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Abstract

A bijection A : VUEUF — {1,2,3,...,|V|+|E|+|Fl} is called a d-
antimagic labeling of type (1,1, 1) of plane graph G(V, E, F) if the set
of s-sided face weights is W, = {as,a,+d,a,+24d,...,a,+(fs —1)d}
for some integers s, a, and d, where f, is the number of s-sided faces
and the face weight is the sum of the labels carried by that face and
the edges and vertices surrounding it. In this paper we examine the
existence of d-antimagic labelings of type (1,1,1) for a special class
of plane graphs C®.

1 Introduction and Definitions

All graphs in this paper will be finite and plane. The plane graph G =
(V, E, F) has vertex set V = V(G), edge set E = E(G) and face set F =
F(G). We write v for [V(C)|, e for |E(G)| and f for |F(G)|. A general
reference for graph theoretic notions are [13] and [14].
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A bijection A : V(G) U E(G)U F(G) — {1,2,3,..., v+ e+ f} is called a
labeling of type (1,1, 1) and a labeling of type (1, 1, 0) is a bijection from the
set {1,2,3,...,v+¢} onto the vertices and edges of plane graph G(V, E, F).

Specially, if we label only vertices or only edges or only faces, we call such a
labeling a vertex labeling or an edge labeling or a face labeling, respectively.

The weight of a face under a labeling is the sum of the labels (if present)
carried by that face and the edges and vertices surrounding it.

A labeling of a plane graph G is called d-antimagic if for every number s,
the set of s-sided face weights is Wy={as,as+d,as+2d,...,as+ (fs —1)d}
for some integers a, and d (a; > 0, d > 0), where f, is the number of
s-sided faces. We allow different sets W, for different s.

d-antimagic labeling is natural extension of the notion of magic labeling in-
troduced by Ko-Wei Lih [11]. Ko-Wei Lih [11] studied magic (0-antimagic)
labelings of type (1,1,0) for wheels, friendship graphs and prisms. 0-
antimagic labelings of type (1, 1, 1) for m-antiprisms, grid graphs and hexag-
onal planar maps are given in [1, 2, 3]. Kathiresan et al. and Qu 8, 9, 12
described consecutive (1-antimagic) labelings for the special classes of plane

graphs.

Other types of antimagic labelings were studied by Hartsfield and Ringel
[7] and by Bodendiek and Walther [5, 6]. A survey of results and open
problems on antimagic labelings is [4].

2 Construction of plane graph C?

Let I = {1,2,3,...,a} and J = {1,2,3,...,b} be index sets. Let y,
¥2,...,Ye be the fixed vertices. We connect the vertices »; and y;4) by
means of b internally disjoint paths P/ = {yi, Zi j,1,%i,j.2, - - - ) Ti,jois Yit1}
of length 7 + 1 each, where i € I and 7 € J. We make the convention
that y.4+1 = 1 to simplify later notations. The resulting graph embed-
ded in the plane we denote by Ct with the vertex set V(C?) = {y; : i €
INUUser Ujes{#i gk : 1 < k <4} and the edge set E(C) = ;e {mizi 5,1 :
j € J}UU:'ez UjesdZigaziserr : 1 < k < i = 1MJUie{%i5i0641 ¢
j € J}. Let us denote the face set of C8 by F(C%) = U {fis : J €
J = {b}} U{fints fext} Where f; ; is (2i +2)-sided face determined by paths
P} and P/*', i€ 1,j € J — {b}, and fint is the internal 2% sided face
determined by cycle on vertices {y; : i € I}JUie {zipk : 1 < k < i}
and fer; is the external &;':’Z-sided face determined by cycle on vertices
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{y" :ieI}UUiE!{zivltk : 1 Sksi}'
So, v =28t 4 5 ¢ — 26(a}3) gpq f=q(b-1)+2.

If we omit the paths P§ = {ya, Za,j 1) Za,j,2, -+ - » La,j,a Y1}, J € J, We obtain
a plane graph defined in [10] by Kathiresan and Ganesan as P?. Kathiresan
and Ganesan [10] studied d-antimagic labelings of type (1,1, 1) for the plane
graph P? and described d-antimagic labelings for d € {0,1, 2, 3,4, 6}.

