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ABSTRACT. In this paper we discuss how the addition of a new edge affects
the irregularity strength of a graph.

1. INTRODUCTION
In this paper we consider simple undirected and connected graphs with
no K, components and at most one isolated vertex. Let G =(V, E) be a graph.

A network G(w) consists of the graph together with an

assignmentw : E(G) > Z * . The sum of the weights of the edges incident with
gn

a vertex is called the label of that vertex. If all the labels are pairwise distinct,
G(w) is called an irregular network. The strength of the network G(w) is

defined by s(G(w))=maE{w(e)}. The irregularity strength s(G) of G is
ec
defined as s(G)=min{s(G(w))/ G(w) is irregular}.

The problem of finding irregularity strength of graphs was proposed by
Chartrand et al., [2] and has proved to be difficult, in general. There are not
many graphs for which the irregularity strength is known. The readers are
advised to refer the survey of Lehel [6] and the papers [3,8]. Stanislar Jendrol
and Michal Tkac [8] studied the irregularity strength of the union of ¢ copies of
the complete graph K,. Gyarfas [4] determined the irregularity strength of

K, —mK,. Jeffrey H. Dinitz [5] determined the irregularity strength of the

mxn grid for certain m and ». Olivier Togni [7] studied the irregularity strength
of the toroidal grid. D. Amar and O. Togni [1] established that the irregularity
strength of any tree with no vertices of degree 2 is its number of pendent
vertices.
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Definition 1.1. Let G be any graph which is not complete, e be any edge of G,
then e is called the positive edge if s(G +e) > s(G), e is called a negative edge

if (G + e) < s(G) and e is called a stable edge if s(G +¢e) =s(G) .

Example 1.2. In B, the edge joining the end points is a positive edge . In C,,

the edge joining any two diametrically opposite vertices is a negative edge.
In P,, the edge joining one pendent vertex and one internal vertex with

distance 2 from this pendent vertex is a stable edge.

Definition 1.3. If all the edges of G are positive, (negative, stable) edges of G,
then G is called a positive (negative, stable) graph. Otherwise G is called a
mixed graph. :
Example 1.4. Star graphs are negative graphs.

In this paper we discuss positive, negative and stable edges of two families of
graphs namely paths and cycles.

2. Positive, Negative and Stable edges of certain families of graphs.

We shall use the following functions to simply the later notations.
1 if i=l(mod2
Let )= {0 if i=1(mod2)

otherwise
) 1 if i=1(mod4)
A= {0 otherwise
0= 1 if i=2(mod4)
r= 0 otherwise

First we determine the positive, negative and stable edges of the path P, .
Theorem 2.1 Let v;,v,,v;,...,v, ,n= 3 be the n consecutive vertices of P, .If

n=0(mod4) then the edge wv, is positive and all other edges of F, are
stable. If n=1(mod4), thenvv,, vov,andvyv, _,are stable and all other
edges are negative. If n = 2(mod4) , then v;v, is stable and all other edges are

negative. If »n=23(mod4), then v,v, is positive and all other edges are

negative.
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Proof. Let v,v,,vs,..,v, be the n consecutive vertices of P,. Now add any

edge of F,, to P,. We get either a cycle or a cycle of length m with a path of

length m-n (the tail) attached to one vertex of the cycle or a cycle of length m
with two paths attached to two consecutive vertices of the cycle.
Suppose the edge is wv, then the graph becomes C,. By[3],

’V%-’ for n=1(mod4)

s(C =1
[—} +1 otherwise.

2

n .
"—" +1 if n = 2(mod4)
It is easy to verity thats(B,) = 2

n
[—-’ otherwise

Hence wyv, is a positive edge if n # 1,2(mod4) , otherwise it is a stable edge.
Assume that the edge is v, v, where 2 < m < n. Since the graph B, + v,,v; and
By +vpv,_,n, are isomorphic, it is enough to verify the theorem for
P+ ViV —m+l -
Case(1)

Assume that m = 0(mod4) and n-m #1. Let k = HJ and = HJ

. . +
Now define the weight function w: E(Fy +vpv,_,. 1) > Z" by

. i ] .
D Wy, _ i vn—m+l+i) = lrgl —a(n)‘rg-l -a(n+ l)[éJ , §=123,.,2t.

