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Abstract

A vertex v € V(G) is said to be a self vertex switching of G if G is isomorphic
to G”, where G" is the graph obtained from G by deleting all edges of G incident
to v and adding all edges incident to v which are not in G. Two vertices u and v
in G are said to be interchange similar if there exists an automorphism « of
G such that a(u) = v and a(v) = u. In this paper, we give a characterization
for a cut vertex in G to be a self vertex switching where G is a connected graph
such that any two self vertex switchings il exist, are interchange similar.

Key words: Switching, Self vertex switching, Interchange similar, Branches
and Joints.

1 Introduction

For a finite undirected graph G(V, E) with |V(G)|= p and a set ¢ C V, Seidel
[6] defined the switching of G by o as the graph G?(V, E’), which is obtained
from G by removing all edges between ¢ and its compliment V-o and adding as
edges all non edges between o and V-o. For more details on switching classes of
graphs we refer to Hage [1], Hertz {2}, Seidel [6] and Seidel and Taylor [7]. When
a = {v}C V, we call the corresponding switching G{*} as vertex switching
and denoted it as GV [8]. A subset o of V(G) to be a self switching of G if G
=G, The set of all self switchings of G with cardinality & is denoted by
SS1k(G) and its cardinality by ss.(G)[9]. If k = 1, then we call the correspond-
ing self switching as self vertex switching [3|.

Let X be a block or a vertex of G. A maximal connected subgraph B of G,
whose intersection with X is a single vertex v such that v is not a cut vertex
of B, is called a limb at X rooted at v. If X is a vertex, then a branch at X
is same as a limb at X [4]. Two vertices u and v in a graph G are said to be
interchange similar if there exists an automorphism « of G such that a(u) =
v and «(v) = u [5]. Since V(G) = V(G"), an isomorphism between G andG”,
in this paper we consider the isomorphism as a permutation on V.
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Let G be a graph such that any two self vertex switchings, if exist, are inter-
change similar. Characterization of a vertex in G to be a self vertex switching
was given in [9](See Theorem 1.2). In this paper, we give another characteri-
zation for a cut vertex in a connected graph to be a self vertex switching using
the branches idea. Using this characterization, we characterize the connected
graph which has more than one cut vertices as self vertex switchings and proofs
are given only to theorems and few lemmas.

Now consider the following results, which are required in the subsequent
sections. ‘We consider simple finite graphs only unless otherwise it is mentioned
specifically.

Theorem 1.1.[3] If v is a self vertex switching of a graph G of order p, then
de(v)= (p-1)/2. W

Theorem 1.2.[9] Let G be a graph such that any two self vertex switchings,
if exist, are interchange similar. A vertex v in G is a self vertex switching if

and only if G-v has an automorphism which maps the elements of N(v) onto
[N =

Theorem 1.3.[9] If ¢ C V(G) is a self switching of a graph G, then the number
of edges between the vertices of ¢ and V-0 in G is k(p-k)/2 where k = |0 |.
|

2 Branches and Joints

Let o C V and B* = GJo}, the induced subgraph induced by o. Throughout this
paper we consider B* = Gfo] is connected. Let Dy, D», ..., D, be the com-
ponents of G-o. If we consider the switching of G by o, then the cdges between
the vertices of B* and D; in G are deleted and the non edges are added, I <
i < 1. Here, we define joints at ¢ in G and study more about switching of graphs.

Definition 2.1. Let G; and G2 be any two graphs and ¢ be a subset of both
V(G:) and V{(G2). An isomorphism f between G, and Ga is said to be a o-
preserving isomorphism if flo) = o .

Definition 2.2. Let G(V, E) be a graph. A subgraph B of ¢ which contains
B* is called a joint at o if B-¢ is connected and maximal.

If B is connected, then we call B as c-joint otherwise d-joint. If ¢ = {v},
then the c-joints are the branches at v and a d-joint is the union of v and a
component of G not containing v.
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Example 2.3. Consider the graph G given in figure 2.1. Let ¢ = {1, 2, 3}.
The c-joints By , B, and the d-joint D, at ¢ are given in figures 2.2, 2.3 and
2.4 respectively.
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! ¢ ¢ d

Fig.2.1: G Fig.2.2: B Fig.2.3: B, Fig.2.4: D,

Definition 2.4. A joint B at o in G is said to be total joint if D is the join
of B* and B-o.

