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Abstract

A graph is claw-free if it has no induced K 3 subgraph. A
graph is essential 4-edge-connected if removing at most three
edges, the resulting graph has at most one component hav-
ing edges. In this note, we show that every essential 4-edge-
connected claw free graph has a spanning Eulerian subgraph
with maximum degree at most 4.

The graphs in this paper are finite and loopless. For terms not
defined here, see Bondy and Murty [1]. Let G be a graph. Then
0(G) denotes the minimum degree of G. An edge subset X C E(G)
is an essential edge-cut of G if each component of G — X has at
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least an edge. A graph G is essentially k-edge-connected if for any
X C E(G) with |X| < k, at most one component of G — X has
edges. The line graph L(G) of a graph G has E(G) as its vertex
set and two vertices of L(G) are adjacent if and only if they are
adjacent as edges in G. A graph is called claw-free if it has not
induced subgraph isomorphic to Kj 3. It is well-known that a line
graph is claw-free; and that for a graph G that is not isomorphic
to a K1 -1, G is essentially k-edge-connected if and only if L(G) is
k-connected. If G has a cycle containing every vertex of G, then G is
called Hamiltonian. A graph G is even if every vertex of G has even
degree. A graph is Eulerian if it is connected even graph. A graph
with a spanning Eulerian subgraph H with A(H) = 2 is Hamiltonian.
A graph is supereulerian if it has a spanning Eulerian subgraph.
An Eulerian subgraph H of G is dominating if E(G — V(H)) = 0.
Harary and Nash-Williams [3] showed that for a connected graph G
with |E(G)| > 3, L(G) is Hamiltonian if and only if G contains a
dominating Eulerian subgraph.

The following conjectures are well known.

Conjecture (Matthews and Sumner [4]). Every 4-connected
claw-free graph is Hamiltonian.

Conjecture (Thomassen [6]). Every 4-connected line graphs is
Hamiltonian.

Ryjécek [5] proved that these two conjectures are equivalent. In
this paper, we present a best possible result on claw-free graph with
spanning Eulerian subgraphs with maximum degree at most 4.

In [2], Catlin introduced the concept of collapsible graphs. A
graph G is called collapsible if for every even subset S C V(G), there
is a subgraph H such that G — E(H) is connected and the set of
all odd degree vertices in H is equal to S. Note that if a graph
G is collapsible, then G is supereulerian. By definition, K is both
collapsible and supereulerian graph. ‘

Catlin showed that every graph G has a unique collection of pair-
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wise vertex-disjoint maximal collapsible subgraphs Hj, - -, H, such
that US_; V(H;) = V(G). Let G be a graph and let X C E(G).
The contraction G/X is the graph obtained from G by identifying
the ends of each edge in X and deleting the resulting loops. If H
is a subgraph of G, then we use G/H for G/E(H). Combining the
concepts of collapsible graphs and the contraction, Catlin [2] define
the reduction of a graph. The reduction of G, denoted by G', is the
graph obtained from G by contracting each maximal collapsible sub-
graph H;, (1 < i < ¢), into a single vertex v;. A graph G is reduced
if G = G'. Each vertex v in G’ defined the maximal collapsible sub-
graph H in G to be the preimage of v in the contraction. A vertex
in G is a trivial contraction if its preimage is K.

Theorem A (Catlin [2]). Let G be a graph and let G’ be the reduc-
tion of G. Then each of the following holds.

(1) G is collapsible if and only if G' = K.

(2) G is supereulerian if and only if G’ is supereulerian.

(3) If G is reduced, then G is K3-free with §(G) < 3.

Theorem 1. Let G be an essential 4-edge-connected claw-free sim-
ple graph with 6(G) > 3. Then

(1) G is collapsible, and

(2) G has spanning Eulerian subgraph H with A(H) < 4.

Proof. We prove (1) first. By way of contradiction, suppose that G
is not collapsible. Let G’ be the reduction of G. By Theorem A (3),
5(G") < 3. Let v be a vertex in G’ with §(G") = de'(v), and let H
be the preimage of » in G. Since §(G) > 3, and since G is essentially
4-edge-connected, we must have dg'(v) > 3, where equality holds
only if |V(H)| = 1.

If dgr(v) = 3, then since G is claw-free, two of the three edges
incident with v will be in a triangle. It follows that |V(H)| > 3,
contrary to the fact that |V (H)| = 1. Therefore, §(G’) > 4, contrary
to Theorem A(3), and so G must be collapsible.
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Next, we prove (2) of the theorem.

Since G is collapsible, G has spanning Eulerian subgraphs. Let
H be a spanning Eulerian subgraph of G with the edge set |E(H)|
as small as possible. We shall show that A(H) < 4.

By way of contradiction, there is a vertex v in V(H) such that
di(v) = A(H) > 6. Then there are at least 6 vertices adjacent to v
in H. Note that since H is Eulerian simple graph, each component
of H — v has nonzero even number of vertices adjacent to v in H.