.. n i i
WO _214i Vn-2e414) =| 5 |- @() — | —a+ D) |,
2 2 2
i=123,.,2t-1

(iii) w(v; vi+l) = lré-l, i=12,.,2k -2t +2a(n) + y(n)

@iv) w(v2k—2t+2a(n)+y(n)+i Vok—2e42a(n)+y(n)+1+i )
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:k_,w(,,)[a(.-)(“[g]}a(,-+1)(.+;;)]
R ,(,,)(l . H) +rtn +2)(a@(1 H)‘ 1)(5)],

n
i=12,3,..,2k -2t - aQ;J + l)(Za(n) +a(n+1)

n
) W(vn—m vn—m+l)= ; -1+ y(n)
(vi) w(vn—m+l Vp )= 1+ B(n)
If n-m = 1, then define the weight function w: E(P, +v,v, . ;) — z* by
()] w(v] vz) =1, Wy vp)=2k+],
(ii) w(vi+l vi+2) =2k+1-i, i=12,.,2k
GiD) Wvg, 145 Voga24i) =i@@+@E+Dai+1), i=12,3,..,2k-1

By case (1), we have an irregular network P, +v

n—m+]Vn With maximum

weight [g-l —a(n)<s(P,)if n#0(mod4), and n-m = 1. Hence the edge
Vp—m+lVnis 2 negative edge. If n-m=1, then the maximum weight is

2k+l=[%-’ and hence VoVpandvy, , are stable. If #n =0(mod4), then the

optimal labels are {1,2,....4k-1,4k}. In By +v,_ v,

having degree 3, so it is not possible to obtain the optimal labels with fewer than

there is only one vertex

2k= B] weight. Hence v, . v, is stable a edge if n = O(mod4) .

Case (2). If m=1(@mod4), then define the weight function

w:E(P, +v,v ])—>Z+ by

n—m+
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: ] ;
® W(vn—m+i vn~m+l+i) =2k - ﬂ(n)[lTJ +hn 2)(2 B [é—‘J

ol

i=123,..2t+y(n+2)

T PN y(n+2) Vn-2e+iry(n+2) )

NI RV R AT

i=12,.,2t—y(n+2)

b

(i) w(v; v;,1) = [é-l i=12,.2k=2t+1-y(n+2)

@iv) w(v2k—2t+l—y(n+2)+i Vok-2042—y(n+2)+i

N I e e O e

i=123,..2k =2t —2B(n) - y(n) — 2y(n +2)
Wy ¥ )= {Zk +1, if n=2(mod4) and if r <k
n—m+l 2k + ,B(n + 2) - y(n +2), otherwise
(vi)a) If n # 2(mod4) WV, _pi1 Vn) =1+ B(n)
1 if t<k

(VDOIE 7= 2(mod4) (v, _pyy V)= {2k 1 if =k

B 2), h i 1 twork P, +
y case(2), we have an irregular ne ntV

weight 2k+ B(n+2)+y(n) < s(Pn )if n#0(mod4). Hence the edge

v with maximum
n

v v is negative if n # 0(mod 4)and is stable if n = 0(mod4).
n—-m+1 n

Case (3). If m=2(mod4), then define the weight function
- Z" by

wiE(Py +vyv, ..
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(R CA— Vnem14i)

R L

i=123,.,2t+1

D)WV, s 140 Yn-2r4i)

=2k-t- ﬂ(n)[a(i)(%) +a(i+ l)(l + é)] -pfn+ 2)(|Vé_‘ - 1)
e o e CF
+y(m)| a()) — |+a@i+)| —=1]|+y(n+2) 1+|—1|, i=123,..,2¢
2 2 2

(i) w(v; Viil )= [é],i =1,23,..2k-2t+ f(n+2) + y(n)-y(n+2)

(iv) W(VZk-Zt+ﬂ(n+2)+y(n)—y(n+2)+i Vok-20414 B(n+2)+y(n) -y (n+2)+i )
=k—t+ [-;-] +a(n)(B(n)at) + B(n+2))+ y(n),

i=1,23,..,2k -2t -2+ B(n +2)
(Wa)If n=3(mod4)  w(v,_, Vy—m+1) =2k +1 when ¢ < k.
®) If n#3(modd)  w(vp_p v,_,i1) =2k+y(n)—y(n+2)