Definition 2.5. A joint B at ¢ in G is said to be self switching joint at o
if B~DB°.

If 0 = {v}, then we call the self switching joint B at ¢ as self switching
branch at v.

Definition 2.6. In G two joints B3y and B» at ¢ are said to be complementary
switching joints at o if there exist o-preserving isomorphisms fi between B,
and Bf and f; between B» and B such that fi|lo = falo .

In the above case if ¢ = {v} and B; and B are branches at v in G, then we
call By and B, as complementary switching branches at v.

Definition 2.7. In G two joints B; and Ba at o are said to be similar if there
exists a g-preserving isomorphism between B, and Bs. Two joints B, and D>
at ¢ are said to be the same if there is an isomorphism between B; and DB»
fixing all elements of o.

Definition 2.8. For k& > 3, a sequence 3y, B, ..., By of joints at ¢ in G is
said to be a cycle switching at o if there exist o-preserving isomorphisms f;
between B; and B, under subscript modulo & such that filo =fjlo , 1 <4, j
< k and it is denoted as (B, DBa, ..., Bi). A cycle switching (B, Ba, ..., Bx)
is said to be proper if for ¢ # j, B; and B3; are not the same joints, { < 4, j <
k.
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Theorem 2.9. B is a joint at ¢ in a graph G if and only if B is a joint
at o in G°. a

Corollary 2.10. Let v be any vertex of a connected graph G such that G is

connected. Then B is a branch at v in G if and only if B” is a branch at v in
G"- .

Corollary 2.11. If By, DB», ... BL me the joints at ¢ in G such that
"U¢- B;, k> 2, then G° —U [ ]

3 Sufficient condition for ¢ C V(G) to be self switching

In this section, we prove that any cyclic switching at oC V(G) can be expressed
as a product of proper cycle switchings at . In [9], we gave a sufficient condi-
tion for o is a self switching of G. Here we give another sufficient condition for
o to be self switching where Gfo/ is connected.

Lemma 3.1. Let G be graph and B, and B, be any two joints at ¢ in G. If f
is a g-preserving isomorphismn between B, and B{, then f is also a g-preserving
isomorphism between BY and B,. ]

Lemma 3.2. Ina graph G, a cycle switching at & can be expressed as a product
of proper cycle switchings at o.

Proof. Let C = (B,, B, ..., By) be a cycle switching at 6 in G. If B; is not
the same to Bj, for i # j and 1 < i, j < k, then C itself is proper. If not, then
there exist some ¢ and j such that 1 < 4, j < k and B; is the same to B;. This
implies, there exists an isomorphism « between B; and B; fixing all elements of
o . Let f; be a o-preserving isomorphism between B; dnd B¢, , under subscript
modulo k& and filo = fa|lo = ...= filo . This implies, B\ Bg, B, BY, ...,
By= B{ and B;= B;. This implies,

By = B§,By=Bf,...Bi., ¥ BY = BY; (1)
Bj2B;=BY], |, Bit =B, ..., B =BI=BY, (2)
B;=B;~Bf, |, Bjs1=B,,,.... B=D]. (3)

Using lemma 3.1. v is an isomorphism between B7 and BY. Since f;— and «
are isomorphisms, «v o f;_| is an isomorphism between B;_, a.n(l B7. Also (cv o
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fi=1)lo = fizi|lo . From (1) and (3), we get Cy = (By,Bs, ..., Bi_y, Bj, Bj41,
...y Bi) and from (2), Ca = (B;,Biy1. ..., Bj_1) which are cycle switchings
at 0 in G. If Cy and Cy are proper, then the proof is over. Otherwise we rve-
peat the above process to C and Cs, separately and since the graph is finite, we
obtain C as a product of proper cycle switchings. This completes the proof. a

Example 3.3. Consider the graph G, given in figure 3.1. Let o = {1, 2, 3. {4,
5, 6}. Then Dy, D+ and Ds are the three joints at o as shown in the graph G,.
The graph G{ is given in figure 3.2. Clearly Gy and G are isomorphic and a
o-preserving isomorphism is giwen by (1 2 3 4 56) (g ki) (hlj). Now D=
DS, D2= D§ and D3= D¢. This implies, (Dy, Da, D3) is the cycle switching
at o in G;.

