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Abstract

In this paper, we complete the classification of optimal binary
linear self-orthogonal codes up to length 25. Optimal self-orthogonal
codes are also classified for parameters up to length 40 and dimen-
sion 10. The results were obtained via two independent computer
searches.

Keywords—-Optimal binary linear codes, self-dual codes, self-orthogonal
codes.

1 Introduction

A binary linear [r, k] code C is a k-dimensional vector subspace of ', where
IF, is the finite field of two elements. In the sequel, all codes are assumed to
be binary. The rate of a linear [n, k] code C is defined as k/n. The elements
of C are called codewords. The weight wt(z) of a codeword z is the number
of its non-zero coordinates. The minimum weight of C is the smallest weight
among all non-zero codewords of C. An [n, k,d] code is an [n, k] code with
minimum weight d. Two codes C and C’ are equivalent if one can be
obtained from the other by permuting the coordinates. The automorphism
group of C is the set of permutations of the coordinates which preserve
C. Every linear code is equivalent to a code with a systematic generator
matrix of the form

G=[I|A].

The weight enumerator of C is We(y) = Y7, Biy*, where B; is the number
of codewords of weight i in C. A code is called even if the weights of all
codewords are even and odd otherwise. If all codewords in an even code
have weights divisible by 4, we say the code is doubly-even, otherwise it is
singly-even.

The dual code C+ of C is defined as CL = {zelF;:z.y=0forallye
C} where z - y denotes the standard inner product of z and y. A code C
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is self-dual (SD) if C = C1 and self-orthogonal (SO) if C C CL. All self-
orthogonal codes are even. All doubly-even codes are self-orthogonal. As
the dual code of an [n, k] linear code has dimension n — k, self-orthogonal
codes exist only when n > 2k. For an introduction to coding theory in
general and self-dual and self-orthogonal codes in particular, see [15] and
[22].

Very little has previously been known about the minimum distance and
number of self-orthogonal codes, since most of the research effort has been
expended on the special case of self-dual codes. Self-dual codes have been
classified up to length 34 in [1, 2, 8, 9, 20, 21]. Recently the optimal rate
1/2 linear codes have been classified for lengths up to 28 [12]. The Self-
orthogonal [n, k] codes for n = 2k + 1, k < 9 have been classified by Pless
in [20] and for 11 < n—k < 16, 4 < k < 10 by the second author [5]. To
the best of our knowledge, there have been no systematic investigations of
SO codes (that are not self-dual) for larger lengths.

A linear [n, k] code C is optimal if C has the highest minimum weight
among all linear [n, k] codes (see [6, 7] for known bounds on the highest
minimum weight). For some values of n and k no optimal linear [r, k] code
is self-orthogonal. So we say that a self-orthogonal [n, k] code with the
highest minimum weight among all self-orthogonal [n, k] codes is an optimal
SO code. This definition is analogous to the definition of an optimal SD
code in [22, Section 12].

In this paper, we complete the classification of optimal self-orthogonal
codes up to length 25. Optimal SO codes are also classified for parameters
up to length 40 and dimension 10 where the number of optimal codes is
not too large. This appears to be the current computational limit given
the increase in the size and number of optimal codes as n increases. Two
different methods are used in the classification, so (in nearly all cases) the
results have been obtained by two independent algorithms. (Note that mass
formulae cannot be used to check the results since only optimal SD codes
are classified.) The classified codes are listed and discussed whenever the
number of codes with no zero columns is relatively small (at most 10-25).
Qenerator matrices of the classified codes, and information about the dual
distance and the orders of their automorphism groups, can be obtained
electronically from the first author.
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2 Classification of Self~-Orthogonal Linear Codes

Determining the equivalence of codes plays a central role in any classifica-
tion algorithm. Not only must one make sure that all resulting codes are
inequivalent, but determining equivalence of partial codes is also important
for efficiency reasons. In one approach, the authors utilize an algorithm
for determining code equivalence that is based on the ideas of [3] and [16].
The second approach depends on the graph isomorphism program nauty
[16, 17] for determining code equivalence; see [19] for further details. The
approaches differ in the ways the codes are built up via smaller codes.
Analogous methods have been used in [4] to classify ternary and quater-
nary self-orthogonal codes.

The first approach utilizes results on the parameters of residuals of
codes. Let G be a generator matrix of a linear [n,k,d] code C. Then
the residual code Res(C,c) of C with respect to a codeword c is the code
generated by the restriction of G to the columns where ¢ has a zero entry.
In addition to constructing [, k, d] codes from their [n—w, k—1, d’] residual
codes, one may also start from [n — i,k,d’] codes. On the bottom of this
hierarchy of extensions is the trivial [k, k, 1] code.

In the second approach, [n,k,d] codes are constructed by extending
[n—1%,k—1,d] or [n—i,k—i+1,d] codes. The following result shows when
the latter type of codes can be used [15, p. 592].

Lemma 1 Let C be an [n,k,d] code. If there ezists a codeword c € Ct
with wt(c) = i, then there is an [n — i,k — i + 1,d] code.

The subcodes through which the codes are constructed must also be
self-orthogonal. For the approach via residual codes, on the other hand,
such a restriction does not apply.

If i =1 in the second approach, we get the method used in [19], where
[, k, d] codes are obtained from [n—1, k—1, d] codes by adding a new column
in all possible ways to the parity check matrix, checking the minimum
distance and orthogonality of the new code, and finally removing copies
of equivalent codes. We shall now see how the equivalence test can be
enhanced for this particular variant.

To speed up the algorithm and reduce the need for extensive tables of
intermediate codes, a classification technique developed by McKay [18] was
implemented. Essentially, the idea is that a code can be obtained from
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several subcodes, only one of which is identified as the “parent” of the new
code. Then a new code is rejected unless it was obtained from its parent.
Note that identifying a certain subcode means identifying a coordinate, and
with the encoding used in [19] the output of nauty can be used to get a
canonical labelling of the coordinates.

Shortening an [n, k, d] linear code by deleting one coordinate and keeping
the codewords with a 0 in the given coordinate gives an [n — 1,%',d] code
with k’ = k if the original code has only Os in the coordinate to be deleted,
and k' = k — 1 otherwise. Therefore, in the parent test of a McKay-type
algorithm—after adding one coordinate via a new column in the parity
check matrix—one should first check which coordinates are all-zero. In the
test itself, only coordinates that are not all-zero should be considered.

Given [n1,k,d1) and [n2, k, dg] codes, an [n; + no, k,dy + dy] code can
be obtained by concatenating their generator matrices. This is called juz-
taposition, and leads to the following lemma.

Lemma 2 The juztaposition of a code with itself is a self-orthogonal code.
If the original code is even, then the SO code obtained from juztaposition
is doubly-even.

Proof. The inner product of two words of the juxtaposed code is (ciyc4) -
(cj,¢j) = 2ci-c; =0 (mod 2), so it is self-orthogonal. Moreover, wt((e,¢)) =
2wt(c;), which is divisible by 4 if wt(c;) is even. ]

We denote the juxtaposition of i copies of C by C*. Any even number of
copies of a code can be juxtaposed to create an SO code, for example, four
copies of Sy, where Sy is the only [4,3,2] code, gives S%, an SO (16, 3, 8] code.
If the number of copies is a multiple of 4, the resulting code is doubly-even.

3 Optimal SO Codes of Dimension up to 3

For dimension 1, it is trivial that the only optimal SO codes are the even
length repetition codes, i.e., [2m,1,2m] codes for m > 1. For k = 2, the
optimal codes have distance [13]

dmas(ns2) = |30,
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so even-distance optimal linear codes only exist for n = 3morn =3m +1.
Further, when m is odd, an optimal code of length 3m is equivalent to one
with codewords of the form

(1...1,1...1,0...0), (1...1,0...0,1...1), and (0...0,1...1,1...1)

where each block contains m bits. Thus this code is not self-orthogonal.
Therefore, optimal linear codes with dimension k = 2 are self-orthogonal
only for n = 6m, 6m + 1, or 6m + 4 with dpmaz(n,2) = 4m, dm, or 4m + 2,
respectively. For n = 6m + 2 the optimal SO code has codewords of the
form

1...1,1...1,0...0), (1...1,0...0,1...1), and (0...0,1...1,1...1)

where the last block contains 2m + 2 bits and the other two blocks contain
2m bits. For n = 6m + 3 and 6m + 5 the optimal SO code is obtained by
the optimal [6m + 2,2,2m] and [6m + 4,2,2m + 2] SO code, respectively,
by adding a zero coordinate.

Denote by M the generator matrix of the [7,3,4] simplex code, whose ith
column is the binary representation of i, i = 1,2,...,7. To construct every
code C of dimension 3 without zero coordinates, we use l; copies of the ith
column of M. Note that if [; > 1, then the dual code C* has minimum
weight 2. We can say that the code C is defined by the set {ly,l,,...,I7}.
The length of C is I +l2+- - - +17 and its nonzero weights are l4+15 +lg+17,
Ltla+ilg+ie, b+la+la+ls, L+ls+is+lr, L+l +l+l, L+l +1s+1g,
and ly + {3 + s + ls.

Lemma 3 The code C is a self-orthogonal code iff ly =l =--- =1,
(mod 2).

n

Proof. The code C is self-orthogonal iff

16+I7El4+15512+l3515+l7Ell-i-laEls'l'l-’Eo (mod 2) =
h=slh=---=l; (mod?2).

For the length of the code we have n =1, +---+1l; =7l; ={; (mod 2). O
Using the Griesmer bound n > d + [-g-j + [%j we obtain that n > 7s
when d = 4s, and n > 7s + 4 when d = 4s + 2 [11].

The automorphism group of the [7,3,4] simplex code is GL(3,2) which is
2-transitive, so we can take {; >l > 1,7 =3,...,7and Iy > 1,5 =5,6,7
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[20]. Since ly +lo+- -+l =n=Ts+7r < 71, we havely > sand l; > s+1
when 7 =1,2,...,6. Let us denote Iz + I3 = a1, ls + 5 = a3, lg + 17 = as.

