types Sqg; = {(0,2,0), (1,0,2), (0,0,3), (1,3,0), (1,2,1),

(1,1,2), (1,0,3), (0,3,1), (0,2,2), (0,1,3), (0,0,4)} which allow 1
possible single block type distributions:

cd31 = (3’ 47 2’ 0) 07 3’ 0’ 0’ 0’ 12, 7)‘

For the point type distribution ds4 there are 10 possible sin-
gle block types Sq, = {(1,1,0), (0,2,0), (1,0,2), (0,0,3), (1,2,1),
(1,1,2), (1,0,3), (0,2,2), (0,1,3), (0,0,4)} which allow 1 possible
single block type distribution:

c, = (2,1,3,3,0,0,3,0,10,9).

5 Search for a PBD with Prescribed Point
Type Distribution and Single Block Type
Distribution

In this section, we describe the search undertaken to find a
PBD(18, {2,3,4}) with one of the possible point type distributions

213



and single block type distributions determined in the previous sec-
tion. This search is split into two steps. In the first step we determine
all suitable partial PBDs containing only blocks of size 2 and 3 and
consider their dual. The partial PBD is called the prestructure and
its dual is called the dual prestructure. In the second step it is at-
tempted to complete the prestructures obtained with blocks of size
4,

5.1 Search for a Prestructure

Let d = d(P) € {di,...,ds} be a prescribed possible point type
distribution, let ¢ = c4(Sq) be one possible single block type dis-
tribution and let PP = {P},..., PR} where P} is the restriction
of point type P; with respect to the partial block size set {2,3},
that is, P/ = 2%@#»3%@3. Furthermore, let (V,B?) be a par-
tial PBD(v, {2,3}) with point type distribution dP with respect to
PP and single block type distribution ¢} computed with respect to
S) = {Si € 8 : i € I,UIz}. Now, (V,BP) is called a suitable
prestructure with respect to d and ¢4 if Vx € V : P(z) € PP,
VBeBP:S(B)eSh, d? =dand ¢, = ((ca)i : i € LU L3).

The task is to find all suitable, non-isomorphic prestructures with
respect to prescribed d(P) and c4(Sgz). When trying to search for
these non-isomorphic prestructures on 18 points we found out that
this search was particularly slow whenever there is one special point
type that occurs very often since any isomorphism maps points of a
certain point type to points of the same point type. That was the
reason why we decided to search instead for the dual prestructure.
The advantage is that the dual prestructure has only g» + g3 < 11
points, thus isomorphism testing is much faster. The disadvantage,
however, is that this approach requires some additional computa-
tions.

The dual prestructure is again a partial PBD as noted in the
introduction. Thus all notation introduced for partial PBDs in Sec-
tion 4 and the (in)equalities (7), (8), (9) are also valid for the dual
prestructure. In order to distinguish between primal and dual pre-
structure we will use (in accordance with the terminology given in
Section 1) the words element type (rather than point type), element
type distribution (rather than point type distribution), single set type
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(rather than single block type) and so on whenever we refer to the
dual prestructure.

The parameters of the dual of a suitable prestructure with pre-
scribed d(PP) and c4(SY) are as follows. The set sizes are from

K*= {k; = a(zli’.) + 0(3’,',.) ] = 1, - ,t}.
Note that the set sizes k} are pairwise distinct for each point type

distribution d € {dy,...,ds}. Thus we get a different set size from
each point type. The g2 + g3 elements are of type

= (k})Ser ... (k)5 fori=1,...,|S7).

These element types are also pairwise distinct. Therefore, it is easily
checked that we have exactly (cq); elements of type P, which means
that the element type distribution d* = c;. Unfortunately, although
the dual of the dual prestructure gives the primal prestructure, we
can not conclude that the single set type distribution ¢ = d since
distinct element types may correspond to the same block size. So
it is necessary to compute all possible single set types S} and all
possible single set type distributions ¢}(S}) using (7), (8), (9) and
the fact that the dual of a single set type corresponds to some point
type. The single set types and possible single set type distributions
obtained this way are presented in Appendix A.