Fig.3.1: G Fig.3.2: GY

Example 3.4. Consider the graph G- given in figure 3.3. Leto = (1, 2, 3, 4,
5, 6}. The siz joints By, B, B3, B4, Bs and Bg at o are shown in the graph
G2. The graph G§ is given in figure 3.4.

Clearly G2 = G ond a o-preserving isomorphism is given by (1 23 4 5 6)
(euczfy) (bvdwez). Also By= Bf, Bo= Bf, By= BY, B4= BE, D=
Bg and Bg= B{. This implies, (B1, B2, B3, B4, Bs, Bg) is the only cycle
switching at o in Gs.

Definition 3.5. The length of a cycle switching is the number of joints in
the cycle switching.

In Gy cycle switching (D, D+, D3) is of length 3 and in G2 cycle switching
(B\, B,, B3, B4, Bs, Bs) is of length 6.
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Fig.3.3: G Fig.3.4: G§

Note 3.6. In a graph two proper cycle switchings need not be of same length.
As an example, consider the graph G= G, U Ga, where Gy and G4 are as given
in figures 3.1 and 3.3, respectively. Then G has nine joints at ¢ = {1, 2, 3,
4, 5, 6} namely Dy, D», D3, By, Bs, B3, By, Bs and Bg. If we take f as a
function from V(G) to V(G ) defined by (1 234 56) (9ki) (hlj)(auczfy
) (bvdwe z), then clearly f is an isomorphism and hence o is a self switching
of G. Now (Dy, Da, D3) and (B, Ba, B3, By, Bs, Bg) are two proper cycle
switchings-at o but of different lengths.

Lemma 3.7. If the length of a proper cycle switching at o is odd in o graph
G, then each joint in it is a self switching joint at o. |

Lemma 3.8. If f is an isomorphism between the graphs G and G° and has u
proper cycle switching at o, then f|ois of order at least 3.

Proof. Let (By, Bs, ..., B).) be a proper cycle switching at o in G. Now f; = f|
B; 15 a o-preserving isomorphism between B; and Bf_, under subscript modulo
k, 1 €4 < k. Suppose flo is of order at most 2. Then f*| 0 = (f20 f1i) o is
the identity. Now fao fy is an isomorphism between the joints By and B3 fixing
all the elements of 0. This implies, B, and By are the same joints at 0. This
s a contradiction to proper cycle switching and hence f|o is of order at least 3.
|
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Theorem 3.9. Let By, B», ..., By be the joints at ¢ in G such that G =
Uf=l B;, k > 2. If there exist isomorphisms fi, fa, ..., fir such that each f; is
between the joint B; in G and o unique joint BY in G° preserving o and filo
= folr = ...= fr|lo, 1 < i<k then o is a self switching of G.

Proof. Define f: V(G)— V(G?) such that f(v) = fi (v) if veV(B;). Clearly f
is a bijection and it is easy to show that f is an isomorphism. Hence o is a self
switching of G. W

Y
u * ) 6
v / \;,! 2
.ﬂ\: ‘
A R |
[ ] ~®
Fig.3.5: G Fig.3.6: G7 Fig.3.7: By
u®
a * o5
3 A | 6
i N
iy
v 3 2
v N-‘\.--"ﬂ a &
Fig.3.8: B» Fig.3.9: BY Fig.3.10: Bf

Note 3.10. In the above theorem if we remove the condition that filo = flo
=...= filo , then ¢ need not be a self switching of G. As an example, consider
the graphs G and switching G° by o given in figures 3.5 und 3.6. The two joints
By and By at 0 = {u, v} in G are given in figures 3.7 and 3.8 and the two

joints B{ and B at @ in G” are given in figures 3.9 and J.10. The functions
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fi between By and B{ and fo between B> and B are given by (1 5)(2 4)(3
6)and (v v), respectively, are isomorphic. This implies, By~ B¢ and B,=Bg
and filo # folo . But o is not a self switching of G since G is not zsomorphzc
to G°.