If d = 4s then ay + a3 = 7s + 7 — l; — a; > 4s which implies that
a; < 3s+r —1,. Similarly, ap < 3s+7 -1, and a3 < 3s +r — ;. Hence
4s < ag + a3z < 65 + 2r — 2l; and therefore [} < s+ 7.

e n = 7s. In this case l; = s and since Iz + .-+ + Iy = 6s we have

ly =l3 =---=l; = s. Hence a unique self-orthogonal [7s, 3,4s] code
exists and it is obtained by taking s times the [7,3,4] simplex code
[13].

e n=T7s+ 1. In this case {; = s + 1, therefore a; + a2 + a3 = 65 and
ai+a; =451 <i<j <3 Hencea, =a2 =a3 = 2s. We are
looking for SO codes and therefore l; # s. Since l; 2 I3, lg 2 Is,
and l; + I3+ s + 17 > 4s, it follows that Iy = Iy = Iz = s+ 1
and I3 = Is = lg = s — 1. Hence there exist two [7s + 1,3, 4s] self-
orthogonal codes. The first one is constructed from the [7s, 3, 4s] code
by adding a zero coordinate. The weight enumerator of the second

code is W(y) = 1+ 6y* +y*+4.

en=7s+2 Inthiscasely =s+1lors+2. Sincelj =7s+2=s
(mod 2) we have l; = s + 2. Hence a; = a2 = a3 = 2s. Ifs=1we
obtain only one possibility, namely I = --- = ly = 5. So a unique
self-orthogonal [9,3,4] code without zero coordinate exists and its
weight enumerator is W =1+ 3y* + 4y®. When s > 2 we have two
more possibilities, namely l; = s+ 2, I3 = -2, ly=38+2 5=
s—2, lg=s+2, ly=s—2andlp =s+2, lz=35—2, Iy =1l =
lg = ly = s. Thus there are exactly five inequivalent self-orthogonal
[7s + 2,3, 4s] codes for s > 2. Two of these are trivial extensions of
the SO [7s + 1,3,4s] codes, while the other three codes have weight
enumerators W(y) = 1+ 5y%° + 2y**+4, W(y) = 1 + 3y** + 4y*°+2,
and W(y) = 1+ 6y% + y*e+5.

e n = 7s + 3. Using the inequalities for /; and Lemma 2 we obtain
ly,=s+1ors+3 When!l; =s+3wehavelp+---+Ily = 6s and
aj < 2s,j =1,2,3. Hence a) = a2 = a3 = 2s, and we obtain four
inequivalent possibilities:

o=l =1l;=58+43, la=ls=1lg=5—-3(s=3);
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lp=5+3,l3=5-3, =lz=s+1, ls=lg=5—-1(s23);
b=lh=l=s+1, h=lg=lg=35-1;
or b=li=lg=s+1, =lg=l;=5~1.

When !, =s+1wehavelp+---+1l; =6s4+2<6l;andsolp = s+1.
Since a; + a2 + a3 = 6s + 2 and a; > 4s, {al,az,a3} = {28 +2,25 +
2,25—2} or {2s+2,2s,28}. If a; = 2s+2 then lp; = l3;;; = s+1 and
if a; = 2s then {l3;,l2i41} = {s + 1,s — 1}, so we have the following
two possibilities

Lh=h=L=h==l=s+1, ly=5-3(s2>3);

h=b=Q==lg=s+1, lg=ly=s5—-1.

Hence there exist six self-orthogonal [7s + 3, 3, 4s] codes without zero
bits for s > 3 with weight enumerators

Wi=1+ 2y4s + 4y4s+2 + y48+4’ Wo=1+ 3y4s + 3y4a+2 + y4a+6’
Wi=1+ 4y4s + 3y4a+4, Wyi=1+ 4y4s + 3y4s+4,
M/5 =1+ 5y4o + y4a+4 + y4s+8, WB =1+ G'y‘“ + y4a+12_

There exist three [10,3,4] and three [17,3, 8] self-orthogonal codes
without zero columns and their weight enumerators are W;, W5, and
W3 for the corresponding values of s.

n=7s+4. fd=4s+2thenas+a3=T7s+r—-1; —a; > 4s+2
which implies that a; < 3s+r —2—1{;. Similarly, a; < 3s+r—-2-1,
and a3 <3s+7—-2—1;. Henceds+2<az+a3 <6s+2r—4-2I;,
thusly <s+r—-3. Inourcases+1<[; <s+landsol;y =s+1.
But s+1 # 7s+4 (mod 2). Therefore this case is impossible and no
self-orthogonal [7s + 4, 3,4s + 2] code exists. When d = 4s we obtain
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the following cases:

h=l=s+2 13=l4=15=ls=l7=32
W = 1+y48+4y4s+2+2y4s+4;

Li=l=l3=s+2, lg=lg=l3=s8, l1=5-2:
W=1+3y4a+4y4a+4(322);

h=b=l=s+2lz3=lsg=slg=5-2, lz=s:
W=1+2y4a+3y4s+2 +y4s+4 +y4s+6 (8 22)’

Lh=h=l4=38+2, l3=ls=s5, lg=s5—-4, l;=5+2:
W=1+4y4s+2y4a+4 +y43+8 (324);

h=lh=li=s+2 la=s, ls=5—-2lg=5-2, lz=5+2:
W = 1+2y4s+4y4s+2+y4s+8 (322);

li=ay=1+4,lz3=5—-4, l4=5+2, ls=lg=5—-2, l;=8+2:
W=1+5y43 +y4a+4+y43+12 (324);

lhi=s+4, lb=5+2, l3=8-2, ly=5+2, ls=s5-2, lg=s, lr=s:
W=1+4y4s +2y4s+4+y4s+8 (322);

lh=s+4, =542 ly=s+2, la=ls=lg=5-2, ls =s+2:
W___.1+3y4a+3y4s+2+y4s+10(822);

h=s+4, b=h=h=l=ls=k=s:
W=1+3y4s+4y4s+4;

li=s+4 la=54+2, =lg=lg=lr=5 lz=5s—-2:
W=1+3y4a+2y4s+2+2y4s+6 (322);

lhi=kb=s+4, ly=lg=1lg=1l;=s, la=s5—-4:
W =14 5y + 2y4s+8 (s > 4);

h=l=ly=1l; =544, la=lg=lg=s—-4:
W=1+6y4"’+y4"+16 (324).

So the number of inequivalent self-orthogonal [7s+4, 3, 48] codes with-
out zero coordinates is two when s = 1, eight when s = 2, eight when
s = 3, and twelve when s > 4.

n=7s+5,d=4s+2. In this case s+1 < !; < s+ 2 and therefore
I, =s+1=7s+5 (mod 2). Since l; < s+1,i=2,3,...,7 and
lo+---ly = 65+ 4, it follows that all [; = s + 1 except one and since
GL(3,2) is transitive, we cantake ly =s -1, [ = -+ = lg = s+ 1.
Hence a unique [7s + 5,3,4s + 2] self-orthogonal code exists and its
weight enumerator is W = 1 4 4y##+2 4 3yte+4,

n="7s+6,d=4s+2. In this case s+ 1 < {; < s+ 3 and therefore
I, =s+2=7s+6 (mod 2). Hence a; < 2s+2,i =1,2,3. As
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a1 +az +a3 = 6s+4, one of the numbers a;, as, a3 is 2s and the other
two are equal to 2s + 2. If a; = 2s + 2 then {l3;,l2i41} = {s + 2,8}
and if a; = 2s then {ly;,lzi41} = {8 + 2,5 — 2} or lp; = l2i4+1 = 3. So
we obtain the following inequivalent possibilities:

ll =12=l4=8+2, l3=15=16=l7=3:
W= 1+6y4s+2+y4s+6;
h=lb=li=b=s+2 =ls=3 lg=s-2:
W =1+ dyiot2 4 oyletd | 4048 (g > 9),

Thus there is a unique {13, 3, 6] and two inequivalent [7s+6,3,43+2]
(s 2 2) SO codes without zero coordinates.

Note that we could use the same approach to classify the self-orthogonal
codes of dimension greater than 3, but the calculations would then be much
more complicated and, as the length of the simplex code of dimension k& is
2% — 1, the number of cases to consider would be much larger.

4 Optimal Codes of Length Less Than 12

In this section, we present the classification of optimal self-orthogonal (SO)
codes with length n < 12 and dimension & > 3. From now on, all results
have been obtained by computer using the approaches outlined in Section
2. For the parameters considered it is straightforward to determine (again,
by computer) the minimum weight of the classified codes and thereby the
highest minimum weight.

For length 8, the [8,4,4] extended Hamming code is the only linear code
with these parameters. For length 9, exactly three self-orthogonal [9,4]
codes exist and only the code obtained from Hg by adding a zero coordinate
has minimum weight 4 [20].

For length 10, there is a [10,4,4] code obtained by doubly extending
the [8,4,4] code with zero coordinates. In addition, there are three other
codes given by (here and in the sequel, matrices denoted by A are parts of
a generator matrix of the form [I A])

111000 111000 111000

Aoay = 110100 Ajosn = 110100 Apas = 110100
" 101100 |’ o 110010 |’ o 110010 |’

011111 110001 101111
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with weight enumerators Wyo4,1 = 1 + Ty + 7y% + 410, Wiyoee =1+
10y* + 5%, Wigaa =1+ 6y* +8y% + 2.

The orders of their automorphism groups are 1008, 3840 and 384, re-
spectively. Note that the first code is obtained by adding the all-one vector
to the trivial extension of the [7,3,4] simplex code, the second code is a
juxtaposition of the [5,4,2] even code with itself, and the first three rows of
Ajo,43 give S3. There are two self-dual codes of this length and both have
minimum weight 2.

For length 11, we have two [11,4,4] SO codes without zero coordinates.
They have generator matrices

01110100000 11100010000

Giray = 10101100000 and Gypqg= 11010100000
" 10110011100 " 10111000000
00000011011 00000001111

and weight enumerators Wiy 41 = 1+ 4y? + 8y% + 35® and Wiy =
1+ 8y* + 7y®. The orders of their automorphism groups are 192 and 4032,
respectively. The second code is the direct sum of the [7,3,4] and [4,1,4]
codes.

There is a unique [11,5,4] SO code without zero coordinates. It has
weight enumerator Wy 5 = 1 + 10y* + 16y°® + 5y® and its automorphism
group is Z3 - S5 [20].

