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Abstract. Let P, be a path on h vertices. A simple graph G =
(V, E) admits a Pj-covering if every edge in E belongs to a sub-
graph of G that is isomorphic to Pi. G is called Py-magic if there
is a total labeling f : VUE — {1,2,...,|V] + |E|} such that
for each subgraph H' = (V',E’) of G that is isomorphic to Py,
Yvev F(W)+ X e g f(€) is constant. When f(V) = {1,2,...,[V[},
we say that G is P,-supermagic.

In this paper, we study some Ph-supermagic trees. We give some
sufficient or necessary conditions for a tree being Ph-supermagic.
We also consider the Ph-supermagicness of special type of trees,
namely shrubs and banana trees.
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1 Introduction

Let H be a graph. A graph G = (V, E) admits an H-covering if every edge in
E belongs to a subgraph of G that is isomorphic to H. A total labeling of G
is an injective function f : VUE — {1,2,...,|V|+|E|}. We define that G is
H-magic if there exists a total labeling f : VUE — {1,2,...,|V|+|E]|} such
that for each subgraph H' = (V’, E') of G isomorphic to H, > .y f(v) +
Y ecg f(€) is constant. Additionally, if f(V) = {1,2,...,|V]}, then G is
called H-supermagic. The sum of all label vertices and edges on G is denoted
by 3 f(G).

The H-(super)magic coverings was first studied by Gutiérrez and Lladé
[4] in 2005. They proved that the star S, and the complete bipartite graph
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K, m are Sp-supermagic graphs for some h. They also proved that the path
P, and the cycle C,, are P,-supermagic graphs for some k. In 2006, Lladé
and Moragas (7] studied some C,,-magic graphs. They proved that the wheel
W,,, the prim C,, X K, the book K}, X K>, and the windmill W(r, k) are
Cj-magic graphs for some h.

In case H = K, the H-supermagic graph is also called super edge-magic
graph. The notion of super edge-magic graph was introduced by Enomoto
et al [1] as an extension of the magic valuation given by Rosa [10], Kotzig
and Rosa [5]. There are many graphs that are super edge magic graphs, for
instance: C,, and Ky, (1], the fan F,, and the ladder L, (2], any tree with
at most 17 vertices [6], the generalized Petersen graph P(n,m) [2]| and (8],
the fire cracker, the banana tree, and the unicyclic graph [11], a subdivision
of Ky 3 [9]. For further information, see [12] and [3].

In this paper, we study Pj-supermagic labelings of some trees. We de-
rive a sufficient condition for a tree being Pj,-supermagic. We also present a
necessary condition for a graph being P3-supermagic. Besides that, we char-
acterize the P,-supermagicness of shrubs and its subdivisions, and banana
trees.

2 Main Results

Theorem 1. Let G = (V, E) be a tree that admits a Py,-covering, for some
fized h. If every subgraph P, of G contains a fized vertex c, then G 1is
Py, -supermagic.

Proof. Let V = {c,v;:]1 < i < n}. For any v; € V and v; # ¢, denote by e;
the edge which in a (¢, v;)-path and incident to v;. Let t = |V UE]. Partition
the set {2,3,4,...,t} into 2—sets such that the sum of the elements of each
2—set is t + 2.

Define a total labeling f as follows. f(c) = 1. Use all these 2—sets to
label all {v;,e;} in any order so that f(v;)+ f(e:) =¢+2 and f(v;) < f(e;)
for i =1,2,...,n. Hence, all vertices receive the smallest labels.

Since each P, contains ¢, we have that 3 f(P,) = (h—1)(t +2) + 1.
Therefore, G is Py-supermagic. O

Theorem 2. If G is P3-magic then G contains no subgraph of Figure 1.

Proof. By a contradiction, assume G is a P3-magic and G contains the
subgraph of Figure 1. So, there exists a total labeling f such that 3 f(P3)
is constant for every subgraph P;. Let

f(vi) =a;,1<i<6and f(e;) =b;, 1 <i <5
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Fig. 1.

Then, a1 + by + a5+ bs +ag = az +be+as +bs+as. Hence, a1 +b1 = az+ba.
By similar ways, we obtain az + b2 = a3 + bz = a4 + bs. Therefore,
as = ag. We get a contradiction. Therefore, the theorem holds. O

2.1 Shrubs

A shrub §(mi, mg,...,m,) is a graph obtained from a star S, by connecting
each leaf v; to m; new vertices, i = 1,2, ..., n. In this subsection we study the
Pj,-supermagicness of shrubs and their subdivisions. By applying Theorem
1 and Theorem 2, we obtain the following corrolary.

Corollary 1. S(m;,ms,...,my) is Py-supermagic for 4 < h <5, but it is
not P3-supermagic for n > 3.

As an illustration, in Figure 2, we present a Pp,-supermagic labeling of
5(2,2,3,3,4) for4 < h <5.

