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Abstract: A three-fold Kirkman packing design KPD3({4,5"},v) is
a three-fold resolvable packing with maximum possible number of
parallel classes, each containing one block of size s and all other
blocks of size 4. This article investigates the spectra of three-fold
Kirkman packing design KPD3({4,8"},v) for s = 5 and 6, and we
show that it contains all positive integers v = s — 4 (mod 4) with
v>17ifs=>5,and v > 26 if s=6.

1 Introduction

Let X be a set of v points. A packing of X is a collection of subsets of X
(called blocks) such that any pair of distinct points from X occurs together
in at most A blocks in the collection. Let K be a set of positive integers.
Denote by P, (K,v) a packing on v points with block sizes all in K. A
packing is called resolvable if its block set admits a partition into parallel
classes, each parallel class being a partition of the point set X. A Kirkman
packing, denoted KP (K, v), is a resolvable P, (K, v).

A Kirkman packing design, denoted KPD)({w, s*},v), is a resolvable
packing of a v-set by the maximum possible number m(v) of parallel classes,
each containing one block of size s and all other blocks of size w. We usually
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write KPD) (w, v) instead of KPD, ({w,w*},v). In [4, 8, 14], such a design
is also called Kirkman school project when A = 1,w =3 and s € {2,4}.

Kirkman packing designs have been studied by many researchers and
found to have a number of applications. Especially, Cao and Du [4] have
given some applications in threshold schemes. There are also some known
results on the existence of the Kirkman packing designs KPD) ({w, s*},v).
When A = 1,w = 3 and s € {2,4,5}, the spectrum problem for Kirk-
man packing designs KPD({3, s*}, v) has been almost completely solved by
Cerny, Horsk and Wallis (6], Phillips, Wallis and Rees [14], Colbourn and
Ling [8], Cao and Zhu (5], finally Cao and Du [4]. When A = 2,w = 3 and
s € {4,5}, the spectrum problem for two-fold Kirkman packing designs
KPD;({3,5*},v) has been completely solved by Zhang and Du [9, 20].
When A = 1,w = 4 and s € {5,6}, the spectrum problem for Kirkman
packing designs KPD({4, s*},v) has been partly solved by Cao and Du [4].
In this article, we shall be restricting our attention to three-fold Kirkman
packing design KPD3({4,5*},v) for s =5 and 6.

Some simple computation shows:

Lemma 1.1 Suppose v > 17. If there exists a KPD3({4,5"},v), then
m(v) < n(v), where

(v) = v—3, v=1 (mod4) and s =15,
MU= v-5, v=2(mod 4) and s = 6.

This article investigates the existence of three-fold Kirkman packing
design KPD3({4,5*},v) for s = 5 and 6, and the following results will be
proved

Theorem 1.2 There ezists a KPD3({4,5},v) containing v — 3 parallel
classes for every v =1 (mod 4) and v > 17.

Theorem 1.3 There ezists a KPD3({4,6%},v) containing v — 5 parallel
classes for every v =2 (mod 4) and v > 26.

2 Preliminaries

In this section we shall define some of the auxiliary designs and establish
some of the fundamental results which will be used later. The reader is
referred to [7] for more information on designs, and, in particular, group
divisible designs and frames. '

Let K and M be sets of positive integers. A group divisible design
(GDD) GD(K, A, M;v) is a triple (X, G, B) where

1. X is a v-set (of points),

2. G is a collection of nonempty subsets of X (called groups) with car-
dinality in M and which partition X,
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3. B is a collection of subsets of X (called blocks) with cardinality at
least two in K,

4. no block intersects any group in more than one point,

5. each pair set {z,y} of points not contained in a group is contained in
exactly A blocks.

The type of the GDD (X, G, B) is the multiset of sizes |G| of the Geg
and we usually use the “exponential” notation for its description: type
13273k . .. denotes i occurrences of groups of size 1, j occurrences of groups
of size 2, and so on.