Now, an exhaustive search technique (backtracking) was applied
to search for a dual prestructure with prescribed parameter. We do
this by systematically building up a feasible partial PBD. A partial
PBD(g2+g3, K*) on the element set V* = {0,1,...,g2+g3—1} with
sets B* is called feasible with respect to given d*(P*) and c}(S}) if

(i) if (k7)2r...(k}) is the current element type of z € V* and
(k})Si1 ... (k};)Sit is the desired element type of z where j is
uniquely determined by Y@ € z < T, (d*)i, then
a; < Sjifori=1,...,t

(ii) S(B) € S for all B € B*;
(ii) {BeB*:S(B)=8; € S5} < (c))i for all i = 1,...,|S3[;

(iv) B* <iex w(B*) for every element type preserving permutation
m:V* > V* ie. m satisfies: if z € V* and Yild)i<z<
7=1(d");, then Z,_l (@) < 7(z) < 2 1(@%):.
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Let X = {B C V*:S5(B) € §;}. We try to construct feasible partial
PBD (V*,B;,) form =0,1,...,18 with Bj = 0 and B}, € X™ = X' x
X x...x X. Clearly, if (V*, Big) is a feasible dual prestructure, then
its dual is a suitable primal prestructure. Note, that in condition (i)
it is checked that the current element type of each element z can be
extended to the desired element type. For that purpose we fix an
order of the elements types and want the first (d*); elements to have
the desired element type Py, the next (d*)z elements to have the
desired element type Py, and so on until we want the last (d*)p-
elements to have the desired element type P},.. Conditions (ii) and
(iii) ensure that the current set type distribution can be extended
to the desired set type distribution. Finally, condition (iv) ensures
that we construct from each class of isomorphic dual prestructures
exactly one representative prestructure. For more information on
search techniques used in design theory see for example (1] or [4].
The backtracking algorithm is given below.

Backtracking algorithm to find a feasible dual prestructure with
respect to prescribed d* = d*(P*) and cj = cj(S})

1. procedure Search(d*,c},B*)

2. begin

3. if|B* =18

4. then compute primal prestructure (V*, B*)* and save solution

5. else

6 for each B € X do

7 if (V*,B*U{B}) is a feasible partial PBD with respect to
d*,cy

8. then Search(d*,c},B* U {B})

9. end

Running the algorithm with Search(d*,cj,0) where (d*,c) €
{(di'ncfim), (d;hc:lug)’ (dflaczm,)’ (dInCZm)’ (di‘nc.’im)’
(dia; Cf}m), (dis Cdyay ), (dis 02132% (d%1; Cagn, ), (d3, Can ),
(d33, €35, ) (d315€%,,,), (d31,€G,,,)} as given in Appendix A,
we found that there exist exactly 8 suitable primal prestructures
whose blocks are listed in Appendix B.
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5.2 Search for a Completion of a Given Prestructure

Given a suitable primal prestructure with respect to prescribed d(P)
and ¢4(S4) we want to find a completion of the prestructure with
blocks of size 4 such that the PBD obtained has point type distribu-
tion d(P) and single block type distribution ¢4(Sz). The algorithm
used is basically the same as the one in the previous section. We
just need to alter the feasibility predicate and the search space X in
accordance with our new demands.

A partial PBD(18, {2, 3,4}) on the point set V = {0,1,...,17}
with block set B is called feasible with respect to given suitable
prestructure (V, B?), and distribution vectors d(P) and c4(Sy) if

(i) if 22232344 is the point type of z € V, then a4 < (4 j) where
7 is uniquely determined by 3771 d; <z < ¥°7_, d;;

(ii) S(B) € 84 for all B € B and B? C B;
(ii) {B€ B:S(B)=3S5; € S4}| < (cq)i for all i =1,...,|Sq4|;

(iv) B <jex m(B) for every point type preserving permutation w
which is an isomorphism of the prestructure.

We define the search space tobe X = {B C V : |B| = 4,5(B) € S4}.

