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Abstract. A total vertez irregular labeling of a graph G with v ver-
tices and e edges is an assignment of integer labels to both vertices
and edges so that the weights calculated at vertices are distinct.
The total verter irregularity strength of G, denoted by tvs(G), is
the minimum valuc of the largest label over all such irregular as-
signments. In this paper, we consider the total vertex irregular la-
belings of whecls W, fans F,, suns S, and friendship graphs f,.
We show that tus(Wy,) = [232] for n > 3, tus(Fn) = [232] for
n > 3, tus(Sn) = [24] for n > 3, and tus(fn) = [222] for all n.

1 Introduction

Throughout this paper all graphs are finite, simple, undirected, and connected.
A total vertez irregular labeling on a graph G with n vertices and m edges is
an assigument of integer labels to both vertices and edges so that the weights
calculated at vertices are distinct. The weight of a vertex v in G is defined as the
sum of the label of v and the labels of all the edges incident with v, that is,

wt(v) = A(v) + Y Auv)

uvelE

The notion of the total vertex irregular labeling was introduced hy Bagca,
ct al.[1]. The total verter irregularity strength of G, denoted by tvs(G), is the
minimum value of the largest label over all such irregular assignments.

Baca et al.[1] proved that for a tree T with n pendant vertices and no vertices
of degree 2, [ "—'2‘i] < tws(T) < n. In the same paper, Baéa et al.[1] gave the lower
bound and upper bound on total vertex irrcgularity strength of any graph with
minimum degree § and maximum degree 4, that is

V] +0
A+l

-Igtvs(G)SIVl-\LA-—M—l.
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r+1
Ch, the total vertex irregularity strength of cycles Cr equals to the lower bound,
that is tvs(Cn) = [232]. Because Cy ~ K32, we have tvs(Ka2,2) = 2. Moreover,

if G is a regular hamiltonian graph then tvs(G) < I-Jﬂ;—z] Baga ct al.[1] also

proved that tvs(Ki,n) = [2£], tvs(K,) = 2 for all n > 2 and for prisms D,
tus(Dn) = [222] for n > 3.

Wijaya et al. [2] determined the total vertex irregularity strength of com-
plete bipartite graphs, that is for n > 3, tus(K2,n) = [232], tus(Knn) = 3,
tvs(Kn,n41) = 3, for n > 4, tvs(Knni2) = 3, and for all n, tvs(Kn,an) = [i(:_%ll]
for a > 1. Wijaya ct al. [2] also gave the lower bound on tvs(Kmn) for m < n,
that is tvs(Km,n) > max{[':ﬁl;-], [2min=ily

In this paper we determine the total vertex irregularity strength of wheels,

fans, suns, and friendship graphs.

If G is r—regular, then obviously, [!ﬂﬂ] < tws(G) < |V| - r — 1. For cycles

2 Main Result

In this section, we present the total vertex irregularity strength of wheels, fans,
suns, and friendship graphs.

A wheel W,, contains a cycle on n vertices and a vertex adjacent to all vertices
on the cycle. A fan F, consists of a path on n vertices and a vertex adjacent to
every vertex on the path. is a graph obtained by joining all vertices of path P,
to a further vertex called the center. A sun S, is a cycle on n vertices with an
edge terminating in a vertex of degree 1 attached to each vertex on the cycle. A
friendship graph f. is obtained by identifying a vertex from n K3’s. Note that if
f j a4 Ka.

Theorem 1. The total vertez irregularity strength of wheel W, satisfies tvs(Wy) =
[2£23], forn > 3.

Proof. A wheel W,, has n vertices of degree 3 and one central vertex of degree
n. The smallest weight of vertices of W, must be 4. So, the largest weight of n
vertices of degree 3 is at least (n + 3) and the weight of central vertex is at least
(n + 4). As a result, the value of the largest label of one of vertices or edges of
Wa is at least max{[22], [2+4]} = [243]. Thus, tvs(Wa) > [2£2].

n+1
To show that tvs(Wy) < [1}31, let V(W,) = {v,v1,v2,--- ,un} and BE(W,,) =
{vv1,vv2,- - - ,9Un} U {v1v2, V203, - - ,¥nv1}. The vertex irregular labeling of Wy
is as follows:
1. Forn=3.