A GDD (K, A, M;v) is resolvable if the blocks of B can be partitioned
into parallel classes.

We shall denote by GD(k, A\, m;v) a GD({k}, A, {m}; v). We shall some-
times refer to a GD(K, A, M;v), as a (K,))-GDD. A trensversal design
TDIk;n] is a (k,1)-GDD of type n*; it is idempotent if it contains a paral-
lel class of blocks. It is well known that a T'D[k;n] is equivalent to k — 2
mutually orthogonal Latin squares of order n.

For the transversal design, we have the following existence result.

Theorem 2.1 ([1, 2, 7, 19]) (1) There ezists an idempotent TD[6; v] for
any positive integer v > 7, except possiblyv € E;, where E; = {10, 14, 18,22,
26, 30, 60}.

(2) There ezists an idempotent TD[7;v] for any positive integer v 2 7,
ezcept possibly v € Ey U E,, where E; = {12,15,20,21, 28,33, 34, 35, 38, 39,
42,44,46,51,52,54,62}.

(3) There exists a TDq + 1;q] for any prime power g.

We shall use the following Wilson’s Fundamental Construction (WFC)
for GDDs. Before stating it, we define a weighting of a GDD (X, G, B) to
be any mapping w : X — Z+ U {0}.

Lemma 2.2 ([18]) Suppose that (X,G,B) is a GDD and let w : X —
Z+ U {0} be a weighting of the GDD. For every z € X, let S; be the
multiset of w(z) copies of x. For each block B € B, assume a k-GDD of
type {S; : « € B} is given. Then there is a k-GDD of type {Xeecqw(z):
G eG}.

A GDD (X,G,B) is called frame resolvable if its block set B admits
a partition into holey parallel classes, each holey parallel class being a
partition of X — G; for some G; € G. We shall denote by (K, A)-frame
a frame resolvable (K, )-GDD. The groups in a (K, ))-frame are often
referred to as holes. It is well known that to each group G; there are
exactly |G;| holey parallel classes that partition X — G;.

For the (4, 3)-frame, we have the following existence result.
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Theorem 2.3 (1) ([10, 11, 12]) There exists a (4,3)-frame of type h*
if and only if u > 5 and h(u — 1) = 0 (mod 4), ezcept possibly where
h= 2 (mod 4) and

1. he{2}u{n:10 < n < 3476} and u € {23,27);

2. h =6 and u € {7,23,27,39,47}.
(2) ([3,13, 15, 17]) There exists a (4,3)-frame of type g>m! if and only
ifg= 0 (mod 4), m = 0 (mod 4), and 0 < m < 4/3g.

The main technique that we will be using throughout the remainder
of the article is a variant of Stinson’s “Filling in Holes” construction. In
applying the “Filling in Holes” construction, we will require (4, 3)-frames
in which the blocks we not necessarily all of the same size. To get these,
we use the following recursive construction.

Lemma 2.4 ([16]) Suppose that there is a K-GDD of type gi'g¥? . .- gtm
and that for each k € K there is a (4,3)-frame of type hk. Then there is a
(4,3)-frame of type (hg1)* (hga)®? --- (hgm)t™.

Finally, as the “Filling in Holes” construction will generally involve
adjoining more than one infinite point to a (4, 3)-frame, we will require the
notation of an incomplete three-fold Kirkman packing design. Let s = 5
and w =3 or 5, or s =6 and w =5 or 6, and v = 3 — 4 (mod 4), an
incomplete three-fold Kirkman packing design, IKPD3({4,5*},v,w), is a
triple (X, Y, B) where X is a set of v elements, Y is a subset of X of size w
(Y is called the hole) and B is a collection of subsets of X (blocks), each
of size 4 or s, such that

1. [YNB|<1foral BeB,

2. any pair of distinct elements in X occur together either in Y or in at
most three blocks,

3. Badmits a partition v—w parallel classes on X, each of which contains
one block of size s, and a further w — @ holey parallel classes of
quadruple on X \ Y, where a = 3 if (s,w) = (5,5), a = 5 if (s,w) =
(6,6), and a = w if (3,w) = (5,3) and (6,5).

