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Abstract. We investigate the critical sct of edge-magic labeling
on caterpillar graphs and application on secret sharing scheme. We
construct a distribution scheme based on supervisional secret shar-
ing scheme. The schemes use the notion of critical sets to distribute
the share and reconstruct the key.
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1 Introduction

A secret sharing scheme is method of distributing a secret S among a finite set
of participants P = {p1,p2,--- ,pn} in such a way that if the participants in
A C P are qualified to know the sccret, but any B C P which is not qualificd to
know secret. The participant which qualified with pooling together their partial
information, they can reconstruct the sccret S, but participant not qualified they
can not reconstruct the sceret. The key S is chosen by special participant d and
usually assumed that d ¢ P.

A two level sceret sharing scheme is a scheme which produces two kinds of
hicrarchical sets. The first sct contains shares that are morc powerful than the
shares in the sccond set. The first scheme distributes shares od secret among two
scts. The first set containt a single person, called a supervisor, while the second
sct contains a number of chosen people. The access structure in this first scheme
is the family of all sets of the form {so,p} where p belongs to the second set. We
call scheme is the supervisional sccret sharing scheme.

2 Basic Theory

In this paper, wc investigate the critical sets of edge-magic total labelings on
caterpillar graph and the application on secret sharing.
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For a graph G with the vertex-set V(G) = {v1,v2, -+ ,vp} and the edge-set
E(G) = {e1,e2, - ,e,} and definition of edge magic total labeling is

Definition 1. An edge-magic total labeling of a (p,q)-graph G 1is bijective func-
tion
A V(G)UE(G) - {1’213:'” P+ q}

such that

Alw) + A(uwv) + A(v) =k (1)
k is a constant for any edge uwv of G and is called the magic sum of G . Any
graph with an edge-magic total labeling will be called edge-magic[11]. Morever, A
is a super-edge-magic total labeling of G if A(V(G)) = {1,2,3,--- ,p}, and G
is said to be super-edge-magic[4].

For each graph, we number all vertex and edges, we call these numbers po-
sitions. Thus, a graph labeling can be represented as a set of ordered pairs of
position and its label.

A critical set of a graph G with labeling A is a set Qx = {(z,y)|z,y €
{1,2,---,|V(G) + E(G)|}, with the oredered pair (z,y) represents label y in
position z, which satisfy(3]

1. A is the only labeling of G which has label y in position x
2. No proper subset of @

If cardinality of a critical set is ¢, thus it has size ¢. A critical set Q»; has
minimal size, if |@Q:] < |Qa;l

3 Caterpillar Graph

Caterpillar is one special form of tree, which is a tree with some vertices as center
and all other vertices are leaves, or we called n stars. Consider caterpillar graph
Cn with V = {5,,8,,...,Sn} where S; = {vio, vi1,vi2,...,Vip, } dan p; is sum of
leaf at S; and vio is center vertex star i, where { = 1,2,--- ,n. Sum of vertices
caterpillar graph C, are sum of all leaf at star plus center vertex of star or

”=Z|S='|=Z(P‘+1)="+Zp‘

i=1 i=1 i=1

and sum of edge caterpillar graph C, is e = v — 1 such that integer number need
for labeling is

n
v+e=2(n+Zpi)— 1
i=1
All caterpillars is edge-magic total labeling with some method labeling [6, 12],
like Figure 1.

Position label of vertices and edges, begin center of first star, edge and then
leaf and so on, such that we have edge-magic total labeling with position is

A={(1,k+1),(2,v+€),(3,1),(4v+e—-1),--- ,(v+ev)}
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Fig. 1. EMTL of Caterpillar Graph

If @ is critical set and minimal number of critical set in caterpillar graph Cn
is the number of leaf, then [10]

IQ(Ca) =D p:

=1

note by that set is containt the label in the leaf, edge of leaf or hoth of them.
The label which in critical set is not containt all big number or small number,
but both of them.