The sets of labels of vertices and edges of W3 are AM(V(W3)) = {2,1,1,2}
and ME(W3)) = {1,2,2} U {1,1,1}. The set of vertex-weights of W3 is
wt(V(Ws)) = {7,4,5,6}.

2. Forn#3.
There are 4 cases of the labeling of vertices and edges of W,, namely:
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(a) For n = 0( mod 4).
_J 2 for n=4,
'\(v)—{l for n # 4.

1 for 1<i<3andi=n,
A(vi) = 7 with j=2,-~,["—PJ for 2 <i<2j+4+1 and
n+2-2j<i<n+3 -2

1 for 1<1<2,
AMovvi) = ¢ jwithj=2,---,[283] for 25 - 1<i<2j and
n+3-2j<i<n+4- 25

1 fori=1andi=mn,
A(Vivig1) = ¢ jwithj=2,..- ,["TN] for2j —2<i<2j-1and
n+2-2<i<n+3-2j

(b) For n = 1{ mod 4).
M) =1,
1 for1<i<3andi=n,
Gwithj=2,-,[271] for 2j <i < 2j+1and
n+2-2j<i<n+3-2j
=1 for i = 2[213];

/\('U.‘) =

1 for1<i<2,
Movi) = ¢ jwithj=2,---,[253] for 25 — 1 <i < 25 and
n+3-2j<i<n+4-2j

1 fori=1, andi=n,
Avivig1) = § jwith j=2,--- ,[232] for 2j - 2<i< 25— 1 and
n+2-2j<i<n+3-2j

(¢) For n = 2( mod 4).

Av) =1
1 for 1<i<3andi=n,

Awi)={ jwithj=2---, |22 for 2j <i < 2j+ 1 and

n+2-2j<i<n+3- 273

1 for1<i<2,
Jwithj=2,---,|278] for 2j — 1 <4< 25 and

Awvs) = n+3-2 <i<n+4-2j,
[i"’j fori=%and 3 +2<i< 243,
[2£2] fori=2+1;
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1 fori=1and i=n,
Movivigr) = jwithj=2,---,|2] for2j-2<i<2j -1, and
n+2-2j<i<n+3-2j

(d) For n = 3( mod 4).
Av)=1;
1 for 1<i<3andi=n,
Muvi) =< j with j=2,---,[232] for 2§ <i<2j+1, and
n+2-2<i<n+3-2j;

1 for 1 <1<2,
Avvs) = jwithj=2---,]232] for 2j — 1 <i<2j, and
n+3-2j<i<n+4-2j
[242] fori=[2]+1;
1 fori=1, andi=n,
Mviviss) = jwithj=2,3,---,(22] for 2j -2<i<2j-1, and

n+2-2 <i<n+3-2
[2£3] fori=[3].

Thus, the vertex-weights of W, satisfy

4 for i=1,
wi(vi) =  2i+1 for i =2,3,.--,[2],
2(n+3-1i) for i= 2]+, [22] 42, ,n

3

i(n2 +8n+7) for n =1 and 3( mod 4),

g(n2 +8n+12) for n =2( mod 4).
It is casy to see that the labeling is vertex irregular. Thus tvs(W,) = [2£2]. =

i(n?2+8n+8)  for n=0( mod 4),
wt(v) =

Theorem 2. The total vertex irreqularity strength of a fan F,, satisfies tvs(Fn) =
[2£2], for n > 3.