It is obvious that an IKPD3({4, s*}, v, w) is a KPD3({4, 5*},v) indeed if
(s,w) € {(5,3),(6,5)}. If s =w € {5, 6}, we can obtain a KPD;3({4,5*},v)
from an IKPDj3({4, 3*},v,w) by adding a new block which contains all the
points in the hole to the holey parallel classes.

For our purpose we need the following incomplete three-fold Kirkman

packing designs.
Lemma 2.5 There is an IKPD5({4,5%},25,5).
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Proof: Take the point set X = (Z5x{0,1,2,3})UY, whereY = {o0;,---,005}.
Let By = {0p,01,02,03} and By = {09,01,12,13}. B; and B; together gen-
erate the required two holey parallel classes by +1 modulo 5. The other 20
parallel classes will be generated modulo 5 from four initial parallel classes
Py, P,, P3 and P;. The blocks of the initial parallel classes are listed below.

P1:

Pz:

Ps:

P42

001001213,
233343005

0011020333
403122005

0031224233
012102005

0002221343
204032005

20301100

011323003

301223001

11124200,

490212002

102043002

113203002

014133002

412203003

213242003

204143003

103023003

324213004

304112004

lo4o13004

213103004

Lemma 2.6 There is an IKPD5({4,5"},v,5) for v € {29, 37,45,53}.

Proof: Take the point set X = (Z; x {0,1})UY, wheret = (v—5)/2,Y =
{o01,+++,008}. Let By = {0,t/4,t/2,3t/4}. By x {0} and By x {1} together
generate a holey parallel class by +1 modulo ¢. By = {0, 01, (/2)o, (t/2)1}
generates another holey parallel class by +1 modulo ¢. The v — 5 parallel
classes will be generated modulo ¢ from two initial parallel classes P; and
P,. The blocks of the initial parallel classes are listed below.

v=29:
P1:

P

v=237:
P1:

Py
v=45:
P

P

v=2>53:

0020406181
1007191004

001003111113
409071 004

00205091141
12013031002

001001112,
13971115002

00307012,18;

80116113,
1805171003

002001112
6013019031
4012063003

103060101 508011001  Tollg01002 902151003
3141111005
110216191 704181001 8031101002 203051003
5060100005
104080131 307010015, 600151111 9911011001
1402141003 15061121004 7181101005
403:6115; 116518114, 6070120101 204113100;
8014091003 90150121001 3050100005
1650100161 2060110171 491201300:
902:8115; 14915031001 16017041002
1909111004 10114;19;005
105113:171 1509:12:18, 1891171415,
110140170161 30417100; 5081191002
T09010;004 80109160005
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Py 00307012;:18; 106012919, 20509014; 401001400,
8011916022, 1302:8:15; 1501:5;10; 17031416,
180190111001 200210131002 22071161003 230211231004

91171201005

P: 001001213: 20115164 49711121, 1809,14,22,
2204113:20;1  6p13915010; 80170190161 9914023015; 0
10081181001 110121191002 30160231003 120200171004
5070219005

Lemma 2.7 There is an IKPD5({4,5*},v,5) for v € {33,41}.