The example caterpillar graph C; in Figure 2 with edge-magic total labeling

1 7 4
V 4
15
v 3
6 13 0
Fig. 2. EMTL of C3 Fig. 3. Position of C3

so the posibility of edge-magic total labeling are

A1 = {(1,6),(2,17),(3,1), (4, 16), (5, 2), (6, 15), (7, 3), (8, 14), (9, 7), (10, 13),
(11,8), (12, 12), (13,9), (14, 11), (15,4), (16, 10), (17, 5)}
{(1,6), (2,1),(3,17), (4, 16), (5, 2), (6, 15), (7, 3), (8, 14), (9, 7), (10, 13),
(11, 8), (12, 12), (13,9), (14, 11), (15, 4), (16, 10), (17,5) }

A2

and critical set from that both edge-magic total labeling are

Qx = {(2,17),(4,16), (8, 14), (10,13), (14, 11), (16, 10)}
Qo {(2,1), (4, 16), (8, 14), (10, 13), (14, 11}, (16, 10) }
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obviously after reconstruction, @5, have more than one edge-magic total la-
beling, which are

Au = {(1, 6)! (2$17)’(3!1)a (4’ 16)1 (5» 2)1 (6’ 15)1 (7v 3)! (8a 14): (9’ 7)9 (10, 13))
(11, 8),(12,12),(13,9), (14, 11), (15,4), (16, 10), (17,5) }
Az = {(1! 1)? (2’17)9(3’6)1 (4’ 16)1 (51 7)! (61 15), (7» 8): (81 14), (9: 2)’ (10, 13);

(11,3),(12,12), (13,9), (14, 11), (15,4), (16, 10), (17,5)}

so @», is not critical set hecause the reconstruction is not unik. The criticalset
which used for scheme are

& = {(2,1),(4,16),(8,14),(10,13), (14,11),(16,10)}

Q2 = {(2,1),(4,16),(8,14), (10, 13), (14, 11), (16, 5)}
Q3 = {(2,1),(4,16),(8,14), (101 13)a (141 4)1 (16, 10)}
Q4 = {(2,1),(4,186),(8,14),(10, 13), (14, 4),(16,5)}

Qs = {(2,1),(4,186),(8,14), (10, 8), (14, 11),(16,10) }

Qs = {(2’1)’(4s16)a(8a14)1 (10’ 8)v (14: 11): (lﬁy 5)}
Qr = {(2$1)’(4$16)9(8714)’ (10, 8)! (141 4)1 (16: 10)}
Qs = {(2,1),(4,16),(8,14), (10, 8)» (14» 4)’ (161 5)}

4 Proposed Schemes

In supermarket, when a cashier wants to changes or cancel an transaction, they
will need supervisor approval to do such a thing. The supervisor will enter a
password and then the casier will complete the entry by his/her own password.
In this situation, we can see that the supervisor has more power password then
the cashier. Based on situation, we build secret sharing scheme that will share a
secret among one supervisor and sct of participants under supervision stafs.

iFrom the critical set that built above, we can make a secret for supervisor,
which is

§ = (1@ = {(2,),(4,16),(8,14))

i=1

and the eight secret for staff, which are

P, = {(10,13), (14,11), (16, 10)}

P, = {(10,13), (14, 11), (16,5)}
Ps = {(10,13), (14, 4), (16, 10)}
Py = {(10, 13), (14,4),(16,5)}
Ps = {(10,8), (14, 11), (16,10)}
Ps = {(10,8),(14,11),(16,5)}
Pr = {(10,8),(14,4), (16,10)}
Ps = {(10,8),(14,4), (16,5)}
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If a participant (for example P;) and supervisor (S) want to know the secret

(is qualified or not), they must to pooling together

PyUS = {(10,13), (14,4), (16,5)} U {(2, 1), (4, 16), (8, 14)}
{(2’ 1)1 (47 16)7 (8$ 14)7 (107 13)’ (14’ 4)? (16’ 5)}

Q4

5 Conclusions

This paper proposed secret sharing scheme based on edge-magic total labeling
on graph, specially caterpillar graph. From edge-magic total labeling, we founded
some critical set and then to distribute to some participants and onc supervisor.
If we want know sccret of supervisor or participant is qualified or not, they must
to pooling together.
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