Proof. A fan F, has (n — 2) vertices of degree 3, two vertices of degree 2 and onc
vertex of degree n. The smallest weight of vertices of F,, must be 3. So, the largest
weight of (n—2) vertices of degree 3 is at least (n+2) and the weight of the vertex
of degree n is at least (n + 3). This implies that the largest label of one of vertices
or cdges Fy, is at least max{[232], (231} = [232]. Then tvs(Fn) > [2$2].

n+1
To show that tvs(F,) < ["—;ﬂ], let V(F,) = {v,v1,v2, - ,Un} and E(F,) =
{vv1,vv2, - - ,vvn }U{v1v2, V203, - - , Un-1Vn}. The vertex irregular labeling of Fr

is as follows:

1. For3<n<5.
The set of labels of vertices and edges of F3, Fy, and Fs are as follows:
/\(V(Fa)) = {1’ lr 17 1} and A(‘E(F‘{i)) = {1,2, 1} U {1’2}
MV (F1)) = {2,1,1,2,1} and ME(F)) = {1,1,1,1}U{1,2,2}.
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MV(Fs)) = {2,1,1,1,1,1} and ME(Fs)) = {1,1,2,1,1} U {1,2,2,2}. The
sets of vertex-weights of F3, Fy, and Fs arc wt(V (F3)) = {5,3,6,4}, wt(V (F3)) =
{6,3,5,7, 1}, wt(V(Fs)) = {8,3,5,7,6,1}.

. For n > 6.
The labeling of vertices and edges of F}, arc as follows.
{(a) For n = 0( mod 4).

AMv) =1,

1 fori=1,
Mvi) = jwithj=1,2,---,[252] for 2j <i< 25+ 1 and
n+l1-2j<i<n+2- 23

1 for 1 <i<2and
n-1<i<n,
2 for3<i<4dandi=n-2,

Alvw) = jwith 7 =3,---,[222] for 2j —~ 1 <i < 25 and

n+2-2j<i<n+3-2j

[ﬁ‘;ﬁ] fori= 2["—:‘1‘2] -1
1 for i =1,
2 fori=n-1,

Mvivigr) = jwithj=2,---,[272] for 2j —2<i< 25— 1 and
n+l1-2j<i<n+2-2j

[=2$2] for i = 2[242] — 2.

(b) For n = 1( mod 4).
Av) =1;

1 fori=1,
AMvi) = ¢ jwithj=1,2,--- [252] for 2j <4< 2j+ 1 and
n+l-2j<i<n+2-2j

1 for 1 <i<2and
n-1<7<mn,
Aovi) =< 2 for3<i<4andi=n-2,

J with j = 3,4,---,[242] for 2j — 1 <4 < 2j and
n+2-2j<i<n+3-2j

1 fori =1,

2 fori=n-1,

jwith j=2,---,[232] for 2j - 2<i< 2j - 1 and
n+l1-2<i<n+2-2j

Avivig1) =

(c) For n =2( mod 4).
A) =1,
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1 fori=1,
jwithj=1,2---,[272] for 2 <i<2j+1 and

n+1-2j<i<n+2-2j
[2£2) for i = 2[2£2];

/\(‘v.') =

1 for1 <i<2and
n-1<1<n,
Alvv) =< 2 for3<i<4andi=n-2,
Jwith j =3,4,--+,[232] for 2j — 1 <4 < 2j and
n+2-2j<i<n+3-2j

1 fori=1,

2 fori=n-1,

jwith j =2,3,---  [232] for 2j - 2< i< 2j - 1 and
n+1-2j<i<n+2-2;

Avivigr) =

(d) For n = 3( mod 4).
Aw) =1
1 fori=1,
Mvi) =4 jwithj=1,2,---,[252] for 2j <i< 2§+ 1 and
n+l1-2j<i<n+2-2j

(1 for 1 <7< 2and
n-1<i<n,
2 for3<i<4andi=n-2,

j with j =3,---,[228] for 2j — 1 < i < 2j and

Avy;) = ¢ n+2-2<i<n+3-2j,
[222] for i = 2[242] — 3 and
2[_-|-_]_1<z<2[-"'—],
[ [=£2) for ¢ = 2[242]
1 fori=1,
Mowigr) =4 2 P
YT ) Gwith =2, [272] for2j—2<i<2j—1and

n+1-2<i<n+2-2j

Thus, the vertex-weights of F,, are as follows.

