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Abstract

For n € N, we interpret the vertex set W, of the n-cube as a
vector space over the field F2 and prove that a regular n-simplex
can be inscribed into the n-cube such that its vertices constitute a
subgroup of W, if and only if n+ 1 is a power of 2. Furthermore, a
connection to the theory of Hamming Codes will be established.

§ 1 Introduction

Many mathematicians have considered problems as follows:

(I) Which convex polytopes P C R™ with regularity properties can be
embedded into R™ via a similarity transformation such that every
vertex of P becomes a lattice point in Z™?

(I1) Which regular polytopes P can be inscribed into a given regular poly-
tope Pp such that every vertex of P is also a vertex of Pp?

In 1937, L. J. Schoenberg [14] had solved Problem (I) in case P is a regular
simplex. By making use of quadratic forms, he determined all dimensions
n for which there exist regular n-simplices exhibiting only integer coordi-
nates. Almost simultaneously, . Hadwiger settled the same problem in [4]
for even n. See also [12], where the equivalence of this problem to the exis-
tence of Hadamard matrices is settled. Later on, many authors examined
the problem for which dimensions n a regular n-simplex can be inscribed
faithfully into the n-cube, that means, each vertex of the simplex is also a
vertex of the cube; see, for instance, [6], [5], [11], [3], [15], as well as the
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survey [9]. In particular, A. I. Medjanik has proved in [11] that the condi-
tion n = 3 mod 4 is necessary, and, up to now, no counter-example to the
assumption that this condition also suffices is known.

Several generalizations, concerning the above mentioned Problem (1I), are
studied in [7].

In the present note, we study the following question: For which dimensions
n is it possible to inscribe a regular n-simplex S into the n-cube, whose
vertex set W, is identified with the vector space F} in a canonical way,
such that the vertices of S constitute a subgroup of (FJ, +)?

In Theorem 2.2, it is proved that this is the case if and only if n 4+ 1 is
a power of 2. Moreover, exactly in this case there exist "+H - 2" regular
n-simplices whose vertex sets constitute a disjoint covering of W,,.

Moreover, in Section 3 we prove that a linear subspace U of the vector
space [F}' is - considered as a subset of W, - the set of vertices of a regular
simplex of dirnension n if and only il the orthogonal space U+ is a Hamming
Code of dimension n — log,(n + 1) over the field Fs.

For a recent contribution concerning coverings and packings of the n-cube
by socalled rectangular simplices sec [10].

§ 2 Regular simplices with a group structure

For a convex polytope /> C R", let V() denote the vertex set of P. Fur-
thermore, put

(2.1 a.) Cn = [0, lln [}
(2.1b) W, :={0,1}" = V(C,).

Let “@” denote addition in W,, modulo 2; thus (W,,,®) is a group which
is canonically isomorphic to (F3, 4+). Since we consider W, as a subset of
[R™, we prefer to write “©” rather than “4".

Remark 2.1: If z = (z1,...,zn) € W, and z;; = 1 for exactly k indices
1 <4 <... < i <n, then the map [z : Wy, — W, defined by fr(w) :=
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T ® w, is the restriction of some congruence map defined on R™; namely we
have

fz(w) = (84, c;. .08, )(w) for weW,,

where s, 1 £ v € n, denotes the reflection at the affine hyperplane

1
H, = {(th .. -otn) € ]R"'lt,, = '5} .
This means: For every subset Vo C W, the sets conv (V) and conv ( f,_.(Vo))
are congruent, where “conv” means convex hull.

In what follows, a (regular) simplex S C R™ will always mean the convex
hull of an affinely independent set; in particular, one has

conv (V(S))=S

We can now prove

Theorem 2.2: For n > 3, the following three statements are equivalent:

(i) (Wy,®) contains some subgroup U such that conv (U) is a regular
simplex of dimension n.
(ii) For m:= ;37 -2 one has
(22) W,=V(5)U...0V(Sn)
for certain regular simplices Sy, ..., Sy of dimension n.

(iii) »+ 1 is some power of 2.

Proof: (i) = (ii):

By (i), we have |U| = n+ 1. Let Ny,..., Ny, denote the cosets of U in
Wy, and put S; := conv (NV;) forl1<i<m= ﬁ - 2", Then Remark 2.1
implies that Sy, ..., Sn are regular r:,-dimensiona:lF simplices, and we have

W, = NiU...UN,, =V(S))U...UV(Sn).
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(ii) = (iii) is trivial.

(i) = (i):

We proceed by induction on loga(n + 1). For n = 3 put
U=Us= {(0:0) 0)! (la 1, 0)! (1!0! l)a (0: 1, 1)} .

In particular, any two distinct vertices in Us have Hamming distance 2.