5 Length 12

There is a unique [12,4,6] linear code but it is not self-orthogonal [14]. There
are ten SO [12,4,4] codes given by

[ 11100000 | [ 11100000 | [ 11160000 ]

11010000 _ | o1z0000 | | 10110000

Aza1=| 001000 | 41242 = | 11011100 | #**** T | 11010000
| 01111111 | | 01101011 | | 01111111 |
[ 11101100 | [ 11100000 | [ 11111600 ]|

11011100 _ | 11010000 | | 01100100

Azaa=| [Joo0010 | 41245 = | 10111100 |’ #124° T | 00011010
01110011 | | 01110011 | | 01111001 |
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11000100 11000100 11100000

Agpar = 10111100 Appas = 10111100 Appgo = 00011100 ,
v 10110110 |’ ™ 10000110 |’ ™ 01100010
10000101 10000101 01100001

11001000
00110100
00110010
01001001

A124,10 =

Their weight enumerators are

Wiga1 =1+ 6y* + 945, Wiza2 = 14 3y* + 798 + 43 + y'°,
Wizas =1+ Ty* + 798 + 412, Wizaa =1+ 2y* + 8y8 + 518,
Wizas =143y + 855 + 308 + 42,  Wigae =1+3y* +8y5 + 338 + 412,
Winar =1+4y* + 638 + 34% + 2410, Wipgs =1+ 6y* + 495 + 48 + 419,
Wizae =1+ Tyt + 748 +y'2, Wizg,4,10 = 1 + 6y* + 98,

and the orders of their automorphism groups are 192, 24, 168, 64, 48, 48,
12, 24, 24, and 72, respectively.

There are six SO [12, 5, 4] codes, one of which is the trivial extension of
the [11,5, 4] code above, plus

1116000 1110000 1110000
1101000 1101000 1101000
Alz,s,l = | 1011000 |, A12,5'2 = | 1011000 |, A12,5.3 = | 1100100 |,

0111000 0111110 1100010
0000111 0111101 1100001

1110000 1110000

1101000 1101000
An2,4 = | 1100100 |, Ajz55= | 1011110 |,

1011110 1011101

1011101 1011011

with weight enumerators

Wizsa =1+ 15y* + 1538 + 42, Wigg2 =1+ 8y* + 1498 + 78 + 2910,
Wizgs =1+ 15y* + 150% + 42, Wigs4 =1+ 7yt + 16y8 + 78 + y!2,
Wiagss = 1 + 6y + 16y° + 9y8.



The orders of their automorphism groups are 32256, 1344, 46080, 1536 and
1152, respectively. The code generated by A;s 5 is the direct sum of the
[8, 4,4] SD code and the [4,1,4] repetition code. The code generated by
Ajz,53 is the juxtaposition of two copies of the [6, 5, 2] single-parity check
(SPC) code. The only other optimal SO code is the [12, 6, 4] self-dual code
[20].

6 Length 13

The highest minimum weight among the self-orthogonal [13,4] codes is 4
and there are six inequivalent [13,4,4] SO codes without zero coordinates
generated by

[ 011160000 | [ 011111000 |
Apgar = 110100000 Asag= 110001000 ,
- 111011110 v 111110110
| 000001101 | | 000000111 |
[ 111000000 ] [ 111000000 ]
At ga= 011100000 Asaq= 011111000
i 101111000 " 110100110 |’
| 000011111 | | 101010101 |
[ 0001110600 | " 111000000 ]|
A s = 111000000  Atsas = 101100000
& 110000100 & 110160000
| 011000111 | | 000011111 |

They have weight enumerators

Wiz =1+ 4y + 1135, Wisaz2 =1+ 2y* + 695 + 59° + 2y,
Wisas=1+3y 455 + 448 + 3y, Wizaa=1+94"+7°+ 648 + y1°,
W13,4,5 =14 4y4 + 4y6 + 3y8 + 4y1°, W13‘4'5 =1 + 7y4 + y6 + 7y1°.

The orders of their automorphism groups are 1152, 192, 1152, 192, 3456
and 120960, respectively.
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There are 11 [13,5,4] SO codes but only five of them do not have zero
coordinates. These codes have generator matrices

[ 11100000 T [ 11100000 T
11011111 11011111
Ajasy = | 10111111 |, Ajzs2 = | 10111111 |,
01110000 01110000
| 01101000 | | 01101110 |
[ 11111000 ] [ 11160000 T
11000111 11010000
Ajzss = | 10111111 |, Ajzs4= | 11001110 {,
01111100 00001101
| 01100010 | | 00001011 |
[ 11100000
00011100
Ajsss = | 11000010
00011001
| 00010101

The corresponding weight enumerators are

W13,5'1 =1 + 10y4 + 21y8,

Wiss2 =1+ 6y* + 12¢° + 998 + 4919,
Wiass =1+ 4y* + 14y° + 1138 + 24,
Wiasae =1+ 6y* + 1295 + 998 + 4410,
W13,5,5 =14 10y4 + 21’_!]8,

and their automorphism groups have orders 1920, 192, 96, 144, and 1008,
respectively.

There are two SO (13, 6, 4] codes, one of which is the trivial extension of
the [12, 6, 4] SD code, and the other is the code D3 from [20] with weight
enumerator W3¢ = 1+10y%+28y°+21y% +4y'°, and automorphism group
order 4032.



7 Length 14

There exist two SO [14,4,6] codes. The first one is constructed by adding
the all-one vector to the [14,3,8] code. For the second code

1101110000
1110001100
0011101010 |’
1011110011

Apga=

and its weight enumerator is 1 + 6y® + 7y® + 2¢°.

The highest possible minimum weight of the SO codes of length 14 and
dimension 5 is 4, and exactly 22 inequivalent SO [14,5,4] codes without zero
coordinates exist. There exist twelve [14,6,4] SO codes. Two of these are
trivial extensions of the [13,6,4] SO codes, one code is a juxtaposition of
the [7,6,2] even code with itself, one is a direct sum of two copies of the
[7,3,4] code, and one is a direct sum of the [6,2,4] and the [8,4,4] SO codes.
The other seven have generator matrices

" 11100000 ] " 11100000 ] " 11100000
11011111 11011111 11011100
Aoy = | lO1IL o fonIL 10111100
4 01110000 | ' “1*® 01110000 | ' %8 01110000
01101000 01101000 01101011
| 01100100 | | 01100111 | 00001110 |
" 11100000 " 11100000 " 11111000 ]
11011100 11011100 11110100
gy | MOMOO | | 1001010 | 11110010
48,4 10100111 | * “M48S 10100111 | ' 71468 11000001
10110000 10110000 10100001
| 00001110 | | 11011001 | | 01100001 |
[ 11111000 T
11110100
Augay | 11110010
5. 11000001 |’
10100001
| 10010001
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and weight enumerators

Wise1 =1+ 15y% + 47y8 + y12,

qu'g'g =1+ 10y4 + 213/6 + 213/8 + 10y1° + y“,
Wiges =1+ Ty + 248 + 2348 + 810 + ¢12,
Wige,a = 1+ 6y* + 25y8 + 2548 + 6y10 + y14,
Wid,es = 1+ 6y* + 24y + 254 + 8y1°,

Wisee =1+ 10y* + 2138 + 2135 + 10410 + 414,
W14_3,7 =1 + 9y4 + 24y° + 19’![8 + 8y1° + 3y12.

There exists a unique self-dual [14,7,4] code [20].

8 Length 15

The [15,4,8] simplex code is the only code with these parameters [5]. A
unique self-orthogonal [15,5,6] code exists. It has generator matrix

1111111000
1111000100
Ass = | 1110111111
1001110010
0101101001

and weight enumerator 1 + 10y + 158 + 6y19.

There exist 25 SO [15,6,4] codes. Twelve are trivial extensions of SO
codes with a smaller length and dimension 6, one is a direct sum of the
(11,5,4] and [4,1,4] SO codes, and another is a direct sum of the [8,3,4] and
(7,3,4] SO codes. The remaining eleven codes have generator matrices

" 111000000 ( 111000000 7
110111110 110111000
Apgg, = | 10111110 | | 101111000
1861 = | 911100000 |* “**%2 = | 011100000 |
011010000 011010110
| 000001101 | | 000000111 |

48



Ase3 =

As65 =

Asser =

As69 =

[ 111000000 T
110111000
110110100
101001110
101100000
| 101001101 |

[ 111110000 7
111101000
111100100
110000010
101000010
| 000111101 |

[ 111000000 T
110100000
000011100
000011010
000010110

[ 111000000 7

| 101101111 |

110111000
101111000
000110100
000101100

000011111 _

As6,11 =

, Ais64 =

) A15,6,6 =

, A1s,68 =

, A1s6,10 =

[ 111110000
111101110
100011110
011001101
011001011

010011000
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[ 111000000 T
110111000
110110100
101001110
101100000
| 011100011 |

[ 111110000 ]
111101060
111100100
110000010
101000010
| 111100001 |

[ 111000000 ]
110100000
000011100
101111000
011100000

| 101110111 |

[ 111000000 T
110111110
101111110
000110001
000101001
| 000100101 |




Their weight enumerators are

Wisea = 1+ 11y* + 47y + 592,

Wise,2 =1+ Ty* + 1638 + 23y + 16310 + y12,
Wise,3 =1+ 5y + 20y° + 23y + 12410 + 3y12,
W15,6,4 =1 + 41/4 + 20y° + 25y8 + 12y10 + 2y12,
W15,6,5 =14+ 63/4 + 16‘!}8 + 253/8 + 16y1°,
WIS,G,S =1 + 9:‘!4 + 16y6 + 19y8 + 16y1° + 3y12,
Wise7 = 1+ 10y? + 498 + 4y'2,

Wises = 1 + 8y* + 1638 + 2138 + 16910 + 2312,
W15,6,9 =1+ 6y“ + 20y8 + 2ly8 + 12y1° + 4y12,
Wis,e,10 = 1 + 9y* + 5138 + 3y,

W15,6,ll =1+ 3y4 + 20y6 + 27‘98 + 12y1° + 'y12.

There are ten inequivalent self-orthogonal codes of length 15 and di-
mension 7 but only four of them have minimum weight 4. These are the
codes Dy4 with an added zero coordinate, As ® A7, E;5, and F5 (see [20]).

9 Length 16

There are three SO [16, 4, 8] codes [5], one of which is the trivial extension
of the [15,4, 8] code given above. The second is the juxtaposition of two
copies of the [8,4, 4] code with weight enumerator Wig 4,1 = 1+ 14y® +y16.
The third code is also constructed from copies of the [8,4,4] code, but in
this case it is the juxtaposition of the [8, 4, 4] codes with generator matrices

Goa=[1 1+7] snd G- [ it o0 }
where J is the all-one matrix. It has weight enumerator Wig42 = 1 +
13y® + 2y12.

There is one SO [16, 5, 8] code and this is the Reed-Muller code RM(1,4)
[14]. There is one SO [16,6,6] code which can be obtained by adding
the all-one vector to the SO [15,5,6] code and its weight enumerator is
Wies =1+ 16y6 + 30:’,!8 + 16y1° + yle.