Proof: Take the point set X = (Z; x {0,1})UY, wheret = (v—5)/2,Y =
{ml’ tt Y 005}- Bl = {00, 01» (t/Z)O’ (t/2)l} and BZ = {00'» 117 (t/2)07 (t/2+
1), } together generate the required two holey parallel classes by +1 modulo
t. The v — 5 parallel classes will be generated modulo ¢ from two initial
parallel classes P, and P». The blocks of the initial parallel classes are
listed below.
v=233:
Py : 10306011001 0p408013; 20116112, 507021001
9010031002 1204151003 13081113004 7191103005

Py: 20014:8:131 10703151 3040719 002110001
10011113002 506061003 90120121004 8pllgl3g00s
v=41:
Py 0020501000; 10408013 30607011 90217114
11031415, 12013081001 14015061002 16912;15;003
170101 161004 91111171005

Py: 00013171171 107013015, 150114112; 20405110;
10012014;16;1 11683131001 1702161002 308091003 1]
6014011;004 5090160005

Lemma 2.8 There is an IKPD3({4,5},v,3) for v € {17,21,25,29}.

Proof: For the case v = 21, we take the point set (Z9x {0,1})U{o01, 002, 003}.
The required 18 parallel classes will be generated modulo 9 from two initial
parallel classes Py and P,. The blocks of the initial parallel classes are listed
below. For the other values of v, take the point set X = Z;U{00;, 002,003},

t = v — 3. The v — 3 parallel classes will be generated modulo t from an
initial parallel class. The blocks of the initial parallel class for each X are
listed in Appendix I.

Py : 0010011121 20417181 305060001 408061002 703151003
P>: 0olodo4181 20507011 215171001 300161002 608031003 0
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Lemma 2.9 There is an IKPD5({4,6"},v,6) for v € {30, 38,46, 54}.

Proof: Take the point set X = (Z; x {0,1}) UY, where t = (v — 6)/2,
Y = {o0y,:--,006}. Let B = {0,t/4,t/2,3t/4}. B x {0} and B x {1}
together generate the required holey parallel class by +1 modulo ¢. The
v — 6 parallel classes will be generated modulo ¢ from two initial parallel
classes P, and P,. The blocks of the initial parallel classes are listed below.

v=30:

Pi: 0030517191111 10201100 4011021002 5010063003
607041004 8090101005 033183006

P : 0020406081117 301161001 700171002  909110,003
1004151004 1102131005 105080006

v=38:

Py : 005719111113 10203001 40112, 8, 607051001
80120123002 9014031003 10015061004 110130141005
4,10; 15,006

Py: 00307010012;:15; 508015001 903:110;11; 104173001
202191002 11011141003 1205161004 13081131005
4960140006

v=46:

Py: 0031619;:12;16;1 104:8,10; 20011:2) 3040505,
6080100131 Tollol51001 120190171002 139180143003
160170111004 90150191005 14071183006

Py: 00306011014019:7 50120160181 2090163171 101303111,
100217191 4011 131001 800151002 15061 151003
1804112;004 190105 14,005 7017081@5

v=>54:

Pi: 00418112116:21;  1g4070101 20305001 60801121
901003151 1306171131 19015117118: 11015019100,
129179205002 14021923;003 180200221004 160239141005
2209111006

Pa: 0050100140180211 1080160170 201:81114 1304118,23;
601906120, 11023001131  1202203112; 3091153001
4051161002 70143171003 15071221004
21923105005 90200191006

Lemma 2.10 There is an IKPD;({4, 6"},"0, 6) for v € {34,42}.

Proof: Take the point set X = (Z; x {0,1}) UY, where t = (v — 6)/2,
Y = {mla i 7m6}- B = {001 01, (t/2)0v (t/z)l} generates the reqUired
holey parallel class by +1 modulo {. The v — 6 parallel classes will be
generated modulo ¢ from two initial parallel classes P, and P,. The blocks
of the initial parallel classes are listed below.
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v=34:
Py 002141618111 10203001 405011001 609051002
Tol1p331003 80120101004 10091121005 13071131006

Pp: 0020507010051 801121111 307181001 4091101002
1106112;003 1300131004 10941005 60120131008
v=42:
Py: 0031619:12:1167 1020300: 40507011 60214181
80130131001 90150103002 100160111003 120170171004
11914;:15;005 1495171006

P: 00306010014917; 105191161 2041121143 409011910,
800,;13;00; 1201121002 1503181003 1706371004 ]
50130151005 70160113006

Lemma 2.11 There is an IKPD3({4,6*},v,5) for v € {26,30}.

