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Abstract. Let G = (V, E) be a finite graph, where V(G) and E(G)
arc the (non-empty) sets of vertices and edges of G. An (a,d)-
edge-antimagic total labeling is a bijection 8 from V(G) U E(G)
to the sct of consecutive integers {1,2,...,|V(G)| + |E(G)|} with
the property that the set of all the edge-weights, w(uv) = G(u) +
Puv) + B(v),uv € E(G), is {a,a + d,a + 2d,...,a + (|E(G)| -
1)d}, for two fixed integers a > 0 and d > 0. Such a labeling is
super if the smallest possible labels appear on the vertices. In this
paper we investigate the existence of super (a,d)-edge-antimagic
total labelings for disjoint union of multiple copies of a regular
caterpillar.

1 Introduction

All graphs considered in this paper are finite, simple and undirected. The graph
G has vertex set V(G) and edge set E(G) and we let p = |V(G)| and g = |E(G))|.
The general references for graph theoretic notions are {16 and [17].

A wvertex labeling of G is a bijection a : V(G) — {1,2,...,p} and the asso-
ciated edge-weight wa(uv) of an edge uv in G is wa(uv) = a(u) + a(v). A total
labeling of G is a bijection 8 : V(G)UE(G) — {1,2,...,p+ q} and the associated
edge-weight wg(uv), wv € E(G), is wg(uv) = f(u) + B(uv) + B(v).

The vertex labeling « of G is (a, d)-edge-antimagic vertex labeling if the set of
all the cdge-weights, {wa(uwv) : wv € E(G)}, is {a,a+d,a+2d,...,a + (¢ - 1)d},
for two intcger @ > 0 and d > 0. In his Ph.D thesis, Hegde called this labeling
a strongly (a,d)-indexable (sce Acharya and Hegde (1]).
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An (a,d)-edge-antimagic total labeling of G is the total labeling 3 with the
property that the edge-weights wp(uv), uv € E(G), form an arithmetic progres-
sion a,a+d,a+2d,...,a+(g—1)d, where a > 0 and d > 0 arc two fixed integers.
Such a labeling is super if (V) = {1,2,...,p}.

These labelings, introduced by Simanjuntak et al. in [12], are natural exten-
sions of the concept of magic valuation, studied by Kotzig and Rosa [9] (see also
[11),[15]), and the concept of super edge-magic labeling, defined by Enomoto et
al. in [5] (see also [6],[7]).

Assume that the graph G has a super (a,d)-edge-antimagic total labeling
8:V(G)UE(G) — {L,2,...,p + q}. The minimum possible edge-weight under
the labeling 3 is at least 1+ 2+ (p+ 1) = p+4. On the other hand, the maximum
possible edge-weight is at most (p — 1) + p+ (p+ q) = 3p 4+ ¢ — 1. So we have
a>p+4anda+(g-1)d < 3p+q— 1. The last inequality gives an upper bound
for the difference d, i.e.
2p+q-5

<
d< 7—1

(1)

In this paper we investigatc the existence of super edge-antimagicness for
disconnected graphs. Ivanéo and Luckani¢ova [8] described some constructions of
super edge-magic (super (a, 0)-edge-antimagic total) labelings for nCx UmP; and
K1,m U K1, Baskoro and Ngurah [4] described super edge-magic total labelings
for nPs. The super (a,d)-edge-antimagic total labelings for P, U Pny1, nP2 U P
and nP; U Pn42 have been described by Sudarsana et al. in [13] and (a, d)-edge-
antimagic total labeling of mCr can be found in [10].

We are studying super (a,d)-edge-antimagic total labeling for the disjoint
union of multiple copies of a regular caterpillar. The paper concludes with a list
of open problems and conjecture.