1 if t<k

(vi)a)If n=3(mod4) WV, il Vn) = {2k w1 itk

b) If n#3(mod4) w(v 1 Vn)=2a(m)+a(n+1)

n—m+

By case(3), we have an irregular network 5, Y mal’n with maximum
weight 2k + B(n+2)+y(n) < s(Pn )if n#0(mod4). Hence the edge

v v_is negative if n # 0(mod4)and is stable if » = 0(mod4).
n—-m+1 n

Case (4). If m=3(mod4), then define the weight function

wiE(Py +vpv, ) Z by
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1 if t<k-1
b If EO d4 > =
VI n=0(medd),  whypmsy V) {21:-1 if t=k-1
By case(4), we have an irregular network B, +v v with maximum
n-m+1 n

v is negative

. n .
welghtlzJ < s(Pn )if n # O(mod4). Hence the edge vn —m+1"n

if n # 0(mod4)and is stable if #» = 0(mod4).

Now let us discuss the case in which the graph consists of a cycle of length m
with two paths attached to two consecutive vertices of the cycle. Add the edge

i h
vn—m+l—jvn—j’ since the graphs
P +v v .andP +v_ v .are isomorphic, it is enough

n n-m+l-j n~j n j+1 m+j

to verify the theorem for B, +v v,
n-m+l-j n~-j

1< i< n-m-1

Sis|—— |

Define the weight function w: E (Pn +v

,  where

+
n—jvn—m+l—j)_>z by

A w(v Y=(@+Da@)+ia(i+1), i=123,..,j-1.

n—i Yn+l—i
B. w(v; vi+1) =i, i=123,..,j-1.

Case(1) If n = 0(mod4), then

D W j V1) = [”—'{'EJ + B(n+2)+ y(n)

@)Wy j Vo ) =2 1.

(iiiJa) If n#3(mod4), W(Vy_ j_; Vpyy_ji) = B-J —ia(i)- (i -Da(i +1),
i=123,..2t

b) (1) If n=3(mod4), w(v

n—j-1 ¥n-j) =2k

QW )iV ji) = BJ +a@)(1-i)—ia@i+1),

i=12,3,.,2t-1.
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= k—t+l£J+[§]+ﬂ(n+2), i= l,2,3,...,ln;mJ—ﬂ(n +2)—2l§—|+y(n)

Case (3). If m = 2(mod4), then

D w(v,_ i n +l—j) =2k-2t

(ii) w(vn_j vn-m+l—j) =2t+2-y(n+2)

(i) W, Ve j) = 2K+ 7(1) = y(n+2)

DYW(Vy i Vi ja1-i)

= a2k +2-i- B(n+2)-27(n+2)|+ a(i + D[2k +1-i + f(n +2)],
i=23,.,2t

) w(vn—j—2t—1 Vn—j—2t) =2k-2t+ B(n)-y(n+2)
DWWy jii Vpm— jris)

= a2k —i = B(n) + B(n + )]+ @l + D2k i + B(n) +3B(n +2) + 25(m)]
P =1,2,3,,20 -1

b) w(vn Y=2k-2t+38(n+2)+2y(n)

—m—j+2t Yn—m— j+2t+1

i1 ,
W) w(vj—l+i vj+i) =j+ \_ITJ, i=123,.,2k-2t+1- Z[é]

vy v v =k_t+H+H,
2k—2t—2[-2ll+ i 2k-21-2 é]+ el 2|72

i=123,..2k—2t 2 é -B)+ P(n+2)-2y(n+2)

Case(4). If m = 3(mod4), then

. n—m (1]
(I)W(Vn_j vn_j+])=[TJ+a( ; ]

(ii) w(vn_j vn—m+1—j) =2t+2
(iii)a) w(vn_ j-1 Vn- j) =2k+pB(n+2)+y(n)—y(n+2)

bYWV i Vg1 jo) = a2k +2-i=2y(n+2)] + ali + D2k +1-i),
i=23,.,2t+1
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(iv) w(vn_m_ j+i Yn-m- JH1+ )
= a()[2k i+ Bn+2)|+a+ D2k —i +3B(n+2)+2p(m)] i=123,.2+1

i-1

. ) J
(%) w(vj—l+i vj+i) =j+ [TJ , 1=1,23,.2k -2t +1 —2’75_’ —2y(n+2)