In the present article we deal with d-antimagic labelings of type (1,1,1)
for C® and we show that plane graph C? has d-antimagic labeling for d €
{0,1,2,3}.

3 Vertex labelings

Ifa>3,b>2andiel, jeJ 1<k <1, weconstruct a vertex labeling
At V(CE) - {1,2,3,...,v}, t € {1,2,3}, as follows.

M(wi) = de(ws) = As(w) =4,

((BC-D payb- if i and j are odd, k=1
ﬂ(";)-+a+[ ]—‘72—2 if i is odd, j is even, k=1
ﬂ‘;) bk—1)+j ifii k is odd
A (s x) = 4 +a+b( if 1 is even, k is odd, or
1(®550) if iis odd, i > 3, k is even
-bi(32212+a+kb+1—j if 7 and k are even, or
L if i and k are odd, %,k > 3
((BED o4 8- if i and j are odd, k = 1
Ml:-l+a+b -7—2—2 ifiisodd, jis even, k=1
Az(x-’k)=J J';Z+a+b(k 1)+3 ifiiseven, kis odd, or
w if 4 is odd, i > 3, k is even
Etj-'w_rlz-i-a+lcb-i-l—j if < and k are even, or
L if 2 and k are odd, 7,k > 3
Ao (Zi5x) = YO L a4 b(k—1)+5 ifkisodd
31k M'——1-2+a+kb+1— if k is even.
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4 Edge labelings

In this section, we provide constructions of the edge labelings &; : E(C%) —
{1,2,3,...,¢e}, t € {1,2,3,4,5}, in the following way.

Ifa>3,b>2andi€l, jeJ, 1 <k<i then

2 i_I;L—z +3 if i is odd
b1 (vizign) = 2 ’__1,5—2 + 41 if 1 is even, j is odd
b ’_l,-(—z + [2] +4 if4iand j areeven

5\ ins) = B L1 -5 ifiisodd
1%F4,5,4%i+1 BGES) _p4 5  ifiiseven

5(35'*—11+kb+1— il k is odd

6 T T
(&e,56%Ti5,k41) = {Jz;ll+b(k 1)+j ifkiseven

g ifi=1
ab(a+3) _ 4§ o L'g_l ifi=2,jisodd
abga+3! b-l +% L ifi=2, j is even

b2(yizi,5,1) = 4 _(t_+«;42 + , ifiisodd, i >3
b(s? +.—41 + J._ if i is even, 7 > 4, j is odd

g: +:—41 + |-2] +1 if i and j are even, i > 4

432 L) ifiisodd,i>3
S2(zijivie1) = 2b+1—3 ifi=1
Yi-L)(i+4) '_12 ) 4 g if 1 is even

ST s 1 s i) = BG4 4 bk —1)+1—-5 if k is odd
AThsaTishr) = —(—H Sl +bk-2)+73 if k is even

83(¥izi 1) = 61(¥izi 51)
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bi(i + 3 _
83(Zi 5,i%i41) = —(2—) +1—7

%;—Q +b(k—1)+j ifiiseven, kis odd, or
83(Ts 5,6 Ti kg 1) = B if 7 is odd, k is even
PETE M}LQ +bk+1—3  ifiandk are even, or
if ¢ and k are odd

8a(i j,i%i+1) = 82(Ti 5,i%i+1)

84(Zi 5 k%s j k1) = 02(Zi 5 kTi je41)

4

j ifi=1

obfz;«}-S! _ J_-2'_l ifi=2, jisodd

ab(a+3) _ [8]1-432 ifi=2, jiseven
8a(¥iZij,1) = g(itzz_—ﬂ 4+ ifiisodd, i >3

LGRS £2) if i is even, i > 4, j is odd

2 5. 9
\ B+i-) 4 (8144  if i and j are even, i > 4

s (s 1) = “"qi—l"“ +3j if i is odd
5\YiTi,5,1) = § b(i— g:+22+b+l—j if  is even

7
<&

-

05(xi,5,i%i+1) = 63(Zi 5,i%i+1)

