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Abstract. For a simple graph G = (V(G), E(G)) with the vertex
set V(G) and the edge set E(G), a labelling A : V(G) U E(G) —
{1,2,...,k} is called an edge-irregular total k-labelling of G if for
any two different edges e = ere2 and f = fife in E(G) we have
wt(e) # wt(f) where wi(e) = A(e1) + A(e) + A(ez). The total edge-
irregular strength, denoted by tes(G), is the smallest positive inte-
ger k for which G has an edge-irregular total k—labelling. In this
paper, we determine the total edge-irregular strength of the corona
product of paths with some graphs.
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1 Introduction

All the graphs that we deal with are undirected, simple, and connected. Let
G = (V(G), E(G)) be a graph with vertex set V(G) and edge set E(G). The
path and the cycle on m vertices are denoted by P,, and Cy,, respectively.
The star and the wheel on m + 1 vertices are denoted by S,, and W,,,
respectively. The gear G, is a graph obtained from W,, by subdividing
every edge on the cycle. The friendship F, is a graph obtained from Wa,,
by missing every alternate rim edge.

A labelling of graph is a map that carries graph elements to the numbers
(usually to the positive or non-negative integers). A labelling of graph is
called a vertez labelling, an edge labelling, or a total labelling, if the domain
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of the map is the vertex set, the edge set, or the union of vertex and edge
sets, respectively.

In [4], Chartrand et al. introduced the notion of edge irregular labelling.
For a graph G = (V(G), E(G)), the weight of a vertex = under an edge
labelling A : E(G) — {1,2,...,k} is

wt(z) = Z AMzy).

zy€ E(G)

The edge labelling A : E(G) — {1,2,...,k} is called an edge-irregular k-
labelling of G if every two distinct vertices z and y in V(G) satisfies wt(z) #
wi(y).

The érregular strength s(G) of G is the minimum of the positive integer
k for which graph G has an edge-irregular k-labelling.

Some results of the irregular strengths of some graphs can be seen in
(21, 3], [5), (6], [7], [8], and [11].

In this paper, we consider a total labelling. For a graph G = (V(G), E(G)),
the weight of an edge e = e;e; under a total labelling A is

wt(e) = Ale1) + A(e) + Aez).

A total labelling A : VUE — {1, 2,...,k} is called an edge-irregular
total k-labelling of G if every two distinct edges e and f in F(G) satisfies
wt(e) # wt(f).

The total edge-irregular strength tes(G) of G is the minimum of the
positive integer k£ for which G has an edge-irregular total k-labelling.

The notion of the total edge-irregular strength was introduced by Bacéa
et al. [1]. In the same paper, they derive lower and upper bounds of the
total edge-irregular strength of any graph G as described in Theorem 1.

Theorem 1. [I]
Let G = (V(G), E(G)) be a graph with the vertex set V(G) and edge set

E(G). Then,
[W] < tes(G) < |E(G)|.

There are not many graphs of which their total edge-irregular strengths
arc known. Baéa et al. [1] have determined the total edge-irregular strengths
for some classes of graphs, namely paths, cycles, stars, wheels, and friend-
ships. In [9] and [10], we determined the total edge-irregular strengths of
union graphs of K, and lintang graph.
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2 Main Results

In this paper, we determine the total edge-irregular strengths of graphs
obtained by the corona product of paths with either paths, cycles, stars,
gears, friendships, or wheels. The corona product of a graph G with a graph
H, denoted by G & H, is a graph obtained by taking one copy of a n-vertex
graph G and n copies Hy, Hs, ..., H, of H, and then joining the i-th vertex
of G to every vertex in H;.

Theorem 2. For any integer m,n > 2,

tes(Rn [0) Pn) = ’V@H_H‘I .