2 Disjoint union of caterpillars

A caterpillar is a graph derived from a path hy hanging any number of leaves
from the vertices of the path. We denote the caterpillar as S, t,,....tn, Where
T1,%2,...,%Tn are vertices of the path and z;x, 1 < k < t;, are leaves from the
vertex i, for 1 < i < n. In [14], it is proved that all caterpillars Si, ¢,,...,t, have
a super (a, d)-edge-antimagic total labeling for d € {0, 1,2}.

Any caterpillar is bipartite; thus we denote by {A, B} the bipartition of its
vertex set. As a consequence of the results, which have been proved for edge-
antimagicness of trees in {3], it follows that any caterpillar with JA| — |B] < 1
admits a super (a, 3)-edge-antimagic total labeling.

Now, we will study the super edge-antimagicness of a disjoint union of m
copies of a caterpillar denoted by mSt, t,.....,t,.- It is the disconnected graph with
vertex set

V(mS:l,zz,...,t,.) = 0 CJ {.’B’:}U O LﬂJ {mik 1<k< t,-}

j=1li=1 j=1li=1
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and edge set

n—

1
i=1

E(mSi, o.....t0) = U
i=1

{ziz }U ("J u {eied, 1< k<t

- If every vertex of the path of caterpillar S, s,,.. ¢, has the same number of
leaves, i.e. &} = t2 = --- = t,, then the caterpillar is said to be a regular.

If the disjoint union of m copies of a regular caterpillar mSt, ¢y,....00, t1 =
t2 = -+ = tn = t, has a super (a,d)-edge-antimagic total labeling then, for
p = mn(t+1) and ¢ = mn(t+1)—m, it follows from (1) that d < 3+ mT(lz-i-ﬂl—fmﬁ
Ifm>2n>2and t> 1 then Wm_—zmﬁ < 1 and thus d < 1.

The following theorem describes an (a, 1)-edge-antimagic vertex labeling for
the disjoint union of m copies of a regular caterpillar.

Theorem 4 If mn is odd, m,n > 3, then the graph mSi, 1,,....t,,, for t1 = t2 =
o =tn =t 2 1, has o (BEEEEA3 1)_edge-antimagic vertez labeling.

Proof. For mnodd, m>3,n>3and t;) =ty =---=t, =t > 1, we define
a vertex labeling ay : V(mSi, 1y,...t,) = {1,2,...,mn(t + 1)} as follows
mU—MHgHL if 1<i<n-2isodd, and j is odd
midlbi if1<i<n-2isodd, and j is cven
ay(zl) = w—j+l, ifiiseven, and 1< j<m
mods, if i =n, and j is odd
ﬂ"—_lm, ifi =n, and j is even

2
andfor 1<j<mand1<k<t

((mn@iDd 4 mOol) 4 ) if1<i<n-2isodd
and j is odd
matdmits 4 g, ifl<i<n-2isodd
m(mf'k) = and j is even
kmn + &"’;ﬂ -7 if ¢ is even
kmn-i-j'g—l, ifi=n, and j is odd
{ mn(k+1)+j_';—“, ifi=n, and j is even.

The vertex labeling oy is a bijective function. The edge-weights, under the
labeling aa, constitute the sets

wa, = {w,’,l(xfa:fﬂ) = "‘(Lz";l&l 1 if1<i<n-2, andj is odd},

W2, = {w?, (ziz],,) = mEE2HAIIT 46 ) <§ < n— 2, andj is even},

w3 = {wﬂ,(z;’;_]x{,) = % : if 7 is odd},

W3, = {wh, (2} _ zd) = 2E2=DH23 - if § 5 cven),

W, = {wi, (zlz] ) = 2o 4 (1) 45 if 1 <i<n-2isodd,l <
k <t, andj is odd},

W, = {w, (ziz] ) = 2rEEHHS 4 iy 5. if 1 <4< n - 2is odd,
L <k <t and §is even},

63



W,Z1 = {wau (z’x’ o) = M+m(z+l) -2j:if2<i<n-liseven,l <
k<t,and1<j <m},

W3, = {wf, (ghal ) = ZREEFDHL 4 5. §f 1 <k <t, and j is odd},

= {wf,l(xj:z:;’;k) = M -m+j:if 1<k<t andjis even}.