Now assume that n > 3 satisfies loga(n + 1) € N, and that
U=U, = {'Ul'»-w -'”n—i—l} cW,

satisfies (i) for n, where vy = (0, ...,0) and any two distinct vertices in U,
have Hamming distance 231, Write

(23a) v =(vi,...,vn) for 1 <i<n+1
and define wy, ..., Wni1,Wn2,-.., Wony2 € Won ) by
(23 b)  w;:= (w1, vi1, Y2, ¥i2, .. ., Vin, Vin,0) for 1 <i<n+1,
(23¢) wni2:=(1,0,1,0,1,...,1,0,1),
(23d) Wpirrii=wi@uwnyy for 2<i<n+1.
By construction,
(24) Uznq = {w,... .w,,;l.wn.;,g, <oy Wont2}

is a subgroup of (Wa,;1,®) with wy = (0,...,0), and any w;,w;, 1 <
i < j £ 2n+ 2, have Hamming distance n + 1 and Euclidean distance
vn+1. Since |Uan;i| = 2n + 2, we sce that conv (Uzn4y) is a regular
(2n + 1)-dimensional simplex as claimed. O

Remark 2.3: The step “(iii) = (i)” in the last proof can also be achieved
in terms of Hadamard matrices. However, the above construction is more
direct.
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§ 3 A Connection to the Theory of Hamming
Codes

In this section, we identily W, with the vector space F} = (Z/2Z)" in
the obvious way, but consider the clements of F$ as columns. For a linear
subspace U of IF}' we write as usual

(3.1 Ut :={weFPw -v=0 forall weU}.

Note that F3} contains a Ilamming Code - that is a 1-perfect error cor-
recting code - if and only if n + 1 is some power of 2. (For the theory
of Hamming Codes cf., for example, [1], (Section 12.4), [2], (Section 11.1),
or [13], (Section 2.2).) Thus, the existence of Hamming Codes in FJ is
equivalent to all of the staterments in Theorem 2.2, In what follows, assume
n+1=2" for some r € N. Now we prove the [ollowing stronger connection
between regular simplices and Hamming Codes.

Theorem 3.1: For a lincar subspace U of F3, the following two statements
are equivalent;
(i) U is - considered as a subgroup of (W,,,®) - the set of vertices of a
regular simplex S = conv (U) of dimension n.
(ii) U+ is a Hamming Code of dimension 7 — r.
Proof: First of all, note that the dimension n of S in (i) is considered

over the field R of real numbers, while the dimension nn —r of U+ in (ii) is
considered over the field Ify.

(i) => (ii):
Write U = {uy,...,u, 1} as well as

W = (%, ..., mn) for 1 <i<n+1.

Choose some linear basc /3 of the Fp-vector space U. Since U] = n+1 = 27,
one has |B| = r, say B = {u,,...,u,}. Consider the matrix

w,

1 (3.2) M= : = (1ij)1<i<r,1<5<n
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as well as the [Fa-vector space
38)  C:=U'={(er,...,c) €FFIM - (cr,...,c0)T =0}.

The matrix M has rank r; thus the subspace C of F 2* has dimension n —r.
Since conv (U) is a nondegenerate simplex in R™, B is neither contained in
a hyperplane '

{(tl,...,tn)T € FJit, =0} for some v with 1 v < n,
nor in a hyperplane
{(t1,..stn)" €FPL, =1, } for certain v, with 1 Sv<p<n.

This means that any two columns of M are lincarly independent over Fa.
Thus M must exhibit any column vector of F7\ {0} exactly once, because M
contains exactly n = 2" — 1 columns. Therelore, by the theory of Hamming
Codes, any two different. vectors of C = U have Hamming distance at
least. 3, and C is a Hamming Code in F3'.

“=" :

Assume C = U+ is a [lamming Code of dimension n ~r = 2" — 7 — 1.
According to Theorem 2.2, choose some linear subspace Ug C FP = W,
stich that S = conv (Up) is a regular simplex of dimension n. By the first
part of this prool, Uy is a [lamming Code of dimension n — r. There exists
some permutation # € S, such that the two Tlamming Codes U+ and Uit
in F3' satisfy the relation

Ut = {(triys -+ s ba(m)(trs- o o tn) € U}

Thus we have also
U= {(t«(l)a . -:Lﬂ(n)) l(Lh . ~-"'n) € U(l} .

Therefore, U = C* satisfies (i), beeause Uy docs. O

Romark 3.2: 1t is already mentioned in [8], Chapter 1, Section 9 - neither
with a proof, nor with a reference - that the codewords of the dual of
a binary Hamming Cade form a regular simplex and that this dual code
is therefore also called a Simplex Code. Nothing is said about the above
conclusion “(i) = (ii)”.
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