(vi)

v . v )
2k—21-2[é]—2r(n+2)+j+i 2k—2!-2[é.|-27(n+2)+ i+l

=k—-t+ l-;—J + lré-‘ -y(n+2),i=123,.,2k-2t - 2{%J -28(n)—a(n+1)

By cases (1),(2),(3) and (4), we have an irregular network of

P +v v ~with consecutive labels 1,2,3,....n or almost
n n—j n-m+l-j

consecutive labels 1,2,3,...,n-1,n+1 with maximum weight[%}<s(Pﬁif

n=0(mod4) and ,é-] +1 <s(Pn )if n#0(mod4). Hence the edge

v v . is negative. ]
n-—j n-m+l-j

Now we shall prove that all cycles are negative graphs.

Theorem 2.2 The cycle C, is a negative graph forany n > 4.

Proof. Let v,v,,...,v, be the n vertices of C,,. Add any edge of E: to C,, we

get a union of two cycles with a common edge.
Case (1). Suppose n = 0(mod4). Let n=4k. Then the two cycles are of the same

parity.
If we add the edge v, vo; 5, to Cp, we get the union of two odd cycles
of length m=2¢+1 and n—2¢+1 with a common edge V,,,, Vy;_5,,;, Which

is isomorphic to the graph C, +e where two odd cycles are of length m and n-
m+2, where e is arbitrary. So it is enough to verify the theorem for the graph
Cn + v2k+lv2k""2t+l fOl‘ t= ],2,3,..,k -'] .

If we add the edge Vokel Vok-2042 t© C, , we get the union of two even

cycles of length m =2t and n—-2t+2 with a common edge V,;,; Vii 542>
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which is isomorphic to the graph C, + e where two even cycles are of length m
and n— m + 2 respectively, for an arbitrary edge e. So it is enough to verify the
theorem for the graph C,, + Vok+12k 2142 for t =2,3,...,k.

Define the weight function w: E(C,, + VoktlV2k—ms+2) > Z + by

Q) w(v; v;,1) = i) + a(m)[i - Dag + D]+ a(m + D[ + Dat + 1)}
i=123,..2k =2t +a(m+1)

D WV _2rra(met)+i V2k-2e4a(mel)14i)

=2k -2 +i —a(ma)+am+DI+aG+1)]  i=123,.,2t—1+a(m)

(iii)a) If m is odd, w(vy, 1 Vo;,5) = 2k

WVori Vak-2tstra(met)) =1
Suppose the edge is V,Vv,,,,, then define the weight function

W E(Cp +VopiaVop—aren) > 27 by

) W(vg,; v3y) =G+ Da() + (i +2ali+1), i=123,..2k-1

(ii) w(v2k+]+i V2k+2+i) =2k+1-i, i=123,..,2k-1

(iii) w(v Vo) =w(vy v3)=w(v vy, 1) =1

By the above weight function, we have an irregular network of C, +e, with
consecutive  labels 23,4,.,4k+1 with maximum weight 2k,

hence s(C, +e) < ‘Vg-l < [g-’ + 1. Thus e is a negative edge.

Case (2). Suppose n=I1(mod4).Let n=4k+1.Then the two cycles are of
different parity.
If we add the edge V,;,; Vo .2, to Cp, we get two cycles of length

m=2t+1(2t) and n—m+2 respectively with a common edge V,,,; Voi_,.2

which is isomorphic to the graph C,, + e where the two cycles are of length m
and n-m+2 respectively for an arbitrary edge e. So, it is enough to verify the
theorem for the graph C, + Var+l V2k—m+2 form=3,4,5,...2k +1.

Define the weight function w: E(Cj, +vop 1 Vog_min) = z* by
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DOwlv; v )=k+ ’V—;--| +a(i), i=1,2,...,2k—-m+1

.. i1
(")W(v2k-m+l+i v2k—m+2+i)=2k_':2—J’ i=123,.,m-1

(i) w(vyp g Vogsp) =2k

. P
(iv) W(v2k+l+i Vokaa4i) = [51, i=12,.,2k

m
W04t Vok-me2)=| 5

By the above weight function, we have an irregular network of C, +e, with
consecutive  labels 2.3,..4k+2 with  maximum  weight 2k,

hence s(C,, +e) <2k < [g_l . Thus e is a negative edge.