Claim 1. Suppose that A = {v1,vs,--v,} is the set of vertices in
a component of H — v such that each v; is adjacent to v in H, and
that r > 4. For any pair of distinct v;, v; € A, if v;v; € E(G) then
viv; € E(H).

If there are i # j such that vv; € E(G) — E(H), then since
v; and v; with other vertices are in the same component of H — v,
Hpy = H +v;v; — {vv;, vv;} is connected and spanning even subgraph
of G. Thus, Hy is a spanning Eulerian subgraph of G with fewer
edges than H, a contradiction. Claim 1 holds.

Case 1. One component of H — v has at least six vertices adjacent
tovin H.

Suppose that vy, vy, v3,v4,v5 and v are six vertices in a com-
ponent of H — v such that each v; is adjacent to v in H. Let
S = {v,v1,v2,v3,v4,05,v6}. Let H[S] be the induced subgraph of
H by S, and let G, be the graph obtained from the 5 vertex wheel
W, by removing a rim edge from Wy (see Figure 1).

Claim 2. H[S] contains a subgraph isomorphic to K4 or G, with
the given vertices where {a, b, c,d} C S (Figure 1).

Ky G,
b c
C N
ag/ ; A d
v
Figure 1
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Since G is claw-free, any three edges incident with v will form
a claw, and so at least two of these three edges must be in a K3.
By Claim 1, any triangle K3 with two edges incident with v is a tri-
angle in H. Claim 2 follows after repeated applications of this fact
to the subgraph induced by vertex v and any three vertices in S—{v}.

By Claim 2, H contains either K4 or G, as shown in Figure 1.
Let H[v,b,c| be the triangle formed by the three vertices v,b,c in
either K4 or G;. Then H, = H — {vb,vc, bc} is a spanning Eulerian
subgraph of G with fewer edges than H, a contradiction.

Case 2. One component of H — v has four vertices adjacent to v in
H.

Let H, be a component of H — v which has four vertices, say
vy, V2,v3 and vg, adjacent to v in H. By Claim 1, any v;v; € E(G)
implies that v;v; € E(H). Since dg(v) > 6, v is a cut vertex, and
so H — v has another component, say Hz, which should has at least
two vertices, say u; and ug, adjacent to v in H.

Subcase 1. There are two vertices, say v, and ve, in {v1,v2,v3,v4}
such that vyve € E(G).

Let Glv,v1,vs,up] be the induced subgraph by {v,v1,ve,u1}.
Since G is claw free, and vivo € E(G), either uyv) or ujv2 must
be an edge in G — E(H). We may assume that uyv € E(G) — E(H).
Then Hy = H + ujvy — {vuy,vv} is connected and spanning even
subgraph of G. Thus Hj is a spanning Eulerian subgraph of G with
fewer edges than H, a contradiction.

Subcase 2. Any two vertices in {v1,v2,v3,v4} are adjacent to each
other in H.

Then the induced subgraph G[v,v1,v2,v3,v4] = K5. Then Hp =
H — {vv1,vvs,v1v9} is spanning Eulerian subgraph of G with fewer
edges than H, a contradiction again.

Case 3. Each component has only two vertices adjacent to v in H.

Since dy(v) > 6, H — v has at least three components, say Hj,
H, and H3. Suppose that z; € V(H;) is a vertex adjacent to v in H
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(i = 1,2,3). These three edges incident with v forms a claw. Since
G is claw free, we may assume that =1z € E(G) — E(H). Then
Hy = H + 7133 — {vz1,vz2} is spanning Eulerian subgraph of G
with fewer edges than H, a contradiction.

Since each case leads to a contradiction, this shows that dg(v) <
4, and so A(H) < 4. Theorem 1 is proved. 0.

Figure 2

To see that Theorem 1 is best possible, let G be a graph obtained
by connecting two complete graphs K, (r > 5) with 5 paths of length
two in such a way that each end of a path is incident with one vertex
in K, (see Figure 2 for the case r = 5). Therefore, G is an essen-
tially 4-edge-connected claw free graph with §(G) = 2. However, the
reduction of G is K25 which has no spanning Eulerian subgraphs
and so G is not collapsible. This shows that the condition §(G) > 3
in Theorem 1 is necessary. Also the result is best possible in the
following sense. Let G be a graph obtained from a path of length
r 2 3 by replacing each edge in the path by a complete graph of
order 4. Then G is an essentially 4-edge-connected claw free graph
with 6(G) > 3. Obviously, G cannot have a spanning Eulerian sub-
graph with A(G) = 2. The best we can have is a spanning Eulerian
subgraph with A(G) = 4.

The proof of Theorem 1 also yields the following.

Proposition 2. Let G be a claw-free graph. If G has a spanning
Eulerian subgraph, then G has a spanning Eulerian subgraph H with
0(H) < 4.
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