There are twenty SO [16,7,4] codes without zero coordinates. Eleven
of them are obtained by adding the all-one vector to the [12,6,4] self-dual

code and the [15,6,4] codes C156,1, Ci15,6,2) C15,6,4, C15,6,6: C15,6,7, C15,6,8
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Ci5,6,10, Ci5,6,11- The other nine codes are given by

111000000 ]

Ag71 =

Ajer4

Aser,7

[ 111000000
110111000
101111000
011160000
011010000
011001110
060000111

110001110
101111110

= | 011001110

010101000
000000111
000111101

111101000
111011000
110000100
110000010
000111000

111110000 ]

111116000 |

| 101000111 |

’ A16,7,2 =

, Ale75 =

, Ag,7.8 =

Their weight enumerators are

Wier1 = 1+ 11y% + 26y° + 47y® + 36y% + 5212 4 2914,

110106000
110010000
000001110
000001101
000001011

101110111 |

111110000 ]|

116001110
101111110
011001110
010101000
010011000
000111101

[ 111000000

110111110
101111110
011100000
011010000
000001101

000001011 |

Wier2=1+ 13y4 + 99y° + 15412,
W16,7,3 =1 + 7y4 + 34y6 + 47y8 + 28y’° + 93/12 + 2y“,
W16’7’4 =1+ Sy‘ + 32y° + 51y8 + 32y’° + 7y‘2,
W16.7'5 =1+ 6y4 + 333/6 + 49'!]8 + 30y‘° + 8y‘2 + y“,
Wiers = 14 9y* + 24y® + 5138 + 40y*° + 3y'2,
Wier.r = 1+ 10y* + 25y° + 49y® + 38y + 4y'2 + y14,
W15'7’3 =1+ 133/4 + 99y8 + 15y’2,

Wier.o = 1+ 13y* + 28y5 + 43y® + 3210 + 7y'2 + 494,

, Ae73 =

, Ale76 =

, Algre =

[ 111110000 ]
110601110
101111110
011001110
010101000
010011000
000000111 |

[ 111000000 ]|
110111110
101111110
011100000
011011100
000011001
000010101

( 111110000 |
111101000
111011000
116000100
110000010
000111000

110000001 |

Three inequivalent self-dual [16,8,4] codes exist [20]. One of them is
doubly-even and the other two are singly-even.
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Ci1s5,6,10 C15,6,11- The other nine codes are given by

r

Ajg71 =

Agra =

Agr7 =

111000000 ]

110111000
101111000
011100000
011010000
011001110

000000111 |

111110000 ]

110001110
101111110
011001110
010101000
000000111
000111101

111110060 ]

111101000
111011000
110000100
110000010
000111000

101000111 |

, Alg72 =

, Agrs =

,» A1678 =

Their weight enumerators are

Wie71 = 1+ 11y* + 26y° + 47y® + 36y10 + 5212 4 2914,

[ 111000000 ]
110100000
110010000
000001110
000001101
000001011
| 101110111 |
[ 111110000
110001110
101111110
011001110
010101000
010011000
| coo111101

[ 111000000
110111110
101111110
011100000
011010000
000001101

| 000001011

W16,7,2 =1+ 13y4 + 99y8 + lsym,
Wier,3 = 1+ Ty* + 349 + 4718 + 28y10 4 9y12 4 214,
Wie,7,a = 1 + 5y* + 324% + 513 + 32¢41° + 7312,
Wie,7,5 = 1 + 6y* + 33y% + 4998 + 30y!0 4 8y12 4 y14,
Wie,7.6 = 1 + 9y* + 24y® + 5138 + 40y1° 4 3y12,
Wie,z,7 = 1 + 10y* + 25¢° + 49y® + 38y'° + 4y'2 + 14,
Wie,re = 1 + 13y + 99y + 1512,

Wiere =1+ 13y +28y5 + 4348 + 32y1° + 7912 4- qy*4.

, As,r3 =

» Arg,r6 =

, Al79 =

[ 111110000 ]

110001110
101111110
011001110
010101000
010011000
000000111 |

[ 111000000 ]

110111110
101111110
011106000
011011100
000011001

| 000010101 |

111110000 ]
111101000
111011000
110000100
110600010
000111000
110000001 |

Three inequivalent self-dual [16,8,4] codes exist [20]. One of them is
doubly-even and the other two are singly-even.
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10 Length 17

There are five SO [17,4, 8] codes [5], three of which are trivial extensions
of the [16,4, 8] codes given above. The remaining two codes are given by

1111111000000 1111111000000
Ao _ | 111000112000 | | 1111000111000
1l 1100110110100 |’ 1742 1100110110100 |’

1110100100011 1010101101111

with weight enumerators
W17‘4,1 =1+ llys + 4y12 and W17,4,2 =14+ 7y8 + 8y1°,

respectively.

There are five linear [17,5,8] codes, but only two of them are self-
orthogonal. These are the codes denoted by al and ¢ in the online electronic
table [14].

Exactly three inequivalent SO [17,6,6] codes exist. One of them is the
trivial extension of the unique [16,6,6] code, the others are

[ 11111110000 T [ 11111110000 T
11000001110 11000001110
Ao = 10111001000 Apras= 10111001000 ,
™ 01110100100 o 01110100100
11100010001 11100010001
| 00000110111 | | 00010011101 |

with weight enumerators

Wize1 = 1+ 12y5 + 2548 + 20y1° + 632
Wizea =1+ 13y + 2538 + 18y10 + 622 + 4.

The highest minimum weight for the SO [17,7] codes is 4 and there are
37 SO [17,7,4] codes without zero coordinates.

There are seven inequivalent {17,8,4] SO codes, three of which are trivial
extensions of the three self-dual [16,8,4] codes. The other four codes do not
have zero coordinates and they are denoted in [20] by Tﬁl,’, T?,), Tf’;), and
H 17.
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11 Length 18

There are 15 SO [18,4, 8] codes [5], five of which are trivial extensions of
the (17,4, 8] codes given above, and one code is obtained by adding the
all-one vector to the trivial extension of the [14,3,8] code. The remaining

nine codes are given by

A4l =

Aigaz =

Agas =

A18,4,7 =

11111110600000 ] 11111116000000 |
1110001110000 | , _ f 1110001110000
11001101101000 |’ “***2~ | 11001101101000
11110000000111 | | 1010101000011 |
111111106606600 ] [ 1111110000000 ]
1111000110000 |, _ | 1111000110000
11001101101000 |’ “*#4* = | 11101001001100
10101011100111 | | 1101100160001 |
111111106000000 ] [ 11111110000000 ]
1111000110000 | , | 1111000111000
11101001001100 |’ “**%® = | 11101001001100
11010100100011 | | 1001110101011 |
111111100060000 ] [ 11111110000000 ]
1111000110000 [ , | 1110001110000
11110000001110 |’ 48~ | 11001160001110
11001101101101 | | 1000001101101 |

11111110000000

11110001110000

Aga9 =

11001100001110 |’

10101011101101
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with weight enumerators

W15,4'1 =1+ 10y8.+ 4y12 + y“’,
Wig a2 =1+ 98 + 692,

Wiga3 =1+ Ty8 + 6y1° + 2914,
W13,4,4 =14 10y8 + 6y’° + 4y‘2 + ym,
Wisas =1+ %8 + 62,

Wisae =1+ 6% + Ty'° + 2 + 419,
Wis,ar = 1+ 638 + 8y1° + 318,

Wisas = 1+ 9y® +6y'2,

W18.4'9 =1 + 5y8 + 8y1° + 2y‘2,

respectively. There are seven SO [18, 5, 8] codes [5], two of which are trivial
extensions of the [17,5, 8] codes above. The other five codes are given by

1111111000000 [ 1111111000000 ]
1111000111000 1111000111000
Ajss,1 = | 1100110110100 |, Ajgs2=| 1100110110100 |,
1010101101100 1010101101100
1110100100011 | 1001011011111 |
1111111000000 [ 1111111000000 ]
1111000111000 1111000111000
Ajg5,3 = | 1100110110100 ,A1s54 = | 1100110110100 |,
0011110110010 0011110110010
1010101110001 | 1010101101111 |
1111111000000
1111000111000
Ajsss = | 1100110110100 |,
1010101110010
1010110101001
with weight enumerators
Wissa = 1+21y8+10y12, Wigsz = 1+ 15y° +15y10 4+ y18,
Wisss = 1-4+22y°+8y2+9'%, Wigse = 1+141° +16y°+918,

W1855 = 1+21y8+10y12,

respectively. The second code is obtained by adding the all-one vector to
the trivial extension of the [15,4,8] simplex code.
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There are two SO [18, 6, 8] codes [10] with weight enumerators
Wise,1 = 1+ 46y° + 16y'% + y'€ and Wige 2 = 1 4 45¢° + 18y'2,

respectively. Both can be obtained from the extended Golay code.

There are three inequivalent SO [18,7,6] codes, one of which is obtained
by adding the all-one vector to the second [18,6,8] code. The other two
codes are given by

11111000000 11111000000
11000111000 11110111000
10100100110 10001111110
Ajgz1 = | 11110110100 |, Ajg72 = | 11101100101 |,
11101101010 11011010011
01111111110 10010110010
| 00000011111 | | 00101100110 |

and have weight enumerators

Wigra = 14 20y° 4 46y® + 4040 + 16y'2 + 4y'4 + '8,
Wiszz = 1419 +45y8 + 42y +18y'2 4 3y,
respectively.
12 Length 19

There are 17 SO (19, 5, 8] codes [5], seven of which are trivial extensions of
the (18,5, 8] codes given above. The remaining ten codes are given by

11111110000000 11111110000000
11110001110000 ' 111100011106000
Ajgs,1 = | 11001101101000 |, Aje5,2 = | 11001101101000 |,
10101011011000 10101011011000
11110000000111 01101011100111
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Agss =

A95,5

Agsr =

Ao =

[ 11111110000000 .
11110601110000

11001101101000

10101011100100

| 11101001000011 |
[ 11111110000000 1
11110001110000
11001101101000
10101011100100
| 01101011011011 |

[ 11111110000000
11110001110000
11001101101000
11101001000110

| 10110011000101

11111110000000
11110001110000
11001101101000
10101011011110
01011011011101

with weight enumerators

respectively.