05(%i,5,k %4 5,k+1) = 83(%i 5 kT4 5,k41)-

5 The results

With the vertex labelings and the edge labelings of the previous sections in
hand, we investigate d-antimagic labelings of the plane graph C®.
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First, let us denote the weight of the (2:+2)-sided face f; j and the external

(internal) 5('—""—32 -sided face under a vertex labeling A and an edge labeling
6 as follows:

W(fis) = Mo+ 3 Mog) + Aokr) + 3 Naigrat

i1
8(wizi j1) + ;21 8(xs 5,k Ti 5. k1) + 8(Zijiviv1) + 6(wizi j41,1)+

kE 8(xi j4+1,6Ti,j4+1,k+1) + 6(Zij+1,i¥i+1)
=1

forielandjeJ - {b},

W(fext) = g:l Ayi) + él él A(zi,1,k) + ‘Z::l 8(yizi1,1)+

i [V]n

‘; 8(zi,1,6%i,1,k41) + 25(3.',1;%4-1),
Wl = 5220+ £ 3 Mauae) + 3 Slucaion)+

2 2 8(xi b,k Ti b k1) + 2 8(xi p,iYiv1)-

i=1k=1

Let W; = {w(f,,) j€J—{b}}, i€l be aset of the (2i + 2)-sided face
weights of Ct.

Theorem 1 For a > 3 and b > 2, the plane graph C% has a 0-antimagic
labeling of type (1,1,1).

Proof Let us distinguish three cases.
Case 1. a i3 odd and b is even

Label the vertices and the edges of C® by A, and v+6;. One can check that
the obtained labeling successively assumes values 1,2...,v + e, every set
W, i € I, consists of an arithmetic sequence of difference 1, and w(feze) —
w(f,-,.g) =b-1

Define a face labeling oy : F(C2) = {v+e+1,v+e+2,...,v+e+ f} as
follows:
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vte+ f—b+j ifi=1
oi(fij)=¢ v+e+f-(i-1)(b-1)-1-5 ifiiseven
v+e+ f—i(b—1)—2+7 ifiisodd, 12> 3

forie I and j € J — {b},
O1(fezt) =v+e+ f—b,
o1(fine) =v+e+ f.

If we combine labelings A;, v+ 6, and o, we obtain labeling of type (1,1,1)
such that all (2: + 2)-sided faces, for each i € I, have the same weight and
fext has weight one less than f;y,.

If we swap the edge label v + §1(za,1,0¥1) = v + e with the face label
01(fa,1) = v + e+ 1 then the face weight of f,; will remain the same, but
the face weight of f..; will be increased by one. Thus the resulting labeling
of type (1,1, 1) is O-antimagic.

Case 2. a is even

If a and b are even then label the vertices and the edges of C® by A; and
v+ 6;. If a is even and b is odd then label the vertices and the edges of
C® by X; and v + 6;. In both these cases we obtain a labeling of type
(1,1,0) where the external face fez: has the same weight as the internal
face fin: and the weights of (2¢ + 2)-sided faces, for each ¢ € I, constitute
an arithmetic progression of difference 1.

Define a new face mapping o3 : F(C®) = {v+e+1,v+e+42,...,v+e+ f}
by :

(fis) = vte+ f—(i—-1)b-1)—-1—3 ifiiseven
TR = vtet+ foilb-1) -2+ if 1 is odd
forie I and j € J— {b},

02(fext) =v+e+ f,

o2(fine) =v+e+ f-1.

It can be seen that the labelings A, v + 6; and o2, and also the labelings
A2, v + 6; and o2, combine to labeling of type (1,1, 1) where (2: + 2)-sided
faces, for each ¢ € I, have common weight and the face f;,; has weight one
less than the face fey:.
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If we swap the edge label v + 61(zap0y1) = v + e with the face label
02(fa,p-1) = v+ e+ 1 then the face weight of f, 1 will remain the same,
but the face weight of fin, will be increased by one i.e. after swaping the
faces fine and fer: obtain the same weights. It follows that the resulting
labeling is a 0-antimagic of type (1,1,1).