3
Proof. Since |E(Py ¢ Pp)] = 2mn — 1, by Theorem 1, we obtain that
tes(Pn O Pp) > [#2241], Next, we will show that tes(Pm ©P,) < [2matl],
Let the vertex set of P, ® P, be

V(Pm ©P,) ={zi,y}|1 <i<mand 1<j<n},
and the edge set of P, ® P, be

E(Pp & Py) ={zgi[l<i<mand1<j<n}
U{glyi*1<i<mand1<j<n-1}
U{zizit1|l i <m -1}

Define r; = [228#1] for 2 <i <m.
We construct an edge-irregular total r,, —labelling A as follows:

1 fori=1
A(xi)_{ri for2<i<m,

,\(y,) fori=land1<j<n
r1+]—nfor2<z<mand1<1<n,

X y’) fori=land1<j<n
Ti n(21—1)+1+]—2r, for2<i<mandl1<j<n,

fori=land1<j<n-1
+1y _ J
)‘(y’y] ) {znz+1_2r,for2<z<ma.nd1<,7<n—1
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Azizinn) = n+1-—rg fori=1
IR\ 2mi+ 22— — gy for2<i<m—1.

It is easy to see from the definition that the function A is a map from
V(Pm & P,)UE(Py ® P,) into {1, 2, ..., [2matl]},
Observe that

wi(ziy!) = Ma:) + Maiv?) + M)
=2n(i—-1)+2j+1 forl<i<mandl<j<n,

wi(ylyl ™) = Myl) + Medvl ™) + 2wt
=2n(i-1)+2(j+1) forl<i<mandl<j<n-1,

and

wt(x,':zi.,.l) = /\(:L‘i) + )\(:l:i:z:.-+1) -+ /\($i+1)
=2(ni+1) forl<i<m-1.
So the weights of edges of P, () P, under the total labelling A form con-
secutive integers from 3 up to 2mn + 1. It means that the there is no two

edges that have the same weight.
This implies that tes(Pn, O P,) < [ung 1. O

Theorem 3. For any integer m > 2 and n > 3,

tes(Pm © Cn) = [Mw .

3

Proof. Since |E(Pm & Cy)| = (2n+1)m — 1, by Theorem 1, we obtain that
tes(Pm © Cp) > |_£2n_-0-;)_1-l;1] Next, we will show that tes(P, © Cp) <
|‘g2n+12m+1'|

% .
Let the vertex set of P, ®» C, be

V(Pm ©Cp) ={zs,yl|l <i<mand 1<j<n},
and the edge set of P, ® C, be

E(Pm ©Cn) ={ziTi1|l <i<m -1}
U{zigf|l <i<mand1<j<n}
U{glyt vt 1 <i<mand1<j<n-1}.

166



Define r; = [(2"""#] for2<i<m.
We construct an edge-irregular total r,,—labelling X as follows:

Ma:) = 1 fori=1
YT+ l-nfor2<i<m,

A(y?)= j fori=1land1<j<n
i ri for2<i<mandl<j<n,

/\(:L‘yJ)= 1 fori=land1<j<n
v 2n+1)i—-n+j—2r; for2<i<mand1<j<n,

t,ny_ ) 2 fori=1
A(yiyi)—{(2n+1)i+2—n—2ri for 2 <i<m,

Myiyi™) = n+2-j fori=land1<j<n-1
ST (2n+1)i+2-n+j-2r for2<i<mand1<j<n-1,

Maizie) = In+1-ro fori=1
U T 2n 4 1)i42n—ri— 1y for2<i<m-—1.

It is easy to see from the definition that the function X is a map from
V(P © Ca) UE(Pn ©Ca) into {1, 2, 3, ..., [m2ei] ],
Observe that
wi(ziyd) = Mai) + Maawd) + Awd)
=02n+1)(i-1)+2+75 for1<i<mandl<j<m,

wt(ylyl) = MyF) + A@lvi) + My!)
=2n+1)i—-n+2 fori1<i<m,

wi(yiyl ™) = Mul) + M@l + 2@l

=2n+1)i+2-n+j forl<i<mandl<j<n-1,

wt(ZiTiv1) = AM@i) + MZiTig1) + MTig1)
=(2n+1)i+2 forl<i<m-—-1.
So the weights of edges of P, () C,, under the total labelling A form con-

secutive integers from 3 up to m(2n + 1) + 1. It means that the weight of
edges are distinct.