There are four SO (19, 6, 8] codes [5], two of which are trivial extensions

, Ao =

, A19,56 =

, Alg58 =

, A19,5,10 =

1111111000000 ]
1110001110000

11001101101600

10101011100100

| 11000001011011 |
" 11111116000000
11110001110000
11001101101000
11101001000110
| 11010101000101 |
" 11111116000000 ]
11110001110000
11001101101600
11101001000110

| 10011011011101 |

11111110000000
11110001110000
11001100001110
11000001101101
10101011011011

Wiesa = 1+ 18y® + 12y'2 + 6,
Wies.2 = 1+ 15y® + 10y10 + 6y*4,
Wigs,a = 1+ 18y8 + 1212 + 8,

Wies,a =1+ 1748

+ 14y12,

Wigss = 1 +13y° +12y'° + 242 + 4y'4,
Wigse = 1 + 18y® + 12y12 + 18,

Wiesr=1+174°

+ 14912,

ng,s's =1+ 11y8 + 14y1° + 4y12 + 2‘_!/14,
Wigso = 1+ 10y° + 16910 + 4y12 + y18,
W19,5'1o =14 9y8 + 16y1° + 6y12,
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of the [18, 6, 8] codes given above. The remaining two codes are given by

[ 1111111000000 7 ( 1111111000000 1
1111000111000 1111000111000
Asosy = 1100110110100 Aross = 1100110110100
- 1010101101100 |’ ™ 1010101101100 |’
0110101110010 0110101110010
| 1001101110001 | | 1011001100011 |

with weight enumerators
Wige1 =1+38y% + 24y’ +y'® and Wyggq =1+ 378 + 26y2,

respectively. Note that both codes are doubly-even. There is only one SO
(19,7, 8] code [10], and it is a subcode of the punctured Golay code. It has
weight enumerator

Wier = 1+ 78y% +48y!2 4 ¢16,

A unique self-orthogonal [19,8,6] code exists. It has generator matrix

11111000000
11000111000
10100111110
11110110111
11101110001
01111100110
00000011111
00101110100

Aps =

and weight enumerator 1 + 28y° + 78y® + 88y + 48y12 4 12y + y18,

There are fourteen inequivalent [19,9,4] codes. Two of these are obtained
as trivial extensions of the two self-dual [18,9,4] codes. The other twelve
codes do not have zero coordinates (for details see [20]).
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13 Length 20

There are 27 SO [20,6,8] codes [5], four of which are trivial extensions of

the [19, 6, 8] codes given above. The remaining 23 codes are given by

Axpp1 =

Az6,3 =

A6 =

A20,6,7 =

Aso6,0 =

" 11111110000000 W

11110001110000
11001101101000
10101011011000
10010110111000

| 11110000000111 |

[ 11111110000000 W

11110001110000
11001101101000
10101011011000
01101011100100

L 11101001000011 _

" 11111110000000 T

11110001110000
11001101101000
10101011011000
01101011100100

| 10010110111011 |

" 111111100000600 T

11110001110000
11001101101000
10101011011000
01101011100100

| 11000111010111 |

11111110000000 7
11110001110000
11001101101000
10101011011000
11101001000110

10010110111101 |

[ 11111110000000 T
11110001110000
11001101101000
10101011011000
10010110111000
{ 01101011100111

, A20,6,2 =

[ 11111110000000 T
11110001110000
11001101101000
10101011011000
01101011100100
| 11111101011011

, A2064 =

[ 11111110000000 T
11110001110000
 Asose = 11001101101000

” 10101011011000
01101011100100
| 10101010000111

[ 11111110000000 1
11110001110000
11001101101000
10101011011000
11101001000110
| 11010101000101 |

, A2068 =

© 1111110000000 T
1111000111600
1100110110100
00111101100100
10101011100010
| 01011011100001 |

, A20,6,10 =
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A20,6, 11

A206,13

Ago6,15

Az0,6,17 =

A20,6,19

1111111000000 ]
1110001110000
1100110110100
00111101100100
1010101100010
10101101010001 |

[ 11111110000000 T
11110001110000
11001101101000
00111101100100
10101011100010

01101011011101

( 11111110000000 T
11110001110000
11001101101000
10101011100100
10101101010010

11001011010001

( 11111110000000 T
11110001110000
11001101101000
10101011100100
10101101010010
| 10111001001001 |

[ 111111100060000 T
11110001110000
11001101101000
10101011100100
10101101010010

[ 10001001001111

, A20,6,12 =

y A20,6,14 =

, A2o6,16 =

, A206,18 =

,» A20,6,20 =

[ 11111110000000 T
11110001110000
11001101101000
00111101100100
10101011100010
11000001011101

[ 11111110000000 ]
11110001110000
11001101101000
00111101100100
10101011011110

| 01011011011101

" 11111110000000 7
11110001110000
11601101101000
10101011100100
10101101010010

| 00111011010001

[ 1111111000000 ]
11110001110000
11001101101000
10101011100100
10101101010010
. 10101100001101 J

[ 11111110000000 T
11110001110000
11001101101000
10101011100100
10101101010010

| 01111001001111



A20,6,21 =

[ 11111110000000

11110001110000
11001101101000
11101001000110

, Az0,622 =

11111110000000 T
111106001110000
11001101101600
10101011011110

01011011011101
| 01100111011011

11010101000101
10011011011011

[ 11111110000000 T
11110001110000
11001100001110
11600001101101 |’
10101011011011
| 01010110110111

Aso6,23 =

-

with weight enumerators

Waoe,1 = 1 + 46y® + 1612 + 4,
Wae2=1+ 3048 + 16y1° + 16y4 + y!6,
Waos,3 = 1+ 32y° + 28y + 3y,

Waoe,4 = 1 + 3138 + 31312 + 4%,

Waoes =1+ 25y8 + 21y10 +6y!2 + 10y14 +48,
Wao,6,6 = 1+ 31y® + 30y2 + 2y'9,

Waoe,7 = 1+ 258 +20y'% + 6y'2 + 12y,
Waoes = 1+ 30y® + 32y'2 + ¢,

Waoee = 1 + 2138 + 2590 + 1092 + 6y + '8,
Wao,6,10 = 1 + 34y® + 24y!? + 5¢18,

Wao6,11 = 1 + 32y8 + 28y12 + 3318,

Wao,6,12 = 1 + 30y® + 32y% + ¢'8,

Waoe13 =1+ 2248 + 24y10 + 8y12 + 8yl4 4 y16,
Waoe,14 = 1 + 18y° + 32y'° + 8y'2 + 5916,
Waoe1s = 1 + 32y° + 28y'2 + 316,

Wao,e,16 = 1 + 3138 + 31y'2 + 20,

Wao,6,17 = 1 + 3138 + 30y12 + 2y16,

Wao,6,18 = 1 + 30y + 32y + ¢'6,

Wao6,10 = 1 + 29y® + 34y'2,

Wao 6,20 = 1+ 2138 + 24y + 10y12 + 8y14,
Waoe21 = 1 + 18y + 28y10 + 12y12 + 4y'4 4 46,
Waoe,20 =1+ 16y8 + 3210 + 12912 + 346,
Wao,6,25 = 1 + 15y° + 32410 + 15912 4 320,
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respectively.

There are five SO [20, 7, 8] codes [5)], one of which is the trivial extension
of the [19, 7, 8] code, and another can be constructed by adding the all-one
vector to the nineteenth [20,6,8] code given above. The remaining three

codes are given by

A7) =

s

1111111000000
1111000111000
1100110110100
1010101101100
1001011011100
0110101110010
1001101110001

Azo7,3 =

with weight enumerators

respectively.

Wao,7,1
Wao,7,2
Wao,7,3

’ A20,7,2 =

[ 1111111000000 |

1111000111000
1100110110100
1010101101100
0110101110010
1001101110001

| 1100101000111 |

1111111000000
1111000111000
1100110110100
1010101101100
0110101110010
1100011101010
1010011110001

1 + 66y® + 56y12 4+ 5y18,
1 + 64y® + 60y1° + 318,
1 + 62y + 6492 + g6,

There is one SO [20, 8, 8] code [10]. It has weight enumerator

Wao,s
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1 + 130y8 + 120912 4 5916,




A unique self-orthogonal [20,9,6] code exists. It has generator matrix

[ 11111000000
11000111000
10100100110
11110011001
11101000111
01001010110
00110101111
00110011100
00011101010

Az =

and weight enumerator Wag 9 = 1+40y% 4130y +176y'° 4 120y'2 440y +
5y16.
There are seven inequivalent [20,10,4] self-dual codes [20].

14 Length 21
There is one SO (21,4, 10] code with
11111111100600000
Ao — | 11110000011111000
2.4 = | 10001110011100110
11101101011010101

and weight enumerator Wy; 4 = 1 + 7y'° + 7y'2 + y14.
There are 20 SO (21,7, 8] codes (5], five of which are trivial extensions
of the [20, 7, 8] codes given above. The remaining 15 codes are given by

[ 111111100600000 | [ 11111110060000 |
11110001110000 111100011100600
11601101101000 110011011010600

Az171 = | 10101011011000 |, A2172 = | 10101011011660
10010110111000 100101101110060
01101011100100 01101011100100

| 1010101000011 | | 11000111010111
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Azi73 =

Ag175 =

Az =

A279 =

11110001110000
11001101101000
10101011011000
01101011100100
11000111010100

11110001110000
11001101101000
10101011011000
01101011100100
10011011100010

11110001110000
11001101101000
10101011011000
01101011100100
10011011100010

11110001110000
11001101101000
10101011011000
01101011100100
10110011000110

[ 11111110000000 |

| 11010101000011 |

[ 11111110000000 ]|

| 10100111100001 |

[ 11111116000000 ]|

| 1010101000111 |

[ 11111110000000 ]

| 100011110600101 |

y A2174 =

y Aa176 =

, Aoy78 =

, A217,10 =

[ 11111110000000 ]
11110601110000
11001101101000
10101011011000
01101011100100
11000111010100
| 10010110111011 |

[ 11111110060000 ]
11110001110000
11001101101000
11101001000110
11010101000101
10011011011011
| 01000011111111 |

[ 11111110000000 ]|
11110001110000
110011011010600
10101011011000
01101011100100
10011011100010

| 1100011101011 |

[ 11111110000000 ]
11110001110000
11001101101600
10101011011000
01101011100100
10110011000110
| 10010110111011 |