Theorem 3. S$(my,my) is P3-supermagic.
Proof. Let G ~ S(m1, m3), with

V(G) ={c}u {v,-',vfll <i<21<j<my},
E(G) = {cv,-,v‘-v;’ll <i<2,1<j<m}.

Then, let t = 2(m; + m2) + 5 and define the labeling f on G as follows.

fle)=mi1+2;

flm) =f(0)+1, flewm)=(Et+2)— f(n);

flvg) = f(e) =1, fleva) = (t+1) — f(ve);

f() =3, fluv])=(t+1)-f(v]) forje[l,m];

fd) = fm)+3, fluavd) =(t+2)— f(v}) forje[l,ma]
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Fig. 2. A P,-supcrmagic labeling of $(2,2,3,3,4) for 4 < h < 5.

Clearly that f(V(G)) € {1,2,3,...,|[V(G)|} and every }_ f(Ps) = 2t +m; +
5. Therefore, G is Ps-supermagic. O

For illustration, we present a Pj-supermagic labeling of S§(4,3) in
Figure 3.

In the next theorem we consider the P,-supermagicness of the balanced
k-subdivision of a shrub. Let $y(m;, m2) be a subdivision of §(m;, ms) by
inserting k new vertices, for k£ > 1, in each edge of S'(ml,mg).

Theorem 4. Si(m;, mz) is Parq3-supermagic.

Proof. Let denote all vertices and edges in G =~ Si(m;,mg) as
follows.

V(G) = {c} U {via,v?1<i<2,1<j<m;,0<a < k},

E(G) = {cvi,0, Ui (a1)Viar ik 0, 0P 0001 < § < 2,1 < j < my,
1<a<k}

j,0 __ 1,0 ja __
Let us denote e;0 = cvi0, €ia = Vi,(a=1)Vi,as €)' = Vix¥]", and el* =

vf'(a—l)vf'a. Let ¢ be the number of vertices and edges of G. Thus, ¢t =
(2k + 2)(my + m2 + 2) + 1. Next, define the labeling f on G as follows.

— fley=my+kmi+k+2;
— For a € [0, %]:
f(vie) = fle) +(a+1), flera) = (t+2)— f(v1a);

200



6

Fig. 3. A Ps-supermagic labeling of $(4, 3)

f(v2,0) = f(e) = (a+1), fleaa) = (t+1) = f(vz);

f") =3 +mia, f(el®)=(t+1)~- f(u]®) forje [1,mi];
F(%) = flore) + (F + maa), f(e5®) =(t+2)— f(v3?) for
jE€ [1,m2].

It is easy to see that f(V(Q®)) € {1,2,3,..,|[V(G)|} and Y f(Par+3) =
(k + 1)(2t + my + 4) + 1 for each subgraph P35 of G. Therefore, G is
Py 3-supermagic. O

In Figure 4 we present an example for P;-supermagicness of shrub $2(3,2).

2.2 Banana Trees

In this subsection we study the P,-supermagicness of banana trees. A ba-
nana tree Bt(m,,ms,...,my,) is the tree obtained by joining a vertex ¢ to
one leaf vertex of each star in a family of disjoint stars Sp,,, Smsgs -y Smy, -
By applying Theorem 1, we have the following corollary.

Corollary 2. For n > 1, Bt(mi,ma,...,my) is Py-supermagic with 4 <
h<T.

As an illustration, in Figure 5, we present a Pj-supermagic labeling of
Bt(3,3,3,4) ford <h <7.

Swaminathan and Jeyanthi [11] proved that Bt(mi,ma,...,my) is Pa-
supermagic. Next, we consider about a Ps-supermagicness of Bt(m;, m2).

Theorem 5. Bt(m;,ms) is P3-supermagic.
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Fig. 5. A Py-supermagic labeling of Bt(3,3,3,4) for A < h< 7
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Proof. Let G ~ Bt(m,, mz) with

V(G) = {c}U{v;,v{[1 <i<2,1<j<my},
E(G) = {cv},viv]|l i< 2,1 < j <my}.

Let ¢t = 2(m; + m2) + 5. Next, we define a total labeling f on G as follows.

fly=m1+2, f(n)=flc)+1, f(v2) =flc)- 1
flevy) = (¢ +1) - f(c) forie[1,2); ,

f}) = f(v2) =4, f(uiv]) = (£ +1) = f(v]) for j € [1,m];
fd) = f(v1) +34, flvevd) = (t+2) - f(u) for j € [1,my].

Clearly that f(V(G)) € {1,2,3,...,]V(G)|} and ¥ f(P5) = 2t +m1 + 5
for every subgraph P; of G. Therefore, G is Ps-supermagic. O

For illustration, we present a Ps-supermagic labeling of Bt(5,4) in
Figure 6.

Fig. 6. A Ps-supermagic labeling of Bt(5,4).

3 Open Problems

We conclude the paper with two open problems.

Open Problem 1 Is there a P,-supermagic labeling on S'(ml,mz,
ey Ty) ¢
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Open Problem 2 For n > 3, is there a P;-supermagic labeling on
Bt(ml,mg,...,mn) ?
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