It is not difficult to see that. the set {JJ_, Wz, = {mni2mdd mntlmis

, ZoEtn+t } contains an arithmetic sequence with the first term
mad?ntd  and common difference 1. Thus a; is a (mnt2md3 1).edge-
antimagic vertex labeling.

a

For extending edge-antimagic vertex labelings to edge-antimagic total label-
ings we can use the following theorem that appeared in [2].

Theorem 5 [2] If a graph G with p vertices and g edges has an (a,d)-edge-
anlimagic vertex labeling, then

(i) G has a super (a + p+ 1,d + 1)-edge-antimagic total labeling,

(1) G has a super (a + p + q,d — 1)-edge-antimagic total labeling.

If we consider the (Z2+2m43 1) edge-antimagic vertex labeling a; from The-
orem 4 then applying Theorem 5 we obtain the following result.

Theorem 6 If mn is odd, m > 3 and n > 3, then the graph mS, ¢,.....tn, for
=l =--=ty, =t > 1, has a super (w“;s)ﬁﬂ) -edge-antimagic total

labeling and a super (w + m, 2) -edge-antimagic total labeling.

The next Lemma, which appeared in [14], will be useful for proving the exis-
tence of a super (a, 1)-edge-antimagic total labeling.

Lemma 3 [14] Let i be a sequence U = {c,c+ 1,c+2,...c+ k}, k even. Then
there e:msts a permuta.tzon n (}J.) of the elements of U such that U + IT(U) =
{2c+ 5, 2c+ 5+ L,2c+ §+2,...,2c+ 3 — 1,2+ ).

For the disjoint union of m copies of a regular caterpillar we obtain the fol-
lowing result.

Theorem 7 If the product mnt is odd, m > 3, n > 3 and t > 1, then the graph
MmSty ta,tn, for ©1 = to = = tn = t, has a super
( mn@ttdiim 4 g 1) -edge-antimagic total labeling.

Proof. Consider the vertex labeling a; from Theorem 4, which is
(mot2m+3 1)-edge—a.ntlmaglc vertex, where the set of edge-weights gives the se-
quence Y = {c,c+1,c+2,...,c+k} for ¢ = 22d2m43 and k = mn(t+1)—-m—1.
If mnt is odd then k is even. According to Lemma 3, there exists a permutation
I1(41) of the elements of 4, such that

U+ [T(Y) - c+ mn(t + 1) + 1]



mv:(3£-2+-4)+m +2, mn(3t2+4)+m +3,..., mn(St;G)—m’ mn(st;-ﬁ)—m +14,

If [IT(4) — ¢+ mn(t + 1) + 1] is an edge labeling of the considered disconnected
graph with labels p+1,p+2, ..., p+q, then U+ [T (U) —c+mn(t+1)+ 1] determines
the sct of the edge-weights under the resulting total labeling. This implies that
the resulting total labeling is super ( Ma—‘;—"ﬂ + 2, 1)-edge-antimagic total. O

The next theorem gives a super (a, 1)-edge-antimagic total labeling for m even
and n odd.

Theorem 8 Ifm is even, m > 2, andn is odd, n > 3, then the graph mSh, ¢,,....t..,
fJorti =ty =-..=t, =t > 1, has a super (a, 1)-edge-antimagic total labeling.