This concludes that tes(PnCyr) < [W] . O
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Theorem 4. For any integer m > 2 andn > 3,

tes(Pn O Sp) = [Mw .

3

Proof. Since |E(Py, © Sp)| = 2m(n + 1) — 1, by Theorem 1, we have
tes(Pm © Sy) 2 [2"“—"3“&1-] Next, we will show that tes(P, & Sp) <
|'2mgn+12+1'| )

3
Let the vertex set of P, ® S, be

V(P ®8) ={z,¥l[l<i<mand1<j<n+1},
and the edge set of P,, © Sy, be
E(Prn©Sy) ={ylytt |1 <i<mand1<j<n}
U{zilil<i<mandl1<j<n+1}

U {$i$i+1|1 S 1 S m— 1}.

From the definition of V(P,, () S,), we conclude that y!**! is the center
vertex of the i—th stars.
Define r; = [2‘—("—’?&] for2<i<m.

We construct an edge-irregular total r,, —labelling A as follows:

1 fori=1
A(x")‘{n for 2 <i < m,
j fori=land1<j<n
/\(yj)_ n fori=landj=n+1
T Yr—n+jfor2<i<mandl1<j<n
T for2<i<mandj=n+1,
1 fori=land1<j<n
i 2 fori=landj=n+1
Mazad) = ’

2in+1) —n—2r; for2<i<mandl1<j<n
2iln+1)+1-n—-2r; for2<i<mand j=n+1,

Myt = 3 fori=1.and15j5n'
i Yi 2in+1)+1-2r; for2<i<mand 1 <j<n,
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Mai@igs) = 2n+3—-rg fori=1
il = 2iln+1)+2—-r;—7riyy for2<i<m-—1.

It is easy to see from the definition that the function A is a map from

V(Pm ) 8) U E(Py,  8,,) into {1, 2, ..., [2’"("+1)“]}
Observe that

wi(ziy]) = Mz:) + A(zi) + @)
=2n+1)i—-2n+j forl<i<mandl<j<n+1,

wid gy ) = Med) + Ay + M)
=2iln+1)+1-n+j forl<i<mandl<j<n,

and

Wi Tir1) = M2:) + M@iZit1) + A(@iy1)
=2in+1)+2 forl1<i<m-1.
So the weights of edges of P, ) S,, under the total labelling A form con-

secutive integers from 3 up to 2m(n + 1) + 1. It means that the weight of
edges are distinct.

This implies that tes(P,, 0 Sy) < [M"T“)ﬂ-l O

Theorem 5. For any integer m > 2 and n > 2,

tes(Pr & Gy) = [

m(5n +2) + 1-‘
: .

Proof. Since |E(Pyn © Gy)| = m(5n + 2) — 1, by Theorem 1, we obtain
that tes(Pm O GR) > [ﬂ5”—;2)ii] Next, we will show that tes(P, () Gp) <
|-m 5n+2 +l~|

LU Ra Y
Denote

V(Pm®Gy) ={zs,¥l[1<i<mand1<j<2n+1},
as the vertex set of P,, & G, and

E(PnOGn)={ziglll <i<mand1<j<2n+1)}
Uyt gl ll<i<mand 1< <2n—1)
U{p? 'y 1<i<mand1<l<n}
U{zizit1|l <i<m -1}
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as the edge set of P, )Gy From the definition of V(P,, @G, ), we conclude

that y2"*? is the center vertex of the i—th gears.

