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Abstract

In this paper fuzzy finite state automaton with unique member-
ship transition on an input symbol (uffsa) is defined. It is proved and
illustrated that for a given fuzzy finite state automaton (ffsa), there
exists an equivalent uffsa. Some closure properties of fuzzy regular
languages are studied.
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1 Introduction

For basic terminology in automata and fuzzysets we refer to the books(2,3]
and [4] respectively. There are many ways in which the ordinary automata
and languages have been fuzzyfied [1, 5-11]. There is no universally stan-
dardized terminology of defining fuzzy automata in actual practice. How-
ever, fuzzy automata have the common property that they have member-
ship values, which are in [0, 1], associated with the state transitions as well
as initial and final state distributions.

In a fuzzy finite state automaton(ffsa), there may be more than one
fuzzy transitions from a state on an input symbol with a given membership
value [6,9-11]. This development was followed by the postulation called de-
terministic fuzzy finite state automaton (dffsa) [6],'that is, Vp € Q, a € I,
u(p,a,q) > 0 and p(p,a,q’) > O for some ¢, ¢’ € Q, then ¢ = ¢'. How-
ever, it only acts as a deterministic fuzzy recognizer, that is, for any fuzzy
recognizer M there is a deterministic fuzzy recognizer M) with the same
behaviour in the sense L(M) = L(M,). Therefore, for any string z € ¥*,
deg(z) in M and that in M; need not be the same. In this paper, we
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introduce an ffsa by incorporating a condition that the membership func-
tion has a unique transition on an input symbol, that is, Vp € @, a € I,
u(p,a,q) = u(p,a,q’) for some g, ¢ € Q, then ¢ = ¢’. We denote such a
fuzzy finite state automaton by uffsa, where u refers to the unique transi-
tion. The usual fisa can have more than one transition with a membership
value on an input, so uffsa is much simpler than ffsa.

In section 2, we recall the basic definitions. In Section 3, we formally
define the uffsa and prove that for any ffsa M there exists an equivalent
uffsa M;. Therefore for any z € X*, deg(z) in M and deg(z) in M; will
be the same, which is illustrated with an example. Section 4 includes the
results that if L, and L, are fuzzy regular languages accepted by uffsa’s
then so are Ly U Lo, Ly N Ly, Ly Ly and L3.

2 Preliminaries

We recall some basic definitions on fuzzy languages and fuzzy automata,
many of them can be found in [1, 6, 10].

Definition 2.1. Let ¥ be a finite alphabet and L the fuzzy subset of T*,
i.e., L : * — [0,1] is called the fuzzy language over I. For z € £*, L(z)
is the membership value (degree) of x.

Definition 2.2. Let L; and Lo be two fuzzy languages over X. Then the
basic operations on L, and Lo are defined below :

(i) The union of Ly and L3 is a fuzzy language denoted by Ly U Ly and
L= Ly ULy is defined by L(z) = V{L1(z), L2(z) }V z € T*.

(it) The intersection of L and Lo is a fuzzy language denoted by Ly N Lo
and L = Ly N Ly is defined by L(z) = A{Ly(z), Lo(z) }Vz € =*.

(iii) The concatenation of L, and Ly is a fuzzy language denoted by L1L,
and L = Ly Ly is defined by L(z) = V{L1(u) A L2(v) | z = uv,u,v €
=}

(iv) The Kleene’s closure of Ly is a fuzzy language denoted by L} and
L = L3 is defined by

L(z) = V{Li(z1) A Li(z2) A ... ALy(z0) | = 2122 - - - T,
T1,T2,...,%n € Z*,n > 0}Vz € *

In other words, the fuzzy subset L} of ©* defined by L}(z) = V{L}(z) |
n=0,1,...}Vz € T*.
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Since fuzzy languages are just a special class of fuzzy sets, the equiva-
lence and inclusion relations between two fuzzy languages are the equiva-
lence and inclusion relations between two fuzzy sets. Let L, and L be two
fuzzy languages over X. Then,

Li=L, ifandonlyif Li(z) = L2(2)Vr € X* and

L, € L, if and only if Ll(w) < Lg(x)‘v’a: ex*
Definition 2.3. A fuzzy finite state machine (ffsm) is a triple M =
(Q,Z, u) where Q and ¥ are finite non-empty sets and p is a fuzzy subset
of QxTxQie, p:QxTLxQ—[0,1].

This structure includes only the fuzzy transition function and does not
have the fuzzy initial states and fuzzy final states.