3 for i=1,
4 for i =n,
wt(vi) = 2i+1 for i=2,3,---,[3],

(5]
2n+2-1) for i=[3]+1,[31+2,---,n—1;

(n? + Gn) for n = 0 and 2( mod 4),
(n®+6n+1) for n=1( mod 4),
(n® +6n+5) for n=3( mod 4).

wi(v) = {

-l Lol o]
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It is easy to sce that the labeling is vertex irregular. Thus tvs(F,) = [232].
]

Theorem 3. The total vertex irregularity strength of a sun Sn satisfies tvs(S,) =
[%ﬂ] , forn > 3.

Proof. A sun Sy, has n vertices u; of degree 1 and n vertices v; of degree 3. Not.
that the smallest weight of vertices of S, must be 2. It follows that the largest
weight of n vertices of degree 1 is at least (n + 1) and of n vertices of degree 3 is
at least (2n + 1). As a consequence, at least one vertex u: or onc edge incident
with u; has label at least [231]. Morcover, at least one vertex v; or one edge
incident with v; has label at least [221]. Then tvs(Sn) > max{[21], 22t}
Because of [231] = [22£1], then tvs(Sn) > [2H).

To show that tvs(Sn) < [2E], let V(Sn) = {u1,u2, - ,un} U {v1,v2, -,
vn} where deg(u;) = 2 and deg(vi) = 3 for all ¢ = 1,2,--- ,n and E(S,) =

{uivi,u2v2, - ,unvn} U {viv2,v2v3,- - ,vnv1}. The labeling of vertex u; and
cdge uivi of Sp for i = 1,2,--- | n is as follows:
1 for 5= 1,

AMu)=<¢ i-1 for 1:=2,3,...,|'n_+1
n+2-ifor i= 23] +1,f

,3
N
-

]+27"':n;

«\(u~v~)—- for i=1,2,--- ~—'LJ-_
el n+2—zfor1.—[-—‘"— +l 142, ,n.

There are 6 cases of the labeling of vertex v; and edge viviy1 of S, for i =
1,2, -- ,n, namely:

1. For n = 0( mod 6).
ln_;}l:lj forl<i<3andi=n,
(22 +jwithj=1,---,|25%] for 3j +1<i<3j+3and

Alws) = n-3j<i<n+2-3j
(31 for [24] <i < [242];
[?j for i =1,
Awivig1) = ¢ |2 ]+ jwithj=1,---,[%] for 3j —1<4i<3j+1and

n+1-3j<i<n+3-3j5

2. For n = 1( mod 6).
|24 for1<i<2,
Av) = [%—’-J+jwithj=1,~-~,[%]for3j§i§3j+2and
n+1-3j<i<n+3-3j
|2 ] +jwithj=1,---,|2] for 3j —2< i< 35 and
Avivigr) = n+2-3i<i<n+4-3j
{ (3] for [3] <i<[2£2).
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3. For n = 2( mod 6).
|24t ) for 1 <i<4and
n-1<i<n,
Av;) = [%lj+jwithj=1,-~ ,["T‘GJ for 3j+2<i<3j+4and
n-1-3j<i<n+1-3j

(2] for [21] <i < [283);
[ﬂj forl1<i<2andi=n,

AMvivip) = [%j +jwithj=1,---,|%] for 35 <i<3j+2and
n—3j<i<n+2-3j

4. For n = 3( mod 6).
= forl1<i<3andi=n,
Ay;) = [1‘-33'—1J+jwithj=1,~~,[%Jfor3j+1$i$3j+3and
n—-3j<i<n+2-3j
|28 fori=1,
[231] 4 jwithj=1,--,|2] for3j— 1 <i<3j+1and
n+l-3j<i<n+3-3j
[31 for [3] <i<[22).