Define r; = [w] forl1 <i<m.
‘We construct an edge-irregular total r,,, —labelling A as follows:

1 fori=1
Mzi)) =< 2n fori=2

ry for3<i<m,

) = j fori=land1<j<2n+1
b rpfor2<i<mand1<j<2n+1,

1 fori=landl1<j<2n+1

Mziyl) = 3n+d44j—r fori=2and1<j<2n+1
(B5n+2)i-5n+j—2r; for3<i<mand1<j<2n+1,

1,2n\ _ 3 fori=1
My v )“{(5n+2)i—3n+2—2r,~ for 2<i<m,

o 3+2n—-j fori=land1<j<2n-1
Mylyi™) = (5n+2)i—3n+24j-2r; for2<i<m
andl1<j<2n-1,

/\(yg"ly?"'”) _ 2n+3 -1 fori=1and1<1l<n
i i bn+2)i—-n+1+1-2r; for2<i<mandl<!<mn,

3n+3 fori=1
Mziziy1) =4 8n+6—13 fori=2
Bn+2)i+2—r;—ri4y for3<i<m-—1.

It is easy to see from the definition that the function ) is a map from
V(P © Gn) U E(Prm © Gy) into {1, 2 .. [:1@;2&]}
Observe that

wt(@y]) = Ma:) + M@ivd) + M)
=(n+2)i—-5n+jforl<i<mandl<j<2n+1,

wi(y} yf") = Ay}) + Myive™) + Myet)
=(5n+2)i-3n+2for1 <i<m,
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wi(lyl™) = Med) + Medul*) + AT
=(Bn+2)i-3n+2+jforl<i<mand1<j<2n-1,

wh(yf Ty = AR + AT + A
=(Bn+2)i-n+l+lforl<i<mandl<i<n,

and

wE(T;Ti+1) = Mz:) + MZiziv1) + Mxig1)
=0Bn+2)i+2 forl<i<m-—1
So the weights of edges of P,,, & G, under the total labelling A form con-

secutive integers from 3 up to m(5n + 2) + 1. It means that there is no two
edges that have the same weight.

It concludes that tes(Pp, ©G,) < [mgsngzﬁx 1. O
Theorem 6. For any integer m > 2 andn > 2,
2
tes(Pm © Fp) = {_'E(fm_;ﬁ_l_-‘ )

Proof. Since |E(Pp © Fp)| = m(5n + 2) — 1, by Theorem 1, we obtain
that tes(Py O Fp) > [WE—I]. Next, we will show that tes(Pm O Fy,) <
I‘ms5n+2!+1 ~l

5 .
Let the vertex set of P, ® F, be

V(Prn ©F,) = {zi,yl]l1 <i<mand1<j<2n+1},
and the edge set of P, ©) F,, be
E(PnOF,) ={z;{|1<i<mand1<j<2n+1}

Uy oy Ty LS i <mand 1 <1 < n}

1

U {iIJ,'CCH.]‘]. <i<m-— 1}.

From the definition of V(P © F,), we conclude that y2"*! is the center
vertex of the i—th friendships.
Define r; = [w] forl <i<m.

We construct an edge-irregular total r,—labelling X as follows:

1 fori=1
Az) =4 2n fori=2

r; for3<i<m,
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M) = j fori=land1<j<2n+1
VT I for2<i<mand1<j<2n+1,

‘ 1 fori=1land1<j<2n+1
Mziyl)=<{ 3n+4—ry+j fori=2and1<j<2n+1
(5n+2)i-5n+j—2r; for3<i<mand1<j<2n+1,
A(gl_l 2,)_ n+2-1 fori=land1<I<n
Vi U) =\ (5n+2)i-3n—-1+3l-2r; for2<i<mand1<I<n,
/\(y?,_ly?,ﬂ.l): 241 fori=1land1<Il<n
i : (5n+2)i—3n+3l—2r; for2<i<mand1<I<n,
A(zl 2n+1)_ 241 forz=1a.nd1$l$n
ViU )T (5n+2)i-3n+1+3l—2r; for2<i<mandl<l<n,
3n+3 fori=1
Mzizip1) =< 8n+6—13 fori=2
(Brn+2)i+2—r;—riy for3<i<m-—1.

