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Abstract

We point out that restricted SB triple systems can only exist for
v < 8. The case v = 8 is especially interesting since it is extremal in
that the pair frequencies of the fifteen pairs not involving either 1 or
2 must be the frequencies 2,3,...,16, in some order.

1 Introduction

The Sarvate-Beam triple systems are ones in which each pair occurs a
different number of times selected from the set (1,2,3,...,v(v —1)/2). A
necessary condition for their existence is v > 3, v =0 or 1 (mod 3). See [1]
and [2].

In [2], restricted SB triple systems were introduced. They involved
having the frequency of pair 12 as unity, and the frequency of triple 123 as
unity. Furthermore, the only triples permitted were of the form lzx and
2z,

Let us illustrate the situation by taking v = 6. Then the restricted SB
triple system can be represented as: (123)+a34(134)+a35(135)+a36(136)+
a45(145) +a46(146) +a.56(156) +b34(134) +b35(135) + b36(136) + b45(145) -+
bse(146) + bsg(156).
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The frequencies of pairs are as follows:

F(12)=1

F(13) =14a3s +ass +azs F(23) =1+ bgy + bas + bss
F(14) = a3q + a45 +age F(24) = b3q + bys + bag
F(15) = a3s + aqs + ase F(25) = bap + bas + bse
F(16) = asg + aqe +ass F(26) = bg + bsg + bse

F(34) = a3q + b34
F(35) = agg + bss
F(36) = asg + bag
F(45) = a45 + bys
F (46) = a4¢ + byg
F(56) = age + bsg

The total number of pairs is 3+ Y ai + > b;; =3+ 34 + 3B = 120.
It follows that A+ B = 39. Also, since A+ B>2+3+4+5+6+7, we
encounter no problem.

If we make a similar table for v = 7, we find that A + B = 76; again
the restriction that A+ B > 2+ 3+ ...+ 11 = 65 creates no difficulty.

However, the table for v = 9 gives A + B = 221, with the restriction
A+B>2+3+...4+22=252. So there can not be a restricted SB triple
sustem for v = 9, or for any higher value, since the restriction becomes
harsher with increasing v. (Note that the number of pairs in the 4 arrays
above are, in general: 1, v — 2, v — 2, (v — 2)(v — 3)/2). The fact that the
fourth cardinality is quadratic in v explains the restriction on the value of
the quantity v).

2 The Restricted Sarvate-Beam Triple Sys-
tems for v =2 (mod 3)

In (3], SB triple systems were generalized by allowing a single pair (12)
along with a collection of triples, and a complete solution for the restricted
case was given for v = 5. The next case, v = 8, is particularly interesting.
We write down the 4 arrays, as in the last section.

f(12) = 1

f(13) = a3q+ass +ase + asr +ass
f(14) = azs+ags+as+a47+ags
f(18) = a3s+ a4s + ase + asy + ass

f(16) = a3 + ase + ase + agr + ags
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f(17) = a3r+a47+as7 +ae7+ars
f(18) = a3g+aass + ass +ags + ars

A similar array for f(23) to f(28) using bs4 ... bss.
f(i7) = ai; + b; for (ij) ranging from (34) to (78).

Proceeding as before, we find A+ B = 135, with the restriction A+ B >
24+3+...416 (14+6+6+15 pairs in the 4 arrays). Note that the restriction
is A+ B > 135, and so we have the immediate result:

Lemma. For v = 8, the frequencies of (34) ... (78) in a restricted SB triple
system are, in some order, the integers from 2 to 16.

The value of the first array is 24 and we may assume A > B. Then
2A < 28 4+ 27 4 26 + 25 4+ 24 + 23 = 153. So the only possibilities are
(AB) = (76,59), (75, 60), (74,61),(73,62), ..., (68,67).

For v > 8, the restriction is harsher and so no restricted SB triple
system exists for v > 8.

The main question remaining concerning restricted SB triple systems
is the determination of the number of non-isomorphic triple systems for
v=6,7,8.

3 Conclusion

Since there can only be restricted SB triple systems for v = 5,6,7 and 8,
and all such systems were enumerated in [3] for v = 5, it would be desirable
to extend this determination to v = 6,7, and 8. The extremal case, v = 8,
would be especially interesting.
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