Mvivigr) =

5. For n = 4( mod 6).
125 for1<i<2,
[%J-&jwithg’:l,... y|§) for3j <i<3j+2and

A(vi) = n+1-3j<i<n+3-3j,
2] for [241] < i < [243];
oo J|12 )+ withj=1,---,[3] for3j—2<i<3jand
A(v‘v.+1)—{ n+2-3j<i<n+4-3;

6. For n = 5( mod 6).
|2t ) for 1 <i<4and
n—1<i<n,

/\(‘Uz')= I_Eé'—lj'*'j“’ithj:l""’lzslj for 3j+2<i<3j+4 and

n—-1-3j<i<n+1-3j

[&11] for1<i<2andi=n,

Avsviay) = (25 +jwithj=1,---,|%] for3j <i<3j+2and

iVit1) = n—-3j<i<n+2-3j
31 for [31 < i< [22).

Thus, the vertex-weights of S, satisfy
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2 for i=1
wi(ui) = ¢ 2i-1 for i=2,3,---,[2H],
2(n+2-71) for i = |'—+—'|+1, [21142,---,m;

n+ 2 for i =1,
wi(vi) =4 n-1+2% for i=2,3,---,[2],
3n+4-2i for i = |'—+—]+1 [-—‘t—] +2,-
It is easy to see that the labeling is vertex irregular. Thus tvs(Sn) =[2£]. =

Theorem 4. For all n, the total vertex trregqularity strength of a friendship graph
fn satisfy tus(fn) = [22].

Proof. A friendship graph f, has 2n vertices v; of degree 2 and one vertex v of
degree 2n. The smallest weight of vertices of f,. must be 3. So, the largest weight
of 2n vertices of degree 2 is at least (2n + 2). Hence, the largest label of one
vertex v; or one edge incident with v; is at least [22£2]. On the other hand, the
weight of vertex v is at least (2n+3) This means that the label of vertex v or one
edge incident with v is at least [3232]. Then tvs(fn) > max{[25#2], (22481} =

|'2n3:t2'|.
To show that tus(fn) < [2282], let V(fa) = {v,v1,v2,- -+ , 022} and E(fn) =
{vv1,vv2,--- ,vv2n} U {v1v2,v304, -+ ,¥2i-1V2i," -+ ,V2n—1V2a }. Let the labeling

of vertices of f, be as follows:

2 for n=1,
A(v)_{l for n > 2;

Aw) =3 with j=1,2,---,|22] for 3j-2<i<3j.
There are 3 cases of the labeling of edges of f,., namely:

1. For n = 0( mod 3).

2,4,---, [—j'—-j for 35 —4<i<35 -1,
3,5

1 for i=
AMow) = . J
mel{j [—*—] for 3j —3<i<35-2;

ji=12 for i=25-1,
i _ a5 ... [2n42 35
AMvivig1) =j  with J=35,[% ]f°':=:33;_;and

.7241671[2_":;'2J for i=3(]_1)’

2. For n = 1( mod 3).

. 1 for i=1
M) = withd 9= 24+, [2242] for 35 —4<i<3j-1,
J i=3,5-, [—"'—J for 3j —3<i<3j-2;

L
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j=12 for i =25 —1,

3,5, , | 22| for i=3j —4 and
i=3j-2

j=4’6)"':|.'2_"3——lj for i=3(j_1)'

/\(vivg.;.;) =7 with J=

3. For n = 2( mod 3).

1for i=1,
Mow) = {j=2,4,---,r2%;"—21 for 3j —4<i<3j-1,
j=3:5)‘

.
g wieh L[5 for 3j~3<i<3j -2
ji=12 for 1 =25 -1,
N s j=3,5,---,[282] for i=3j—4 and
AMvivig1) =j  with i=3j-2,

i=4,6,---,[242] for i =3(j - 1).

Thus, the vertex-weights of fn are as follows.

wt(v;) =t+2 for i=1,2,.---,2n;

5 for n=1,
wt(v;) = { +(2n® + 6n + 3) for n = 0( mod 3),
3(2n% + 6n +4) for n =1 and 2( mod 3) with n # 1.

It is easy to see that the labeling is vertex irregular. Thus tvs(fn) = [2%t2].
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