It is easy to see from the definition that the function A is a map from
V(P © Fn) U E(Pn & F,) into {1, 2% s [ m_;ﬂﬂ]}
Observe that

wi(ziy]) = Ma:) + Mzad) + Mod)
=GBn+2)yi-5n+j forl<i<mand1<j<2n+1,

wt(yZ Y2 = AP + M) + M)
=(Bn+2)yi-3n—1+3l forl<i<mandl1<I<n,

For any i € {1, 2, ..., m} and any [ € {1, 2, ..., n}, we obtain that

wt(y?l—ly’?n+l) = ’\(yizl-l) + )‘(y?l—ly?n+l) + )\(y?n+1)
=(n+2)i—-3n+3l forl<i<mandl<!<mn,

wt(yPy? ) = M) + M@ + M@
=(5n+2)i-3n+1+3l for1<i<mand1<i<n,
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and

WHZiziv1) = M@:) + AMZiTiv1) + MTig1)
=0Bn+2)i+2 forl<i<m-—1.

So the weights of edges of P, ) F;, under the total labelling A form con-
secutive integers from 3 up to m(5n + 2) + 1. It means that the weight of
edges are distinct.

This implies that tes(Pm & Fn) < [31(5"—;"2&]. O

Theorem 7. For any integer m > 2 and n > 3,

tes(Pp, OWy) = [M] .

3

Proof. Since |E(Pp, ) Wy)| = (3n + 2)m — 1, by Theorem 1, we obtain
tes(Pm O Wy) 2 [%M] Next, we will show that tes(Pm, & Wp,) <
|-!3n+2)m+1-'

5 .
Let the vertex set of Py, & W, be

V(Pp OWy) = {z5,yl[1 <i<mand 1< j<n+1},
and the edge set of P,,, & W,, be

E(PnoW,) ={zall <i<mand1<j<n+1}
U{glyit vhPll <i<mand1<j<n-1}

U{gfyptl<i<mand 1<) <n}
U{zizi|l <i<m—1}
From the definition of V(P,, ® W,,), we conclude that y**! is the center

t
vertex of the i—th vyheels.
Define r; = [Qi:)ﬂ-l for2<i<m.

‘We construct an edge-irregular total r,,labelling A as follows:

Mai) = 1 fori=1
Ti) = ri—-n+1for2<i<m,

) j fori=1land1<j<n+1
Myl)={ ri—-n+jfor2<i<mandl1<j<n
T for2<i<mandj=n+1,
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1 fori=land1<j<n+l1

Mziyl) =S Bn+2)i—(n+1)—2r; for2<i<mand1<j<n
(3n+2)i—n—2r; for2<i<mandj=n+1,

3 fori=1
1, ny __
/\(y"yi)_{(3n+2)i+1—n—2r,- for 2 <i < m,

Ait) = n+3—3j fori=land1<j<n-1
i JT I 3n+2)i+1-j -2 for2<i<mand1<j<n-1,

Aylypth) = n+2 fori=1land1<j<n
iYi T 1 @Bn+2)i+1-2r; for2<i<mandl1<j<n,

Mzizign) = dn+2-r19 fori=1
ATl Bn+2)i+2n—1i— iy for2<i<m-—1.

It is easy to see that the function A is a map from V(P, ©® W)U E(Py, ©
W.,,) into {1, 2, o, [QE%M-I } .
Observe that

wt(ziyl) = Az:) + Maigd) + M)
=Bn+2)i-3n+jforl<i<mandl1<j<n+1,

wb(yiy) = Myi) + A vf) + A@P)
=@Bn+2)i+2(1-n) forl<i<m,

wi(ylyl ™) = Mod) + Medvi™h) + Mot
=(3n+2)i+2(1-n)+j forl<i<mandl<j<n-1,

whfyl ) = Mud) + APt + 2@
=Bn+2)i-n+l+jforl<i<mandl<j<n,

and
wt(x,-:z:.~+1) = Mxz;) + Mzizipr) + A(:L‘H.l)
=Bn+2)i+2forl<i<m.

So the weights of edges of P,, &) W,, under the total labelling A form con-
secutive integers from 3 up to (3n +2)m + 1. It means that there is no two
edges that have the same weight.

It concludes that tes(Pp ©OWy,) < | @"—“;M1 O
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