Proof. Let us consider three cases.
Case 1. n = 3.
For m cven, n = 3 and ¢ odd, define the bijection 8y : V(mS,t,)JUE(mS; ¢,.) —
{1,2,...,m(6t + 5)} in the following way:
bi(z]) 2eD 4 ifi=13and 1<j<m
l ’ —
! 2m+j, ifi=2and 1<j<m
and for 1 <j<m and 1<k <t as follows
Bi(zl,) =Bk —i+3)m+j, if i=1,2 and 3.
o (Gt+5)m+1—7 ifi=1
ﬁl (IE'Z.’E'3+]) = 9t+7)m . I
5—L2 +1-3, ifi=2
Qt-3k48m 414, ifi=1 and k odd
w (2-3kd2149)m 4 ) — 4, if i = 2,3 and k odd
AETIL) = | Q=sstiom |5 i =1 and k oven
Ot-3kt2itm 4| — 4, if i=2,3 and k even.
The cdgc—weights' under the labeling §; constitute the sets
Wy, = {wp, (zlzl, ) =6t +Tym+j+1: ifi=1and 1 <j<m},
W3, = {w} (zlzd,,) = 3™ 4 j 41 ifi=2and 1<j<m),
W, = {w}, (afx],) = CHIHDM 4 541 §fi=1, k odd
and 1 <j<m},
Wj = {wh, (zlz],) = w +j+1:ifi=1, keven
and 1 £j<m},
W5, = {wp, (zlz],) = URASE-ZHINM 4 54} if§=2,3, kodd
and 1 <3 <m},
W§, = {wh, (zlx],) = QAR=ZHIDM 4 j 41 if§=2,3, k even
and 1< j<m}.
Ience, the set | J© Wg, = {w +2,..., %'21—7)1'- + l} consists of con-

r=1
sccutive integers. Thus the labeling 3 is a super (P‘L.?)ﬂ + 2, l)-edge-a.ntimagic
total labeling.
When ¢ is even and n = 3, we consider the total labeling G2 : V(mSe,: ) U
E(mSes,) — {1,2,...,m(6t + 5)} such that .
Ba(zl) = Bu(al), Ba(z],) = Bu(xl ), Ba(zlziy,) = Bu(ziziys),
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ﬁg(x’m{k) ﬁ;(a,{z;?',k) for all 7, k and j without the case wheni=2,k=1¢
and 2 +1<j<m.

If'L' =2,k=tand F+1 < j < mthen we put ﬁz(.'z:{a:f,k) = M;"—ll+l—j.

By direct computation we obtain that the set of edge-weights consists of the
arithmetic sequence {(9t+213)m 49, (&l-zla)m +3,..., £1_5'_‘*’21_7m + 1} and there-

fore the total labeling 3, is super (“"Lzmm +2, 1)-edge-a.ntimagic total.

Case 2. n = 5.
Let us consider a total labeling 83 : V(mSgl,tz,,,,,tn) U E(mSt, tg,...0t) —
{L,2,....2mn(t+ 1) —m}, forty =ty = --- = t, = t, where
7 1fz—land1<]<'“
Bo(a?) = n—i+1)m+j, f2<i<nand 1<j< 3
T Y (3t —i)m+j, f1<i<Z and B2 < <
(B —d)m+j, if B <i<nand B2 <j<m
ﬁa(“’{mgﬂ):
(B4t +3)+F + 17, fi=land 1<j< %

mn(2t+ 1)+ Z(2% - 1) +1 -3, if2<i<n-land 1<j< 2
2mn(t+1)+ (2i-n+2)F +1-j, if1<i< 22

4 and 22 <j<m
mE(Bt+2)+m+1-3j, ifi=231and 22 <j<m
DRt + 1) +m(i+ 1) + 1 - 4, if 2l <i<n-1

y and 222 <j<m

and for 1 < k < ¢ in the following way
(nk+n—-19m+j, ifl<i<nand 1<j< %
Bs(z? &)= (22 +nk-i)m+j, f1<i<®Fand BE2<j<m
(323 +nk-i)m+j, if 252 <i<nand —;"—Sjgm

ﬂa(r’m k)

(B2Bt-k+2)+m+1-j, ifi=land 1<j<
922(4t+2——k)+92‘-(2i—1)+1-],|f2<1,<—+—and 1$ <z
Bt +1-k)+mi+ -3, if28 <i<nand 1<5< 2
{ ZR(Bt—-k+3)+1-4, if1<i<2sd

and 22 <j<m

BE@t-k+2)+tm+1-j ifi=2land 22 <j<m
DRAt+1-k)+m@Ei+1)+1-4, if2H <i<n

{ and 22 < j<m.