Proof: Take the point set X = Z,UY,t=v-5,Y = {001,---,005}. The
v—>5 parallel classes will be generated modulo t from an initial parallel class.
The blocks of the initial parallel class for each X are listed in Appendix II.

0

3 Main results

In this section, we shall prove our main results. For our purpose we need
the following “Filling in Holes” construction.

Theorem 3.1 Suppose

1. there is a (4,3)-frame of type g192 -+ - gm,
2. there is an IKPD3({4,5},9: + w,w) for every i < m,
3. there is a KPD3({4,5"},gm + w).

Then there is ¢ KPD3({4,5*},w + 32, cicm 95)-

Proof: We start with a (4,3)-frame of type g192 - - - gm (X, G, B), where G =
{G1,G2,---,Gn} and |G;| = g; (1 < i < m). For i < m, there are g; frame
parallel classes missing the group G;, and the same number of parallel
classes in the IKPD3({4, s*}, g; + w,w) which contain a block of size s;
match these up arbitrarily, placing the g; points of the IKPD3({4,s*},9: +
w, w) on the i-th group of the frame and the w points in its hole on w new
points.

Next, each IKPD3({4, s*}, g; + w, w) contains w — a parallel classes of
quadruple, where a = 3 if (s,w) = (5,5), a = 5 if (s,w) = (6,6), and a = w
if (s,w) = (5,3) and (6,5). From union of this with w — a holey parallel
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classes of the KPD3({4,s*},9m + w), to form w — a additional parallel
classes. There remain g,, parallel classes of the KPD3({4,5}, gm + w),
which can be match arbitrarily with the g,, frame parallel classes of the
m-th group to complete the construction.

It is easy to check that this construction gives a three-fold Kirkman
packing design with w —a + ), <;<,, gi resolution classes. 0

Lemma 3.2 If there exists an idempotent TD[6;t], then there exists a
KPD3({4,5},20t + 4k +5) for 5 < k < ¢.

Proof: We start with the idempotent T'D[6;t] and give the ¢ — k points
in one group weight 0 and the remaining points weight 1 to obtain a
{5,6,k,t} —GDD of type 65t~ by Theorem 2.2. And then give the points
of the resulting GDD weight 4 to obtain a (4,3)-frame of type 24%20°~* by
Theorem 2.4. The result then follows from Theorem 3.1 with w = 5, the
input designs we need IKPD3({4,5*},25,5) and IKPD3({4,5*},29,5) come
from Lemma 2.5 and Lemma 2.6 respectively. o

Lemma 3.3 If there exists an idempotent TD{7;t], then there exists a
KPD3({4,6*},24t + 4k +6) for5< k <.

Proof: The proof is similar to Lemma 3.2, the input designs we need
IKPD;3({4,6"},30,6) and IKPD3({4,6"}, 34, 6) come from Lemma 2.9 and
Lemma 2.10 respectively. ]

Lemma 3.4 If there exists an idempotent TD|9;t], then there exists a
KPDs({4,6%},32t + 4k +6) for 5 <k < t.

Proof: The proof is similar to Lemma 3.2, the input designs we need
IKPD3({4,6}, 38, 6) and IKPD3({4, 6 },42,6) come from Lemma 2.9 and
Lemma 2.10 respectively. 0

We also need the following result which follows from Theorem 3.1.
Lemma 3.5 If there erist a (4,3)-frame of type g°m?, an IKPD3({4,s%},9

+w,w) and a KPD3({4,s*},m+w), then there exists a KPD3({4,3*},59+
m+w).

3.1 KPDs({4,5'},)

Lemma 3.6 There is a KPD3({4,5},v) containing v — 3 parallel classes
Jorve {v=1 (mod 4) : 17 < v <97} U {109}.