4 Main result

In this section, we assume that G is a connected graph such that any two self
vertex switchings if exist, are interchange similar. In (9], we gave a characteri-
zation of a vertez in G to be ¢ self vertex switching. Here the following theorem
gives a characterization of a cut vertezr in G to be a self verter switching.

Theorem 4.1. A cut vertex v in a connected graph G is a self vertex switch-
ing if and only if the branches at v in G are cither self switching branches or
complementary switching branches such that after pairing off the complementary
switching branches the remaining branches are self switching branches and for
each self switching branch B, there is an isomorphism between B and BY firing v.

Proof. Lel v be a cut vertex and By, Bs, ..., By be the branches at v in G
such that G = U B;. Using corollary 2.11, G" —U i) BY. Suppose v is a self
vertexr switching of G. Using theorem 1.2, let f be an zsomorphzsm between G
and G¥ fizing v. This implies, B; = B} for a unique j and an isomorphism is
given by f; = f|p,. Using lemma 3.8, f has no proper cycle switching at v. This
implies that the branches are either self switching branches or complementary
switching branches at v. Suppose B, is a self switching branch et v. Then f,=
f B, is an isomorphism between B, and B} firing v.

Conversely, without loss of generality we assume that (B, D), (Bs, By),

, (Bay_1, Ba,) are pairs of complementary switching branches end
Boy g1y Baygo, ..., Br are self switching branches at v in. G. Let f1, fa, ..., [
be the isomorphisms such that for odd j, 1 < j < 2r-1, f; between Bj and B},
and for even j, 2 < j < 2r, f; between B; and B}_, and for 2r+1 < i< L fi
between B; and BY firing v. Define f : V{G)—v V(G”) such that f(v) = f;(v) if v
eV(B;). Clearly f is an isomorphism. Hence v is a self vertex switching of G.
|

Note 4.2. In the above theorem if we remove the condition that for each self
switching branch B at v in G, there is an isomorphism between B and B firing
v. then v need not be a self vertex switching. For example, consider the graph
G given in figure 4.1. Then By, B2 and B3 are the branches at v shown in G.
The branches By and Ba are complementary switching branches at v and By is
a self switching branch at v and no isomorphism between B3 and BY fizing v
[9]. But v 1s not a self vertex: switching of G since G is not isomorphic to G.
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Figd.1: G

Notation 4.3. Consider o cycle Cr.= (vy, va, ..., v )(clock-wise). For our
convenience we denote it by C(y,). [dentifying an end vertex of paths P, at
v; and Py at vj in Cyy,) is denoted by Cru)(0, ..., Pm, 0, ..., Ps, 0, ...,
0). Identifying an end vertex of paths P,, and P, to the vertex vj i Cp(yy) is
denoted by Cr(ny(0, ..., Pn U P,, 0, ..., 0). The graphs given in figures 4.2

and 4.3 are Cy(y)(0, 2P U P3, Py, P3) and Cs(,)(Ps, 0, P3), respectively. '

[ 4 L 4 \d
[ 2
v .
0—0——‘4\——0—4
Fig.4.2: C4(,,)(0, 2P, U Py, Py, Py) Fig.4.3: C3(,,)(P3, 0, P3)

Theorem 4.4. Let G be a connected graph with a cut verter v as a self vertex
switching such that any two self verter switchings, if exist, are interchange sim-.
ilar. Then s5,(G) > [ if and only if G = C3()(Ps, 0, Py).

Proof. Let v be a self vertex switching of G. Using theorem [.1. de(v) = (p-
1)/2 = n, say. Let ss,(G) > 1. Let u be another self vertex switching of G.
Now consider the following two cases.

.Case 1. G has only two branches, say By and B, at v.

Now u is in one component, say Ba. Since u and v are self vertex switchings,
there exists an automorphism « of G interchanging u and v. This implies, there
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are two branches D\ and Dy at u in G such that By = D, and By = D,.
Clearly v is in Dy. Since B, is a branch at v and v in By is a self vertex switch-
ing, n vertices of Bo are adjacent to u. Since Dy is a sub graph of By and a
branch at u, at least one verter w in Dy is non adjacent to u. Otherwise G* is
disconnected as DY. Now |V(Ba)| > n+1+1 = n+2. This implies, |V(By)|>
|V(B1)|. Then B, and B, are self switching branches at v and each has an odd
number of vertices, using theorem 4.1. Similarly D, and Dy are self switching
branches at u. Let {(VB,)|= 2r+1 and |(VBa)|= 2s+1, r, s € N. This implies,
p = 2r+2s+1. In G the following two cases arise with respect u and v.