VUIR AT

An713 =

11111110000000 |

11110001110000
11001101101000
10101011011000
01101011100100
10110011000110

11101001000011 |

11111116000000 |

11110001110000
11001101101000
10101011100100
10101101010010
10111001001001

01010110000111 |

A2y 7,15 =

, A21,7,12 =

, Aar714 =

[ 11111110000000 |

11110001110000
11001101101000
10101011011000
011010111001C0
10011011100010

| 10110011000101 |
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11111110000000 |
11116001110000
11001101101000
10101011011000
11101001000110
11010101060101
10110011000011

11111110000000
11110001110000
11001101101000
10101011100100
10101101010010
11001011010001
01111001001111




with weight enumerators

W21,7,1 =1 + 54’_&/8 + 64:!/12 + 9y16,

Way,7,.2 = 1 + 463° 4 32y10 4+ 16312 4 32914 4+ y186,
W21'1,3 =1 + 54y8 + 64y12 + 9y16,

Wai,7,4 = 1 +45y° + 3310 4 18412 4 30y + 18,
W21,7'5 =1+ 54y8 + 64y12 + 9‘!]16,

Wai,7,6 = 1 + 28y® + 56y10 + 28y'2 4+ 814 4 7418,
Wa1,7,7 = 1 + 5038 + 72y12 + 5y1¢,

Wai7,8 = 1 + 38y + +40y1° + 2492 4 24914 + 5416,
Wzl'-],g =1+ 52y8 + 6810 + 7y16,

Wai,7,10 = 1 + 379 + 41910 + 26912 + 22y14 + ¢18,
W21,7'11 =1 + 5Oy8 + 72‘yl2 + 5y18,

W21,7_12 =1 + 48y8 + 76y12 + 3y16,

W21,7,13 =14+ 48y8 + 76y12 + 3y16,

Wai,7,14 = 1 + 3298 + 48y10 + 28y12 4+ 16y14 + 3y1¢,
W21'7,15 =1 + 52y8 + 6810 + 7y16,

respectively. There are three SO [21,8,8] codes [5], one of which is the
trivial extension of the [20, 8, 8] code given above. The other two codes are
given by

1111111000000 [ 1111111000000
1111000111000 1111000111000
1100110110100 1100110110100
A _ | 1010101101100 A _ | 1010101101100
2817 1 1001011011100 |’ 7?2 = | 0110101110010
0110101110010 1100011101010
1100011101010 1010011110001
| 1010011110001 | | 0110110101001 |
with weight enumerators
Wasi: = 1+ 106y8 + 136y'2 4 13y'6,
Wagz = 1+ 102y® + 144y'? 4 948,
respectively. There is one SO (21,9, 8] code [10]. It has weight enumerator
Waie = 1+ 210y8 + 280y'2 4 21316,

A unique self-orthogonal [21,10,6] code exists. It can be obtained as a sub-
code of the "shorter Golay code” gs3 (22, Table X]. Its weight enumerator
is 1+ 56y° + 210y + 336y'° + 280y!2 + 120y'4 + 21y!18,
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15 Length 22

There are seven [22,4,10] codes, one of which is the trivial extension of the
(21,4, 10] code given above. The other six codes are given by

[ 1011001111111100600 ] [ 111001111111100000 ]
010111110001110660 111110001000011100
Agpay = , Agg gz =
224, 001011110010001110 2,42 100011001011111110
| 110000000111110101 | | 100110001111100001 |
[ 111111110111111100 ] [ 111110001111100100 ]
011116001111160060 111101110101011600
= R A =
A2243 = | (11101000100011110 244 100011100001111010
| 100000000111111101 | | 111001110111100111 |
[ 111001111111060100 ] [ 011111110111100000 ]
011110001000111100 111111001100010000
Agpas = , -
245 111001100100011010 | * 42248 100111000011101100
| 100110001111000101 | | 111000000111100011 |

and have weight enumerators

Waga1 = 1+ 6910 + 6512 + 291 + 918, Wiy g2 =146y + 7y'2 +yM +y1%,
Waza3 = 1 +6y1° 4+ 7y'2 + y4 + y18, Wazaa = 1+ 5910 + Ty!? + 3y14,
Wagas =1 + 6y + 6y'2 + 2y + 4, Wazae =1+ Ty'° + 7y'2 + y*2.

There are three SO [22,9,8] codes (5], one of which is the trivial ex-
tension of the [21,9, 8] code given above. The other two codes are given

by

" 1111111000000 T " 1111111600000
1111000111000 1111000111000
1100110110100 1100110110100
1010101101100 1010101101100

Azey = | 1001011011100 |, A2ze2 = | 1001011011100 |,
0110101110010 0110101110010
1100011101010 1100011101010
0101110011010 1010011110001

| 1010011110001 | | 0110110101001
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15 Length 22

There are seven [22,4,10] codes, one of which is the trivial extension of the
[21,4,10] code given above. The other six codes are given by

101100111111110000 ] 111001111111100000 ]
010111110001110000 111110001000011100
A = =
22,41 001011110010001110 | * 42242 100011001011111110
| 110000000111110101 | | 100110001111100001 |
[ 111111110111111100 ] [ 111110001111100100 ]
011110001111100000 111101110101011000
Agpqgg = =
2243 011101000100011110 | * 4244 100011100001111010
| 100000000111111101 | | 111601110111100111 |
[ 111001111111000100 | [ 011111110111160000
011116001000111100 111111001160010000
A 3 =
2245 111001100100011010 |’ “2248 100111060011101100
| 100110001111000101 | | 111000000111160011 |

and have weight enumerators

Waga1 =1+6y10+6y12 +2y1 + 418, Wypgo=1+6y+ 7y + 9!+ y8,
Waga3 = 14 6y10 + 7y'2 +y!4 + 418, Waza,4 = 1+ 5y + Ty'% + 3y14,
Wagas =14 6y10 +6y12 + 2y + 418,  Wagae=1+Ty'0 + 7912 + 4%

There are three SO [22,9, 8] codes [5], one of which is the trivial ex-
tension of the [21,9,8] code given above. The other two codes are given

by

" 1111111000000 T © 1111111000000
1111000111600 1111000111000
1100110110100 1100110110100
1010101101100 1010101101100

Aszeq = | 1001011011100 |, Asze2 = | 1001011011100 |,
0110101110010 0110101110010
1100011101010 1100011101010
0101110011010 1010011110001

| 1010011110001 | | 0110110101001 |
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with weight enumerators

Waze1 = 1+ 17048 + 296y'? + 45916,
Wase2 = 1+ 1628 +312y'% 4 37916,

respectively. There is one SO [22, 10, 8 code [10]. It has weight enumerator
Waz10 = 1+ 330y° +616y*2 + 778,

and is a doubly-even subcode of the punctured Golay code.
The ”shorter Golay code” go2 is the only self-dual [22,11,6] code (22,
Table X].

16 Length 23
There is one SO [23, 4,12] code given by
1111111111106600000
Ao = 1111110000011111000
2347 | 1110001110011100110 |’
1001101101011010101

with weight enumerator Wa3 4 = 1+ 14y'2 + y!6. This is the juxtaposition
of the [15,4, 8] code and the (8,4, 4] code.
Exactly two SO [23,5,10] codes exist. They are given by

111111111000000000 111111111000000000
111100000111110000 111100000111110000

Azss1 = | 110011110111101110 |, A2ss2 = | 110011110111101110 |,
’ 001011001110011100 001011001110011100
000000101101111011 100010101101010011

and have weight enumerators

Wass: = 141130+ 14y'? 4 4y + y16 + y18,
Wasse = 1+ 10y1° + 14:!/12 + 6y“ + yls.

There are three SO [23, 10, 8] codes [5], one which is the trivial extension
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of the [22, 10, 8] code given above. The other two codes are given by

A23, 10,1 =

[ 1111111060000 |

1111000111000
1100110110100
1010101101100
1001011011100
0110101110010
1100011101010
0101110011010
0001111100110

0101011110001 |

with weight enumerators

respectively. There is one [23,11, 8] code [10]. It has weight enumerator

and is a doubly-even subcode of the Golay code.

Was01 =
Was 102 =

Wan =

17 Length 24

All the optimal SO codes of length 24 are subcodes of the extended binary
Golay code. There are five SO [24, 4,12) codes, one of which is the trivial
extension of the [23, 4, 12] code given above. The remaining codes are given

by

A4 =

Azg4.3.1

[ 11111111111060000000 ]
11111100000111110000
11100011100111001100
| 00011111100111000011 |

[ 11111111111000000000 ]
11111160000111110000
11100011100111001100

| 11010011010110100011 |

, A23102 =
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y A2q42 =

, Az4432 =

1111111000000 |

1111000111000
1100110110100
1010101101100
1001011011100
0110101110010
1100011101010
0101110011010
1016011110001

0110110101001 |

1+ 266y% + 616y'? 4 141y18,
1+ 250y° + 648y*2 4+ 125y6,

1+ 506y® + 1288y'2 + 253y'¢,

11111111111000000000
11111100000111110000
11100011100111001100
10011011010111000011

11111111111000000000
111111000001111100600
11110011060110001110
11001100110001101101




of the [22,10, 8] code given above. The other two codes are given by

1111111000000 1111111000000 |
1111000111000 1111000111000
1100110110100 1100110110100
1010101101100 1010101101100
Ags 1oy = 1001011011100 Ags o = 1001011011100
ST 0110101110010 i 0110101110010
1100011101010 1100011101010
0101110011010 0101110011010
0001111100110 1010011110001
| 0101011110001 | | 0110110101001
with weight enumerators
Was01 = 142668+ 616y'2 + 141y'8,
Wazio2 = 1425048 + 648y12 + 125918,

respectively. There is one 23,11, 8] code {10]. It has weight enumerator

and is a doubly-even subcode of the Golay code.