The reader can easily verify that the labeling (3 uses each integer 1,2,...,
2mn(t + 1) — m exactly once and the edge-weights of all the edges constitute the
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st {2(3t+4) + § 42, B2@+4) + 3 +3,..., B2(5L+6) - F + 1}. So the
labeling (3 is super ( mo ('3t +4)+Z+ 2 1)-edge-antimagic total labeling.

Case 3. n>17.

Let us construct a total labeling B4 from V(mSy, ¢s,...,20 JUE(MSy, ta,....tn ), fOr
t1 =t = .- =ty =, to the set of consecutive integers {1, 2,...,2mn(t+1)-m}
as follows

fa(z!) = Ba(zi) for 1<i<nand1<j<m,

ﬂ4(x{xf+l) =

(AL +3)+F + 1~ ifi=land 1<j< 2

mn(2t+ 1)+ F (2 -1)+1-3, if2<i<n-land 1<j5<
2mn(t+ 1)+ (2i-n+2)2 +1-4, if1<i< 238

of3

X and-'l‘ﬂ<j<m
2mnt +m + 1 - j, ifi=23tand 22 <j<m
DR+ 1) +m@E+ 1)+ 137, 1f—"2'—$z$n—l

\

and 2 <j<m
and for 1 < k <t in the following way
Ba(zl,) = As(zl ),

ﬁ4(3’ k)=
(2Rt —k)+m+1-3j, ffi=land 1<j< %
DRt +2-k)+ B(2i-1)+1—-j5 if2<i< 2 and 1<j< 3
DRt -1-k)+mi+1—3j, 1f—+—<z<nandl<_75%

TRAt-k)+ Z(24+3)+1-3, if1<i<z;3
and m£<j<m
DRt -k)+m+1-3, ifi=2xland 22 <j<m
ZRt+1-k)+m@E+1)+1-7, 1f—;f-szsn
and ﬂ#sjgm.

.

There is no problem in seeing that the labeling 34 uses each integer 1,2,...,
2mn(t+ 1) —m cxactly once and this implies that the labeling 4 is a bijection. We
can observe that under the labeling G4 the edge-weights of all the edges constitute
the sets

Wi, = {wh, (zlzl,,) = 224t +5) -2 +1+j: ifi=land 1 < j < B},

W3, = {wh, (zlzl,,) = mn(2+3)+ Z(1-2)+1+5: if2<i< 2 and 1 <
i<%

W3, = {1024(mfxf+1) = mn(2t+3)+ 2(1-2)+1+j: if 22 <4
n-land1<j< F

W3, = {wm(x,m,“ =204+ 5) -m(E+1)+1+j5: if1 <i< 252 and
=2 < j<m},

W3, = {w?,‘(:cf:zfﬂ) =mn(2t+1)+1+j: ifi = 251 and 22 < j < m},

IA
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W,,d—{'w,,‘(m i) = Z2@+T) -mE+ 1)+ 1+ : if 2 < i<
—land-—*—<g<m}

Wh, = {wh,(zlxl) = Bt + k+ D)+ 1+ 1fz=land1<_1$%}
if 2

Wg, = {w,(ziz] k):%(4t+k+6)+%(1—2z)+1+_1‘ i<
2 and 1<j< 2}
Wi, = {wj,(elel,) = B2t +k+3)+m(1—4) + 145 : if 22 < i<

nandlgj<';}
= {wp (me]k)
"—':’a.ndﬁf—<]<m}
Wil = {w}} (:c’:v’k)—"‘"(4t+k+2)+1+] if i = 221 and B2 < j < m},

W,,d = {wp(ziz],) = B4t +k+7) - m(z+1)+l+J. if 2 <4<
na.ndﬁ'-?-gjgm},

FM+k+2)-F(2+1D)+1+5: ifl1 <5<

The set Ur_, Wg, = {mn(2t + 1)+ Z + 2,mn(2t + 1) + 2 + 3,.
mn(3t + 2) — 2 + 1} consists of consecutive mtegers, which implies that ﬂ4 is a
super (mn(2t + 1) + 2 + 2, 1)-edge-antimagic total labeling. a

The next theorem describes an (a, 2)-edge-antimagic vertex labeling for the
disjoint union of m copies of a regular caterpillar when ¢t = 2.