Case 8. a and b are odd

Define a face labeling o3 : F(C) — {v+e+1l,v+e+2,...,uv+ e+ f}
such that forie I, j € J — {b}

v+et+ f-b-—1+; ifi=1
v+e+f—(i-1)(b—-1)-2+7F ifiisodd,i>1
vte+ f-(i-2)(b-1)-1—35 ifiiseven,i>2

03(fij) =

03(fext) =v+e+ f,
03(fine) =v+e+ f—1.

Now, label the vertices of C% by the labeling )3, the edges by the labeling
v + 62 and the faces by the labeling o3. It is easy to verify that under the
resulting labeling of type (1,1,1) the (2i + 2)-sided faces, for each i € I,
have common weight and the internal face f;,, has weight |'b'| less than
the extemal face fez:. Therefore we swap the edge label v + 62(y222 b1) =
vie— T with the face label g3(f25-1) = v+ e + 1 that do not change
the face weight of f 51, but the weight of f;,. will be increased by |'§]. It
means that the ﬂg,‘;"—:")--sided faces have the same weights and the resulting
labeling is a O-antimagic of type (1,1,1). o

Theorem 2 For a > 3 and b > 2, the plane graph C® has a 2-antimagic
labeling of type (1,1,1).

Proof As in the proof of previous theorem, we will distinguish three cases.

Case 1. a is odd and b is even

If we label the vertices and the edges of C,‘,’ by A; and v + §; we obtain
a labeling of type (1,1,0), where each set W; = {w(f;;):j € J - {b}},
i € I, consists of an arithmetic progression with difference 1, and w(fez¢) —
w(fine) =b—1.

Define a new mapping a4 : F(C2) —» {v+e+1,v+e+2,...,v+e+ f} by
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y_[Jv+e+f-(G-1)b-1)-1-35 ifiisodd
o4(fes) = v+e+f—i(b—-1)—-2+7 if 7 is even

forie I and j € J - {b},
Os(fext) =v+e+f—1,
o4(fine)=v+e+ f.

It can be seen that the labelings A1, v + 8, and o4 combine to a labeling
of type (1,1,1) where the weights of (2¢ + 2)-sided faces, for each i € I,
constitute an arithmetic progression with difference 2 and the face fin¢ has-
weight b — 2 less than the face fe..

If we swap the edge value v+6,(z4p0y1) = v+e—b+1 with the face value
04(fa,p—1) = v + e+ 1 then the face weight of f, ,—; will remain the same,
but the face weight of f;, will be increased by b. Thus difference between
the weights of fin: and fez; is 2.

Case 2. a is even

Define a mapping o5 : F(CE) » {v+e+1,v+e+2,...,v4+e+ f} by
os(fi,j) = 04(fi ;) forie I and j € J — {b},

05(fezt) =v+e+ fand o5(fine) =v+e+ f—1.

If a and b are even label the vertices, the edges and the faces of C? by ),
v + 63 and os. If a is even and b is odd label the vertices, the edges and
the faces by A2, v + 63 and o5. In both these cases we obtain a labeling of
type (1,1,1) such that the weights of (2¢ + 2)-sided faces, for each i € I,
constitute an arithmetic progression of difference 2 and the weight of f.z;
is one greater than the weight of fin..

Swaping the edge label v+63(z4,1,0¥1) = v+e with the face label o5(fa,1) =
v+ e + 1 does not change the face weight of f(a, 1), but the weight of fez:
will be two greater than the weight of fin,.

Case 8. a and b are odd

Define set of labels on the faces o : F(C2) — {v+e+1,v+e+2,...,v+e+f}
as follows:

v+e+2b—j ifi=1

) vtet+b—j ifi=2
96(fis) =\ ytet f-(i-3)b-1)+1-j ifiisodd, i>3
vded+ f—(1=2)(b=-1)+7 if iis even, i > 4
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forie I and j € J — {b},
o6(fezt) =v+e+b,
06(fint) =v+e+2b.