Case 1.a. u and v are adjacent in G.

Here, dg(v) = dg(u)= r+s since v and u are self vertex switchings in G
and wusing theorem 1.1. Also dp,(u) = r+s and dp,(v) = s. Now |V(Ds)|>
| V(B4 )| +number of vertices in Ba which are adjacent to v in G. That is, 2s+1
> 2r+1+s which implies, s > 2r. Also |V(D))|< | V(By)|-number of vertices
in By which are adjacent to v in G. That is, 2r+1 < 2s+1-s which implies 2r
< 5. Hence we get s = 2r. This implies, |(VDBy)|= 2r+1, |(VB2)|= 4r+1 and
| V(G)|= 6r+1. Hence dg(u) = dp,(u) = 3r.

Let B be the subgraph obtained from G by deleting the branches B, at v and
Dy at u. Then By = BU Dy and Do= B U By such that BN Dy= {u} and B
N By= {v}. Also |V(B) |= 6r+1-2r-2r = 2r+1. Since By is a self switching
branch at v and |V(Ba)|= 4r+1, v is adjacent only to 2r vertices in By and
hence v is adjacent to all the vertices of B. Similarly, we can show that u is
adjacent to all the vertices of B. Figure {.4 gives an idea about this structure.
Now we prove that r = 1.

Fig.4.4:

Suppose r > 2. Since B is a self switching branch at v and G = GY, u
is mapped to a vertez, say w, in Bs. Now w € V(D;) since Bs= B U Dy and
all vertices in B are adjacent to v in G. Also dg(w)< 2r implies that dg»(w)<
2r+1. This is a contradiction to dg(u) = 3r = dge(w) and hence r = 1. This
implies, |V(G)|= 7 and G = Cy,,)(Ps, 0, Ps). Clearly v and u are the only two
self vertex switchings.
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Case 1.b. u and v are non adjacent in G.

In this case, we can prove that |V(By )= 2r+1, |V(Bs)|= 4r+3 and | V(G)|=
6r+3 and hence dg(u) = dp,(u)= 3r+1. Now let us consider all possible values
of r. If r =1, then |V(G)|= 9 and G is the graph in figure {.5. Clearly v is not
a self vertex switching of G.

~— ru®” o—e

Fig.4.5:

When r > 2, by a similar argument given in case-1.a, we can show that u is
not a self verter switching of G. Thus for all values of r, u is not a self vertex
switching which is a contradiction and hence v and u are adjacent in G.

Case 2. G has more than two branches at v.

Let By, Bs, ..., Bpbe the branches at v in G, k > 8. Now u is in a branch,
say Bj.. As in case-1, |V(Bi)| > {(VB, U Ba...U Bx_,) |and hence By. is a
self switching branch at v. Since there is an automorphism interchanging u and
v, there exist k branches Dy, Ds, ..., Dy at w such that B; = D;, | <i<k.

Let B be the subgraph obtained from G by deleting the branches By, DBs, ...,
Bj_1 at vand Dy, Dy, ..., Dp_y at u. Then By, = BU Dy U Dy ... U Dy
and Dy, = BU By U B, ...U Bi._1. As in case-1, we can show that each vertex
in B is adjecent to both u and v. Since By is a self switching branch at v and
G = GY, u is mapped to a vertez, say w, inBy. In particular w is in some
D;, 1 < i < k-1. This implies, dg.(w) < n which is a contradiction to dg(u)=
dge(w)= n. This implies that G cannot have a second self vertex switching.

Thus the only possibility is G = Cy)(Ps, 0, P3).

Conversely, let G = Cyy)(Ps, 0, P3). Then v and a verter u # v of degree
3 in G are self verter switchings and hence ssi(G) > . W

5 Conclusion

We proved theorem 4.4 for graphs with any two self vertex switchings are inter-
change similar. One can try to prove this theorem by deleting the condition that
any two self vertex switchings are interchange simnilar. Characterize trees and
unicyclic graphs; each has a self vertex switching.
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