Case (3). Suppose n=2(mod4). Let n=4k+2. Then the two cycles are of the
same parity.
If we add the edge V,.,, Vyy_m.2 to C,,we get two cycles of length

m=2t+1(2t) and n-m+2 respectively with a common edge V,;,, Vii_n.» Which

is isomorphic to the graph C,, + e where two cycles are of length m and n-m+2
respectively, for an arbitrary edge e. So it is enough to verify the theorem for
the graph Cpy + vy voy 5 form=3,4,5,..2k+1.

Define the weight function w: E(C,, + vy 1 Vop_pi0) > 2 + by

Dwv; v, )=k+1+ [é_’, i=12,.,2k-m+1

. -1 :
WO _m1ei V2k-m2+i) =2k - @ (")('T) -a(i+ D(é - 2) ’

i=12,..,m-3

(iii)w(vZk_z_H. "2k—1+i)=2k_t+"+a(m+')’ i=12
(iv)w(v2k_'_1 Vo) =2k+1
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il
(V) W(V2k+l+i V2k+2+i) = [E], 1= l,2,3,...,2k +l

m

()WVop1 Vokoma2) = [;1

If we add the edge Vi Vogao» We get two cycles of same length 2k+2 with a
common edge v, Vok42? which is isomorphic to the graph Cn + e where two

cycles are of same length 2k+2, for an arbitrary e. So it is enough to verify the

theorem for Cn + vlek 42

Define the weight function w: E(C,, + V] Voi +2) >zt by

. :
Dwlv; v )=k - [a(i)('T) +ali+ 1)& - 2)] i=123,.2k-1
@Dwvyp vopar) =1 Wi Vopan) =2 WV Vo p) =2k +1

il .
(iii) w(v2k+1+i V2k+2+i) =2k+1- {;J, i=123,..,2k+1

By the above weight function, we have an irregular network of C, +e, with
almost consecutive labels 2,3,4,...,4k + 1,4k + 2,4k + 4 with maximum weight

2k+1, hence s(C, +€) <2k +1< [%] .

Thus e is a negative edge.

Case (4). Suppose n=3(mod4). Let n=4k+3. Then the cycles are of opposite
parity. If we add the edge V,.,, Vii_n.3> We get two cycles of length
m=2t+1(2t) and n-m+2 respectively with a common edge V,,., Vo .35
which is isomorphic to the graph C,, + e, where the two cycles are of length m
and n-m+2 respectively for an arbitrary edge e. So it is enough to verify the

theorem for the graph C,, + v2 ks 2v2 k—m+3 for m=34,5,...,2k+1.

Define the weight function w: E(C,, + Vok+2 Vakem +3) -zt by

Mwlv; viy) = a(m){[k +1+ (%)]a(i) +[k +3+ (%)]a(i + ])}
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+a(m+ 1)[1: +1+ é” i=12,.2k—m+2

(ii) W(Vzk_m+2+i v2k—m+3+i)

. / X
= a(m)[zk - [ﬁ J +2+ [iD +a(m+1) 2%k+2- [iD i=12,.,m-3
2 2 \ 2

(i) Wpp 14 Vopai) = @m)2k +i)+a(m+ )2k +2i-1), =12

(iv) w(vzk_'_2 v2k+3) =2k +1+ a(m)

i
MWVok24i Voka3+i) = [;] i=123,.,2k+1

. m
Add the edge Vars2 Vags3 'O get the cycles of lengths 2k +2 and 2k +3

and define the weight function w: E(C,, + Vok42 v4k+3) -zt by

Owlv; v )=k+ ’-L-‘ +a(), i=123,.,2k+1
2

.. il
(i) w(v2k+l+i v2k+2+i) = "'2--" i=123,..2k+1
(W) w(vvg g4 3) = &

By the above weight function, we have an irregular network of C, +e, with
almost consecutive labels 2,3,4,...,4k + 3,4k + 5 with maximum weight 2k-+2,

hence s(C, +é€) < 2k+2<[£_’+1.

2
Thus e is a negative edge. u
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