If we label the vertices, edges and faces in C2 by Ap, v + 64 and og and
swap the edge value v + 84(y222,1) = v + e — %51 with the face value
06(f2,6-1) = v+ e + 1, then the weights of (2 + 2)-sided faces, for each
i € I, and also the weights of fi,, and fez:, constitute the arithmetic

progressions with difference 2. ]

Theorem 3 Fora > 3, b > 2 and d € {1,3}, the plane graph C? has a
d-antimagic labeling of type (1,1,1).

Proof We divide the proof into two cases.
Case 1. a is even

Label the vertices and the edges of C? by A3 and v+68s5. There is no problem
in seeing that we obtain a labeling of type (1,1, 0), where w(fez¢) = w(fint)
and every set W; = {w(f; ;) : j € J—{b}}, i € I, consists of an arithmetic
progression with difference 2.

Now, we are able to arrange the face values v+e+1,v+e+2,...,v+e+f—2
to the (2¢ + 2)-sided faces, i € I, and the values v+e+ f—1,v+e+ f
to the fezt, fint in such a way that the resulting labeling is 1-antimagic of
type (1,1,1).

If we label the (2¢ + 2)-sided faces by face labeling o9 and f,,, by the
value v + e + f — 1, fin: by the value v+ e+ f, and swap the edge value
v + 85(Ta,1,041) = v + € (v + 85(Zap,a—1Tabe) = v+ € —b) with the face
value o2(fa,1) =v+e+b—1 (02(fap-1) = v+ e+ 1), then the resulting
labeling of type (1,1,1) is 3-antimagic.

Case 2. a is odd

Label the vertices and the edges of C by A3 and v + 65. Again it is
easy to verify that the labelings A3 and v + 85 combine to labeling of type
(1,1,0), where set W; , for every ¢ € I, consists of an arithmetic sequence
of difference 2 and w(fint) — W(fext) = b~ 1.

(i) Label the faces fij, ¢ € I, j € J — {b}, by face labeling o4 and the
external face by value v+e+ f and the internal face by value v+e+f—1. The
weights of (2¢ + 2)-sided faces, 7 € I, constitute an arithmetic progression
with difference 1 and the face fer; has weight b — 2 less than the face fin..
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If we swap the edge label v + 85(za,1,0y1) = v + e with the face label
04(fa,1) = v+ e+ b— 1 then the weight of f, 1 remains the same, but the
weight of fe.. is increased by b— 1. Now, difference between the weights of
fint and fez: is 1 and the resulting labeling of type (1,1,1) is 1-antimagic.

(ii) Label the external face of C2 by value v + e + f, the internal face by
value v + e+ f — b and the faces f; ;, 1 € I, 7 € J — {b}, by face labeling
1. One can check that the face labeling and labelings A3, v + 85 combine
to labeling of type (1,1,1) where (2 + 2)-sided faces, 7 € I, constitute an
arithmetic sequence of difference 3 and the weight of f;,; is one less than
the weight of fer;.

Therefore we swap the edge label v+ 85(Zq,1,0—1%a,1,0) = v+e—2b+1 with
the face label 01 (f,,1) = v+e+1 and the edge label v+85(Ta b a—1Zaba) =
v+ e —b+ 1 with the face label 01(fs,6-1) = v + e + b — 1. This swaping
does not change the face weights of the faces f,,; and f, ,— but the weight
of fer¢ will be increased by two, so difference between the resulting weight
of fez: and the resulting weight of f;,. will be 3. Thus we arrive at the
desired result. (]

6 Conclusion

In this paper, we have studied d-antimagic labelings of plane graph C%.
We have shown that for @ > 3, b > 2 and d € {0,1,2,3}, there exists
d-antimagic labeling of type (1,1,1).

We conclude with the following open problem.

Open Problem 1 Find other possible values of the parameter d and cor-
responding d-antimagic labelings of type (1,1,1) for C2.
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