Proof: For the cases v € {v = 1 (mod 4) : 17 < v < 45} U {53}, the
result comes from Lemmas 2.5 to 2.8 and the fact that the existence of
an IKPDj3({4,5},v,w) implies the existence of a KPD3({4,5%},v). For
the cases v = 73 and 93, the result comes from Lemma 3.5 with w =
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3, m =0 and g = 14 and 18. The input designs we need (4,3)-frames of
type g° and IKPD3({4,5"}, g+ 3, 3)s come from Theorem 2.3 and Lemmas
2.8 respectively. For the other values of v, take the point set X = Z, U
{001,002,003}, t = v — 3. The v — 3 parallel classes will be generated
modulo t from an initial parallel class. The blocks of the initial parallel
class for each X are listed in Appendix 1. 1]

Lemma 3.7 There is a KPD3({4,5},v) containing v — 3 parallel classes
forve {v=1 (mod 4) : 101 < v < 257}.

Proof: For the case v = 109, see Lemma 3.6. For the case v = 101, we
start with the (4,3)-frame of type 147 and apply Theorem 3.1 with w = 3
to obtain the desired result. The input designs we need (4,3)-frame and
IKPD3({4,5*},17,3) come from Theorem 2.3 and Lemmas 2.8 respectively.
For the cases v = 113 and 133, the result comes from Lemma 3.5 with
w =3, m=0and g =22 and 26. The input designs we need (4,3)-
frames of type g° and IKPD3({4,5*},9 + 3,3)s come from Theorem 2.3
and Lemmas 2.8 respectively. For the other values of v, the result comes
from Lemma 3.5 with w = 5 and g = 43, 5 < s < 10. The input designs
we need (4,3)-frames of type g°m! and IKPD3({4,5*},9+5,5)s come from
Theorem 2.3 and Lemmas 2.5 to 2.7 respectively. 0

Lemma 3.8 There is a KPD3({4,5"},321) containing v—3 parallel classes.

Proof: We start with the T'D(9,9) and give the 2 points in one group
weight 0 and the remaining points weight 1 to obtain a {8,9} — GDD
of type 987! by Theorem 2.2. And then give the points of the resulting
GDD weight 4 to obtain a (4,3)-frame of type 36828! by Theorem 2.4. The
result then follows from Theorem 3.1 with w = 5, the input designs we
need IKPD3({4,5%},41,5) and KPD3({4,5%},33) come from Lemma 2.7
and Lemma 3.6 respectively. 0

The proof of Theorem 1.2: From Lemma 3.2 with ¢ > 11 and ¢t ¢ E;,
we know that the result is true for v > 261 and v # 321. For the cases
17 < v < 261 and v = 321, we know that the result is true from Lemmas
3.6 t0 3.8. 0

3.2 KPDy({4,6'},0)

Lemma 3.9 There is a KPD3({4,6*},v) containing v — 5 parallel classes
forve{v=2 (mod 4):26 <v<102}.

Proof: For the cases v € {v = 2 (mod 4) : 26 < v < 46} U {54}, the
result comes from Lemmas 2.9 to 2.11 and the fact that the existence of an
IKPD3({4,6"},v,w) implies the existence of a KPD3({4,6*},v). For the
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other values of v, take the point set X = Z;U{o0;,---,005}, t =v—5. The
v—>5 parallel classes will be generated modulo t from an initial parallel class.
The blocks of the initial parallel class for each X are listed in Appendix II.

0

Lemma 3.10 There is a KPD3({4,6"},v) containing v—>5 parallel classes
forve {v=2 (mod 4) : 106 < v < 310}.