Backtracking algorithm to complete a given prestructure (V, BP) with
respect to prescribed d = d(P) and ¢g = ¢4(Sq)

1. procedure Search(B?,d,cy,B)

2. begin

3. if|B=31

4. then save solution and stop

5. else

6. for each B € X do

7. if (V,BU {B}) is a feasible partial PBD with respect to
BP.d,cq

8. then Search(BP,d,cq,BU { B})

9. end

We started the algorithm above with Search(B?,d, ¢4, B?) for each
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triple (d, ¢4, BP) € {(d1,cdy,» dul) (dl’cdlz’Bdn]) (dl’cdls’Bdl;u)
(d21 Cda; » dell )a (d27 Cdys s dezl) (d21 Cda3» de:n) (d3a Cday Bdsu)’
(d4, cdyy, By,,,)}- We found that none of the triples was completable
to a PBD Wlth 31 blocks.

6 Conclusion

We have computed in the previous sections all suitable prestructures
for a PBD(18, {2, 3,4}) with exactly 31 blocks and have shown that
none of these prestructures is completable. Therefore, we have es-
tablished:

Theorem 6.1. There does not exist a PBD on 18 points with 81
blocks of size at most 4.

A Possible Single Set Type Distributions of
the Dual Prestructure

Here is listed the parameters of all possible primal and dual pre-
structures. The parameter sets are labeled by d;; which indicates
that the primal prestructure belongs to the restriction to blocks of
size 2 and 3 of the point type distributions d; with single block type
distribution cy,;-
du Parameter of primal prestructure: &f : 5 x 2034,13 x 203!
={(3,0),(2,1),(1,2),(0,3)},

d1 . =(,7,3,0)

Parameter of dual prestructure: d};: 1 x 1943,7 x 1142, 3 x 1241
S;,, = 1(0,1,0),(0,0,1),(1,3,0),(1,2,1),(1,1,2),(1,0,3), (0,4,0),
(0 3,1),(0,2,2),(0,1,3)},

—(7603002000),
ca,12 (7,6,1,1,1,0,2,0,0,0),
cdm—-(7620012000),
(7,6,1,2,0,0,1,1,0,0),
cﬂ,11 = (7,6,2,0,1,0,1,1,0,0)
d12 Parameter of primal prestructure: df : 5 x 203%,13 x 203!

={(3,0),(2,1),(1,2),(0,3)},
=(0,10,0,1)

d12
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Parameter of dual prestructure: d},: 10 x 11421 x 1340
8212 = {(1’0)1 (0,1), (4, 0)}a
¢ =(10,3,5)
d13: Parameter of primal prestructure: df : 5 x 2034,13 x 203!
351 ={(3,0),(2,1),(1,2),(0,3)},
& =(0,9,2,0)
Parameter of dual prestructure: dj,: 9 x 1142, 2 x 1241
Sh = {(1,0),(0,1),(4,0),3,1),2,2)
G = (9,4,3,2,0), ¢ . = (9,4,4,0,1)
dj;: Parameter of pnmal prestructure: df : 2 x 2!132,2 x 2239,14 x
203l
_ﬂzom(llm(ozm(20n(10m(00w}
=(0,2,1,1,2,3)
Parameter of dual prestructure: d%,: 2 x 1921311 x 192230, 1 x
1120322 x 122031 3 x 132030
S¢e = 1 (0,0,1,0,0), (0,0,0,1,0), (0,0,0,0,1), (2,0,0,0,0),
(1,1,0,0,0), (1,0,1,1,0), (1,0,0,2,0)},
¢y = (1,4,9,0,2,2,0)
dgs: Parameter of primal prestructure: db : 2 x 21322 x 2230, 14 x
2031
@_{@00)010)m20)&01)002)@03»
=(0,2,1,0,4,2)
Parameter of dual prestructure: dj,: 2 x 192131,1 x 192230 4 x
122031 2 x 132030
S5 = 1(0,0,1,0),(0,0,0,1),(2,0,0,0),(1,1,0,0),(1,0,2,0)}
i =(8,6,0,2,2)
dg3: Parameter of primal prestructure: dj : 2 x 2!3%,2 x 2230, 14 x
2031
2 ={(2,0,0),(1,1,0),(0,2,0),(2,0,1),(1,0,2), (0,0,3)}
=(0,2,1,0,4,2)
Parameter of dual prestructure: dg;: 2 x 1021311 x 192230, 4 x
122031 2 x 132030
Sis = {(0,0,1,0),(0,0,0,1),(2,0,0,0),(1,1,0,0), 1,0,2,0)},
Chpsy = (8,6,0,2,2)
ds;: Parameter of primal prestructure: df : 1 x 20343 x 2230, 14 x
2031
d3 = {(0! 2’ 0)’ (1, 0’ 2)s (O’ 0: 3))}’