Waz 11

17 Length 24

All the optimal SO codes of length 24 are subcodes of the extended binary
Golay code. There are five SO [24,4,12] codes, one of which is the trivial
extension of the [23,4, 12] code given above. The remaining codes are given

by

Az4,4,1

424,431 =

[ 11111111111060000000 ]
11111100000111110000
11100011100111001100

| 00011111100111000011 |

[ 11111111111000000000 ]|
11111100000111110000
11100011100111001100

| 11010011010110100011 |

y A2442 =

y A24432 =

71

11111111111000000000
11111100000111110000
11100011100111001100
10011011010111000011

= 1+ 506y® + 1288y12 4 25316,

111111111110000006C0
11111100000111110000
11110011000110001110
11001100110001101101

1

’



with weight enumerators

W1 = 1+14y12+9%,
Wasaz = 1+13y12+y18 +9%,
Wagqs = 1+12y'%4 3y,

The first code is the juxtaposition of three copies of the [8,4,4] code. The
second is the juxtaposition of two copies of the [8,4,4] code and Gj 4. The
third is the juxtaposition of two copies of the optimal [12, 4, 6] code. There
is one SO [24,5,12] code [13] given by

1111111111100000000
1111110000011111000
Aggs = | 1110001110011100110 |,
1001101101011010101
0101011010110101011

with weight enumerator Way 5 = 1 + 28y'% + 3316,
There is one SO [24, 6,10] code given by

[ 111111111000000000 T
111100000111110000
100011100111001100
111011010110101010 |’
110110101101101001
001101100100010111 |

Az =

with weight enumerator
Wass = 1+ 18y10 +28y12 4 12y14 4 3y16 4 2418,

There are four SO [24, 11, 8] codes, one of which is the trivial extension
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of the [24,11, 8] code given above. The other codes are given by

A24,11,1 =

1111111000000 ]

1111000111000
1100110110100
1010101101100
1001011011100
0110101110010
1100011101010
0101110011010
0001111100110
1011100010110
0101011110001

A3 =

with weight enumerators

Waq11,1
Waa 11,2
Was,11,3

respectively. The first eight rows of all three matrices generate the unique
[20,8,8] code given previously. The remaining three rows generate the
optimal SO [15, 3, 8] code in the first two cases, and the optimal SO [14, 3, 8]
code in the third case. All three [24,11,12] codes can be obtained by
expurgating codewords from the [24,12, 8] Golay code. In particular, the

o

, Agg 12 =

1111111000000
1111000111000
1100110110100
1010101101100
1001011011100
0110101110010
1100011101010
0101110011010
1010011110001
0110110101001
0011101011001

1111111000000 ]
1111000111000
1100110110100
1010101101100
1001011011100
0110101110010
1100011101010
0101110011010
0001111100110
0101011110001
1001110101001

1 + 407y8 + 1232y12 + 407y'6 + y24,
1+ 378y% + 1288y'2 + 381yS,
1+ 375y° + 1296y2 + 375y1° + 4,

second code is obtained by deleting the all-one codeword.

There is one SD (24, 12, 8] code, namely the extended Golay code ga4.
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18 Length 25

There are eleven SO [25,4,12] codes, five of which are trivial extensions of
the SO [24,4,12] codes. The remaining six codes are given by

Azs g =

Az g3 =

Azsas =

[ 111111111111011100000 |
1111111106000100011000
111110000000111100110
| 011111000111100000011

[ 111111110111011011000 ]
111111001600100111000
111100111600111000100
| 100000001111011011011 |

[ 111111010160010011000 |
111111101011101111000
011110011011110000160

, Azs a2 =

, A2s a4 =

, A a6 =

| 101110110111100011111 |

and have weight enumerators

[ 1111110101106000110000 ]
111111101001111001000
111000011001111110110
| 011100110111111000011 j

[ 111111010110011000000 ]
111111101001100100000
111000011001111011110
| 011100110111100011011 |

[ 111111001111106000000 ]
111111110000011100000
100000011001111011110

| 011100101110011000011 |

W25_4,1 =1+ 11"(/12 + 3y16 + yz‘?, W25‘4'2 =1+ 7y12 + 7y“ + yls,
Was a4 =1+ 6y'2 + 8y + ¢,

Was,ea = 1 +10y'? + 5918,
W25'4'5 =1 + 10y12 -+ 5y16,

Was a6 = 1 + 10y + 5916,

respectively. There are three SO [25,5,12] codes, one of which is the trivial
extension of the [24,5,12] code. The other two codes have generator matrices

Azss1 =

111100111110001106000
11111100000111110000
01110011100111601100
01011000110001111110
10111111111111111111

, Azss2 =

01110111111000116000
11111000100111110000
01110111000111001100 |,
11010010010001111110
00111110011111110111

and weight enumerators Was s, = 1 + 25y'2 + 5y + 3% and Wass2 =
1+ 24y'2 + 7y!8, respectively.
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18 Length 25

There are eleven SO [25,4,12] codes, five of which are trivial extensions of
“the SO [24,4,12] codes. The remaining six codes are given by

Azs 41

Azs.a3

Azsas =

[ 11111111111101110600060 |
111111110000100011000
1111106006000111100110
| 011111000111100000011 |

[ 111111110111011011000 ]
111111601600160111000
111160111000111000160
| 100000001111011011011 |

[ 111111010100010011000 ]|
111111101011101111000
011110011011110000100

| 101110110111100011111 |

and have weight enumerators

,» Azs a2 =

y Azs a4 =

, Azs46 =

1111110101106000116000 ]|
111111101001111001000
111000011001111110110
011100110111111600011 |

111111010116011000000 |
111111101001100100000
111600011001111011110
011100110111100011011 |

111111001111100006000 ]|
111111110000011100000
100000011001111011110
011100101116011000011 |

Wasag =1+ 11y'2 + 3916 + 420, Wasao =1+ Ty'? + Ty!t +4'8,
Was a4 = 1 +6y'2 + 8y'4 + 6,

Was 43 = 1 + 10y'2 + 5916,
Was a5 = 1 + 10y'2 + 54,

Was a6 = 1 + 10y'2 4 5916,

respectively. There are three SO [25,5,12] codes, one of which is the trivial
extension of the [24,5,12] code. The other two codes have generator matrices

Azs,5,1 =

11110011111000110000
11111100000111110000
01110011100111601100
01011000110001111110
10111111111111111111

Azss2 =

01110111111000110600

11111000100111110000

01110111000111001160 |,

11010010010001111110

00111110011111110111

and weight enumerators Was 5,1 = 1 + 25y'2 + 5y'® + y?° and Was 52 =
1 + 24y!2 + 7y'6, respectively. )
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Ten inequivalent SO [25,11,8] codes exist. Four of them are the trivial
extensions of the SO [24,11,8] codes, and the other six are given by

Azs 11,1 =

Az 113 =

Az s =

11111110000000
11110001110000
11101111111111
11011001001111
10011100111110
10110010101111
10010111010001
01010111101110
01110100011111
01011010110001
00111011011000

11111116000000
11110001110000
11001101101000
11001011010100
10110100101100
10100111011000
10011010111000
01100111100100
01000100101111
01101010000111
00000111010111

11111110000000
11110001111111
11101001110000
11011111111100
11010100001110
11100011001100
10001110110001
00010100111101
00100101001111
00010011101110
01110101101000

, As 112 =

y Azs 1,4 =

, Azs 11,6 =
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111111106000000
11110001110000
11101111111111
11011001001111
10011100111110
10110010101111
10010111010001
01010111101110
01110100011111
01011010110001
00111101100001

11111110000000 ]|

11110001110000
11001101101000
11001011010100
10110100101100
10100111011000
10011010111000
01100111100100
01110010011111
01011100110111
00101001111111

11111110000000
11110001110000
11001101101000
11100010010110
10001111000110
10110011000101
10011100001101
01111000010101
01110010100011
01101010111000
00011110101010




and have weight enumerators

Wasai1 = 1+ 266y + 240510 + 616y'2 + 672y + 141y'6 + 11298,

Wasai2 = 1+ 330y +176y'0 + 616y'2 + 672y + 77y + 176y'5,
Wasa13 = 1+ 298y +1208y'2 + 525y + 164%°,

Wasi1a = 1+ 25048 4 256y1° + 648y'2 + 640y'* + 125y€ + 128y8,
Was s = 14 274y® +1248y'% + 517y 4+ 8y,

Wosiie = 1+ 2704 +1260y'2 + 505y + 124%°,

respectively. A unique self-orthogonal [25,12,8] code exists and it is the
trivial extension of the Golay code ga4.

19 Optimal SO Codes of Lengths Greater Than
25 '

A summary of the results given in this and the previous sections is presented
in Tables 1 and 2. Note that there are no self-orthogonal codes with & >
n/2. For each length n < 40 and dimension 3 < k& < 10, two entries are
given: the first is the maximum minimum distance for an SO [n, k| code and
the second is the number of corresponding codes without zero coordinates.
Note that in some cases all optimal SO [n, &, d] codes have zero coordinates.
For the parameters considered here, these are the codes with parameters
[9,4,4], [25,12,8], and [33,6,16]. Entries that could not be computed with a
reasonable amount of CPU time are empty.

Generator matrices of the inequivalent linear [26,6,12], [27,7,12}, [30,9,12],
[31,10,12}, and [36,8,16] are presented in the electronic table [14). All these
codes are doubly-even and therefore they are optimal SO codes.

The simplex [25—1, k, 2¥~!] code is the unique code with its parameters.
Taking s copies of the simplex code, we obtain the unique linear (2% -
1)s,k, 2¥~1s] code. For k > 3 these codes are self-orthogonal. In our table,
these are the codes with parameters [7,3,4], [14,3,8], [21,3,12], [28,3,16],
(35,3,20], [15,4,8], [30,4,16], and [31,5,16]. Adding the all-one vector to
the simplex code we obtain the Reed-Muller code RM(1,k — 1). The code
RM(1, 4) has parameters [16,5,8], and RM(1,5) is the code with parameters
[32,6,16].
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Table 1: Classification of binary self-orthogonal codes, 3 < k < 6

n\k| 3 4 5 6

71 4 1

8| 4 1| 4° 1

9| 4* 1] 4 0

10| 4 3| 4 31 2 2

11| 4 214 . 2|4 1

12| 6* 1] 4 10| ¢4 5] 4° 1
13| 6 1] 4 6| 4 5] 4° 1
14| 8 1] 6 2] 4 21 4 10
15| 8* 1} 8 1] 6 1| 4 13
16 | 8° 3] 8 2| 8 1| 6* 1
171 8 31 8 2| 8 1] 6 2
18] 8 8| 8 10| 8° 5| 8° 2
19 | 10° 1| 8 12 ] 8° 10} 8° 2
20| 10 2| 8 50| 8 50 | 8° 23
21 | 12° 1] 10° 1 8. 101 | 8° 57
22 112° 1] 10 6| 8 417 | 8 416
23 [ 12* 3| 12° 1| 10 2| 8 1729
24| 12 61 12° 412" 1] 10° 1
25 | 12 8 112" 6] 12° 21 10 27
26 | 14* 1] 12 27 | 12* 13 | 12* 2
27| 14 21 12 48 | 12 60 | 12* 24
28 | 16° 1] 14° 1] 12 345 | 12° 383
29 | 16° 1| 14 3| 12 1507 | 12 4468
30 16* 3|16 1| 14 3| 12
31| 16 6| 16* 2| 16° 1] 12
32| 16 12| 16° 9| 16* 3] 16° 1
33| 18 1[16* 16 | 16° 8] 16
34| 18 21 16 71 | 16* 63 | 16* 15
35 | 20° 1| 16 152 ] 16* 380 | 16" 362
36 | 20" 118" 2| 16 2876 | 16* 20392
37120 3| 18 81 16 17705 | 16
38| 20 6 | 20° 1118 3| 16
391 20 1220 41 18 50 | 16
40 | 22* 1| 20° 17 | 20° 3] 18* 41