Proof: For the cases v € {110, 130}, the result comes from Lemma 3.5 with
w=>5, m=0and g € {21,25}. The input designs we need (4,3)-frames of
type g° and IKPD3({4,6"}, g + 5, 5)s come from Theorem 2.3 and Lemma
2.11 respectively. For the cases v € {106,114, 118,122,134, 138,142,162},
take the point set X = Z; U {00y,---,005}, t = v — 5. The v — 5 parallel
classes will be generated modulo t from an initial parallel class. The blocks
of the initial parallel class for each X are listed in Appendix II. For the
case v = 262, we start with the (4,3)-frame of type 8% and apply Theorem
3.1 with w = 6 to obtain the desired result. For the other values of v,
the result comes from Lemma 3.5 with w = 6 and g = 45,6 < s < 10
and s = 12. The input designs we need (4,3)-frames of type g°m' and
IKPD3({4,6*},g + 6,6)s come from Lemma 2.3 and Lemmas 2.9 and 2.10
respectively. 1]

Lemma 8.11 There is a KPD3({4,6"},v) containing v—>5 parallel classes
for every v € E3, where B3 = {v=2 (mod 4): 318 <v <334, 3714 <v <
406, 542 < v < 574}.

Proof: For the cases v = 334,374 and 406, we start with the T'D(9,13)
and give the 13 — k3,13 — k2 and 13 — k3 points in each of the last three
groups and the one point in each of the other groups weight 0, respectively,
and the remaining points weight 1 to obtain a {5,6,7,8,9} — GDD of type
12%(k;)! (k2)*(k3)* by Theorem 2.2. And then give the points of the result-
ing GDD weight 4 to obtain a (4,3)-frame of type 48%(4k;)!(4k2)* (4ks)?
by Theorem 2.4. The result then follows from Theorem 3.1 with w = 6
and (ky, k2, k3) € {(10,0,0), (12,8,0),(12,8,8)}, the input designs we need
IKPD;({4,6"},54,6) and IKPD3({4, 6*},38,6) come from Lemma 2.8. For
the other values of v, the result comes from Lemma 3.4 with t € {9,11,16}.

0

The proof of Theorem 1.3: From Lemma 3.3 with ¢t > 11 and ¢ ¢
E, U E;, we know that the result is true for v > 314 and v ¢ E3. For
the cases 26 < v < 314 and v € E3, we know that the result is true from
Lemmas 3.9 to 3.11. 1]
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4 Concluding remarks

In this paper, we have proved that there exist KPD3({4,s*},v)s for all
positive integers v = s — 4 (mod 4) with v > 17 if s = 5, and v > 26
if s = 6. For small order of v, we know that m(9) = m(10) = 5 by a
computer exhaustive search. It is easy to see that m(v) = 3 for v € {5, 6}.
Therefore, there are 4 values of v € {13, 14, 18,22} for which the existence
of a KPD3({4,s*},v) remains undecided.
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Appendix I Some KPDj3({4,5*},v)s

IKPD;({4,5"},v,3) for v € {17,25,29}.

v=17: 01237 481200 51013 coz 6 9 11 o003

v=25: 01237 491319 5 11 15 18
6 14 17 con 8 16 21 co2 10 12 20 oo3

v=29: 01236 49 16 20 512 14 22
7 13 19 24 8 18 21 oco; 10 17 25 ooz
11 15 23 oo3

KPDs({4,5*},v) for v € {49, 57,61,65,69,77, 81, 85, 89,97,109}.

v=49: 08172738 12314 57 10 13
6 11 15 29 922 34 39 12 26 30 41
14 25 35 45 16 23 36 42 18 24 31 40
19 33 37 oon 20 32 44 ooz 21 28 43 oos
5

v=57: 010 21 33 46 1 5 11 17 261219
37 14 22 4916 24 8 13 38 39
15 35 37 51 18 31 40 49 20 23 47 48
36 53 26 29 45 50 27 41 44 oo
42 43 ooz 30 32 52 oo3
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Appendix II Some KPDj3({4,6*},v)s

IKPD3({4,6"},v,5) for v € {26, 30}.

v=26:

v=30:
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