Theorem 9 There is (m + 2,2)-edge-antimagic verter labeling for

MSty tg,ntn, forti =ty = -~ =t, = 2 and every m,n > 2.
Proof. For t1 = t2 = .-+ = t, = 2 and m,n > 2, define the bijection
a2 : V(mSi, t,...tn) = {1,2,...,3mn} as follows

az(zl)=(3i-2)m+j, ifl<i<nand1<j<m

iy (3i-3ym+j ifl<i<n, 1<j<mand k=1
k) Bi-1)ym+j if1<i<n, 1<j<mand k=2
Theu for the edge-welghts we have
{wuz(zJ +1)—(61—1)m+23 ifl<i<n-land1<j<m}
Wg, {waz(a:’xfk)—(ﬁz—S)m-l»Zy ifl<i<n l<j<mandk =1},
Ws, = {wl,(zlzl ) =(6i-3)ym+2j: if 1<i<n, 1<j<mandk=2}and

the set J3_, Wg, = {m+2,m+4,...,6mn—m} contains an arithmetic sequence
with the first term m + 2 and common difference 2. Thus «: is a (m + 2, 2)-edge-
antimagic vertex labeling. ]

With respect to Theorem 5, the (m + 2, 2)-edge-antimagic vertex labeling s
can be extended to a super edge-antimagic total labeling. Thus for p = 3mn and
g = 3mn — m the following theorem holds.

Theorem 10 The graph mSi, 1,,....tn, for t1 = t2 = -+ = t, = 2, has a super
(6mn + 2,1)-edge-antimagic total labeling and a super (3mn + m + 3, 3)-edge-
antimagic total labeling, for every m > 2 and n > 2.
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3 Conclusion

We summarize that the graph mSe, t,,...t,, for 1 =2 = --- = t, = ¢, has a
super (a, d)-edge-antimagic total labeling for

(i)de {0,2},if mnisoddand t > 1,

(ii) d = 1, if cither mnt is odd, or m is even and nis odd, t > 1, or t = 2 and
m,n > 2,

(i) d=3,if mn>2and t = 2.

Constructions that will produce a super (a,d)-edge-antimagic total labelings
of
MmSy by, b, fOr t) =tp = --- = t, = ¢, d € {0,1,2} and every m,n > 2, have
not been found yet. Nevertheless, we suggest the following conjecture.

Conjecture 2 There is a super (a,d)-edge-antimagic total labeling of the graph

MSty tg,nte, O b1 =ta =~ =ta =t > 1, d € {0,1,2} and for everym > 2
and n > 2.
For the graph mSy, iy,...,t,,, for t1 = t2 = --- = t, = £ # 2, so far we have not

found any super (a, 3)-edge-antimagic total labeling. So, we propose the following
open problem.

Open Problem 2 For the graph mSi, 1y, tn, for t1 = t2 = --- = t, = {,
determine if there is a super (a, 3)-edge-antimagic total labeling, for every m > 2,
n>2andt#2.

In the case when graph mS;, s,,...,t, does not have any restriction for the
values of t1,t2,...,tn, the problem to find a super (a,d)-edge-antimagic total
labeling scems to be difficult. For further investigation it leads us to suggest the
following

Open Problem 3 Find, if possible, some structural characteristics of a graph
mMSt ta,..,t, Which make a super (a,d)-edge-antimagic total labeling impossible.
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