d22

d23
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cﬁm = (3,4,2)
Parameter of dual prestructure: d3;: 3 x 192240 4 x 1220412 x
132040
Say = 1(0,1,0),(0,0,1),(2,0,0),(0,4,0)},
Cigny = (8,6,3,1)
d4;: Parameter of primal prestructure: dj : 1 x 22332 x 223%,15 x
2031 .
554 = {(11 17 0)) (Oa 2’ 0)) (11 01 2): (0, O) 3)},
cﬂﬂ =(2,1,3,3)
Parameter of dual prestructure: dj;: 2 x 192151,1 x 1922503 x
1220513 x 132050
Si., = {(0,0,1,0),(0,0,0,1),(2,0,0,0),(1,1,0,0),(2,0,3,0)},
Caayy = (6,9,0,2,1)

B Dual and Primal Prestructures

Here is listed all of the sets of the dual prestructures without sets of
size 1 (which are easy to complete) and the corresponding blocks of
the primal prestructures.

dini: B* = {{0,1,2,8}, {0,3,4,9}, {0,5,6,10}, {1,3,5,7},
{2,4,6,7}};

Bgm = {{0,1,2}, {0,3,5}, {0,4,6}, {1,3,7}, {1,4,8}, {2,3,9},
{2,4,10}, {3,4,11}, {0,12,13}, {1,14,15}, {2,16,17}}

di2i: B* = {{0,1,2,3}, {0,4,5,6}, {1,4,7,8}, {2,5,7,9},
{3,6,8,9}};

35121 = {{0,1,5}, {0,2,6}, {0,3,7}, {0,4,8}, {1,2,9}, {1,3,10}
{1,4,11}, {2,3,12}, {2,4,13}, {3,4, 14}, {15,16,17}}

dl31: B* = {{Oy 1) 2’ 3}1 {0’ 4’ 57 6}1 {11 41 7» 8}) {21 57 71 9},
{3,6,8,10}};

Bf;m = {{0,1,5}, {0,2,6}, {0,3,7}, {0,4,8}, {1,2,9}, {1,3,10},
{1,4,11}, {2,3,12}, {2,4,13}, {3, 14,15}, {4,16,17}}

d211: B* = {{O’Z}a {O’ 31 4}1 {1’2}; {1’3, 5}}1

Bzm =, {{0,3}, {1,2}, {2,3}, {0,1,4}, {0, 5,6}, {1,7,8}, {9,10, 11},
{12,13,14}, {15,16,17}}

dgo1: B* = {{0,2}, {0, 3,4}, {1,2},{1,5,6}},

Bgm = {{0,3}, {1,2}, {2,3}, {0,4,5}, {0,6,7}, {1,8,9}, {1,10,11},
{12,13,14}, {15,16,17}}
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da3;: Same prestructure as dog;

dsii: B* = {{0,1}, {0, 2}, {1,2}, {3,4,5,6}},

Bgm = {{1,3}, {2,3}, {1,2}, {0, 4,5}, {0,6,7}, {0,8,9}, {0,10,11},
{12,13,14}, {15, 16, 17}}

d411: B* = {{03 1: 3$ 4’ 5}, {Oa 2}1 {11 2}}7

Bgm = {{0,1}, {0, 2}, {1,2}, {0,3, 4}, {0,5,6}, {0,7,8}, {9, 10, 11},
{12,13,14}, {15,16,17}}
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