* Optimal as linear codes
? The existence of a [35, 10, 13] code is unesolved
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Table 2: Classification of binary self-orthogonal codes, 7 < k£ < 10

n\k | 7 8 9 10
4| 4 1

15| 4 3

16| 4 20| 4 3

17| 4 37| 4 4

18| 6 3| 4 45| 4 2

19| 8 1| 6 1| 4 12

2 | 8 4| 8 1| 6 1| 4 7
21 | & 15| 8 2| 8 1| 6 1
2 | 8 17 | 8 16| 8 2| s 1
23| 8 848 | 8 104 | 8° 12| 8 2

24 8 9839 | 8° 1824 | 8° 124 | 8°* 16
25| 8 96560 | 8 37625 | 8 1891 | 8° 60

26 | 10 26| 8 8 8 1689
27 | 12* 1] 10" 1| 8 8

28 | 12° 61| 10 43579 | 8 8

29 [ 12* 5694 | 12 73| 10 8

30 | 12° 12° 12* 9| 10

31| 12 12° 12* 12* 2
32| 12 12 12° 12°

33| 12 12 12* 12*

34| 14 5399 12 12 12*

35 | 16 4| 14 12 127

36 | 16* 7484 | 16* 2| 14* 12

37 | 16° 16" 14 14*

38 | 16* 16* 16* 47 | 14*

39| 16 16* 16* 14

40 | 16 16* 16* 16*

* Optimal as linear codes
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A unique SO [27,8,10] code exists and it is given by

1111111110060000000 T
1111110001111100000
1110001001110011000
1101101101111011111
1011101011101110110
1011001111010101100
0110011001001100011
0101100011011010001

Axrg =

Its weight enumerator is Way g = 14 36y'° +-82y'2 + 72y +39y'6 +20y8 +
6320,
A unique SO [28,4,14] code exists and it is given by

111111001111100110110000
111111110000011001110000
111100001100011110001110 |’
011000111101111000111011

Axgg =

Its weight enumerator is Wog 4 = 1 + 8y'4 + 7y,
There are four SO [29,4,14] codes. One is the trivial extension of the
[28,4,14] code. The other three codes are given by

1111111101011106011100000 |
1111111110100011160011000

0111100001100011111100100 |’
1011100011011111100000111

A 4,1 =

1111111111011166011000000 |
1111111100100011160100000

0111100011100011111011100 |’
1011110011011111100001111

Axg a2 =

1111110000111111100011000
1111111111000000011111000
0011001100111100011011100 |’
1100001111011111100011111

Axg 43 =
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and have weight enumerators

Wasuan = 1+ 7y +6y" +y18 4 4%,
Waguz2 = 1+7yM+ 7y +y%2,
Wagaa = 1+46y™+7y% 42418

There are three SO [30,5,14] codes. One is obtained by adding the all-
one vector to the SO [28,4,14] code and has weight enumerator 1+ 15y% +
15y1€ + 330, The other two codes are given by

" 1111101111010011011100000 ]
0111110001101100111100000
Asos, = | 1111101110101100100011100 |,
1001106011100011100110110
| 1010011101111100011001011 |

[ 0116011111011100011100000 ]
1111100011100011111000000

Asos2 = | 0110011100100011100111100 |,
1111001110011001110001110
| 0011111000011111111010111 |

and have weight enumerators Waps1 = 1 + 14y'* + 15y¢ + 2y%2 and
Waos,2 = 1 + 12y + 15y16 + 4y'8, respectively.

There are three SO [31,4,16] codes. One of them is the trivial extension
of the [30,4,16] code and the other two codes are given by

[ 110111011101011100011100000 |
Asias = 111111111110100011100000000 ,
& 010111600001100011111111100
| 100111000011011111100000111 |

[ 111111110011011100011000000 ]|
111111111100100011100100000
011110000011100011111011160 |’
| 101111001111011111100001111 |

Az142 =

with weight enumerators Wa; 41 = 1+14y'%+y24 and W3 42 = 1+13y6+
2y?°, respectively.
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There are four inequivalent SO [32,5,16] codes. One is the trivial ex-
tension of the [31,5,16] simplex code, another is the juxtaposition of two
copies of the [16,5,8] code. The other two codes are generated by

[ 111110001111011100011100000 ]|
011111110001100011111100000
As25,1 = | 111110001110100011100011100 | ,
101101101001111010010011010
| 001111111110011111111111111 |

[ 011110011111011100011100000 ]
, 111111100011100011111000000
Asz 52 = | 011110011100100011100111100 |,
110011001110011001110001110
| 001111111000011111111010111

o

and weight enumerators Wags; = 1+ 29y® + 2% and Waps2 = 1 +
27y' + 49?0, respectively.

There are four SO [35,7,16] codes, all of which are doubly-even with
weight enumerators

1 + 84y16 +35y20 + 7y24 +y28,
1+ 85y1¢ 4 32y20 + 10y,

Wasr1 = Wasra

Wisze2 = Wasags
and are given by

1101111100601110111116666000 ]
0011111111110001100111000000

0111110000111100001011111000

Ass7,1 = | 1100101010100011101011011100 |,
0000110001011011101110110110
1110010110011101000110010011
1101600011110000111110110001

1101111100601110111110660000 ]
0011111111110001100111000000

0111110000111100001011111000

Ass 7,2 = | 1100101010100011101011011100 |,
1110110111100100101000100110
1101000011110000111110110001
0000100011011111101110000111
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Ass 73 =

Ass 74 =

-

1101111100001110111110000000 |

0011111111110001100111000000
0111116000111100001011111000
1100101010100011101011011100
1101101111100101010000100110
1110001101011011000110100011
1101000011110000111110110001

1101111100001110111110000000
0011111111110001100111000000
0111110000111100001011111000
0010111010101011011100011100
1110100101101011000110110010
1101000011110000111110110001
0000110001010011110101110111

-

There are two SO [36,4,18] codes, which can be obtained as a juxtaposi-
tion of the SO [28,4,14] and [8,4,4] codes. For the first code we concatenate
the all-one codeword of the Hamming [8,4,4] code with a codeword of weight
16, and for the second code with a codeword of weight 14, so the resulting
weight enumerators are 1 + 8y8 + 6y%° + y?* and 1 + Ty'® + 7y + %2,

respectively.

A unique SO [38,4,20] code exists and it is a juxtaposition of the [30,4,16]

and [8,4,4] codes.

There are three SO [38,5,18] codes generated by

Asggs1 =

Asgs2 =
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[ 111111001111110110011001110600000
111111110000101001100111110000000
011111001111011001100110001111000
100011000011111000011110010011110

| 001100111100111111100001101100101 |

[ 011111011111110110011001110000000
111111100001011001100111110000000
011111011110101001100110001111000
111100011011000001111000010110110

| 110011100111000110000111101011101

-




1111110010111011160110110110000C0
1111111101011100011001101101000C0
Asg,3 = | 111111001010010001100101001011100 |,
100011000111011000011100111100110
101100111001011111100010101111011

with weight enumerators

Wagsy = 1+ 14y8 + 14920 4922 4924 4 %0
Wagse = 1+ 13y'8 4 14y?0 4 2922 4 424 4 426,
Wagsa = 1+ 12918 414520 4 4922 4 24,

There are five SO [39,4,20] codes. One of them has a zero coordinate,
and the other four are generated by

01111110011111010111160601110000000 |
11111111101111101000011110600000000
01111106010000011000011111111111000 |’
00111110000000110111111110000001111

Azg4,1 =

11111110011100110111100001110C00CC0

Asoan = 1111111111111100100001111000000C0000 ’
o 01111100000000111000011111111111000

10111110000011110111111110600011111 |

111111111100110011110001110000060000
1111111111110011000601110001100C0000

43943 = | 1111100000011110000111111001111600 | ’
| 10111111001111000111111600000111111 |
[ 11111111110001110111000111600060000 ]
A 11111111111116001000111000110000000
39,4,4 =

01111000000001111000111111001111100 |’
10111110001111110111111000000011111 |

with weight enumerators Wag 4,1 = 1 + 14y%° + 332, Wag 42 = 1+ 13y%° +
y?4 + 9?8, and Wag 43 = Wag 44 = 1 + 12y° + 3y, respectively.
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There are three SO [40,5,20] codes generated by

00110111110000011111111111100000000
11111111111111160000001100110000000
Ay, = | 11000111000001111000001111101111100 |,
00111110001001111100110000110110110
00110000001111100001111111101110001 |

1
J

00110111110000011111111111100000000
11111111111111100000001160110000600
Ago5,2 = | 110010111000110011116000001111111C0 |,
00111100101101010110110000111110010

11111011101100101110111111011101111 |

10011111000100111111111111000000000
11111001111111011101001000110000000
Ago5,3 = | 00101100000111111000001111111111000 | ,
10111010111100100100110001101001110
11011100100000111001110000110111101

with weight enumerators

W4o,5'1 = 14 28y2° + 2y24 + y32,
Wios2 = 1+274% +3y* 4 4%,
W40,5,3 = 14 26y2° + 5y24.

As the problem of whether a linear [39,10,16] code exists has not been
solved until now, we give the answer in the following lemma.

Lemma 4 No linear [39, 10, 16] code ezists.

Proof. Jaffe [14] proved that if a [39,10,16] code exists it is doubly-even
with weight enumerator W (y) = 1+ 367y'® 4 414y 4 240y?4 +2y?8. Then
its residual code with respect to a codeword of weight 28 is a linear [11,9, 2]
even code. Exactly four inequivalent [11,9,2] even codes without zero coor-
dinates exist but none of them can be extended to a doubly-even [39,10,16]
code. O

This lemma gives that the highest possible weight of a SO [39,10] code

is 14, but the number of inequivalent SO [39,10,14] codes is too large so
they could not be computed with a reasonable amount of CPU time.
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