Definition 2.4. A fuzzy finite state automaton (ffsa) is a quintuple M =
(@, Z, i, f) where :
(i) Q is a finite non-empty set of states.
(it) X is a finite non-empty set of input symbols.
(iii) the fuzzy subset p: Q X E x Q — [0,1] is a function, called the fuzzy
transition function,
(iv) i is a fuzzy subset of @, i.e., i : Q — [0,1] called the fuzzy subset of
initial states, and
(v) f is a fuzzy subset of Q, i.e., f: Q — [0,1] called the fuzzy subset of
final states.

Clearly, if M = (Q, T, u, 1, f) is an [fsa, then N = (Q, Z, i) s a fuzzy finite
state machine (ffsm). We call N, the fuzzy finite state machine associated
with the ffsa.

Definition 2.5. Let M = (Q,Z,p,i, f) be an fisa, the extended fuzzy
transition function for M is the fuzzy subset p* : Q x L* x Q@ — [0,1] has
been defined as follows:

foradlpge@,acX zel*,

1, ifp=gq
*pAg = )
gk {m ifp#4q.
uxprag = V{p*p:z:r Aurag|r € Q}
Definition 2.6. Let M = (Q, %, p,i, f) be an ffsa. Letz € £*. Then z
is said to be recognized by M if degp(z) = V{{z‘(p) Apxpzq A f(q) | g €
Q}|pe Q} > 0.
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Definition 2.7. Let M = (Q,Z, p,i, f) be an ffsa. Let L(M) = {z €
T* | degps(z) > 0}. L(M) is called the language recognized by the ffsa M.

Definition 2.8. The ffsa M defined in Definition 2.4 is also referred to
Juzzy finite state recognizer and A C L* is said to be recognized if L(M) =
A

Definition 2.9. A deterministic fuzzy finite state automaton is an or-
dered five tuple M = (Q, T, p, i, f) such that

(i) there exists a unique 39 € Q such that i(sg) > 0; sg is called the initial
state,

(%) p is @ fuzzy function of @ X I into Q i.e., p: Q@ x T xQ — [0,1] and
ifVY qeQ, a €X, ugap > 0 and ugap’ > 0 for some p, p' € Q, then
p=7.

(ii3) ¥V x € T*, there exists a unique q, € Q such that p*xspxq, > 0.
Let F={qe Q| f(g) > 0}. F is called the set of final states of M.

Definition 2.10.  The fuzzy language accepted by an ffsa M = (Q, %, i,
i, f) is a fuzzy subset of £* and is denoted by Ly, Lpg : * — [0,1] is
defined by

Lu(2) = V{{i() Aurpza A fla) 4 € Q} I p € e}

Definition 2.11. A fuzzy subset L : £* — [0, 1] is called a fuzzy language
over I. A fuzzy language L over T is called a fuzzy regular language if there
exists an ffsa M such that the fuzzy language accepted by it is the same as
L, ie., Ly =L.

3 Definition and Example

Definition 3.1. A fuzzy finite state automaton with unique membership
transition on an input symbol is denoted by uffsa and is defined by M =
(Q’ 27 I‘l“) i? f) , whem

(1) @ is a finite non-empty set of states
(i) X is o finite non-empty set of input symbols.

(iii) the fuzzy subset i : QXIXQ — [0,1] is @ fuzzy function of @xXx [0, 1]
into Q i.e, ifVp € Q,a € T,m € (0,1}, u(p,a,q) = u(p,a,q’) for some
0,9 €Q theng=¢'.
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(iv) i is a fuzzy subset of Q, i.e., i : @ — [0,1], called the fuzzy subset of
initial states.

(v) f is a fuzzy subset of Q, i.e., f : Q — [0,1] called the fuzzy subset of
final states.

Theorem 3.2. Let M = (Q,%, 1,%,f) be an uffsa. Then pxpryq =
V {u*pzr A prryg v € Q} V p,g € Q and Vz,y € T*.

The result can easily be proved by induction.

Theorem 3.3. Let M = (Q,Z,u,t, f) be an ffsa and Ly is the fuzzy
language accepted by M. Then there ezists en uffsa My = (Q1, %, 1,41, f1)
such that Ly, = L.

Proof. Let M = (Q,%, 1, f) be the ffsa and Las be the fuzzy language
accepted by M. Let Q; = P(Q), the set of all subsets of Q, every state in
Q, is of the form {p1,p2,...,pr}, 2L, P €Q,1=1,2,...,n.

Define u; : @1 x £ x Q; — [0,1] by

m, if §'={q€Q|pupag=m,pe S}

N
’“(S’“”S)“{o, if Sl=¢

Define 1 : Q1 s [0, 1] by

5(S) = {i(p), if S={p},peQi(p)>0

o0, otherwise
Define f; : @1 — [0,1] such that

A(8) = {c\;,{f('?sl :ZS}, ifS# ¢

Reduce Q; by removing all the states in @; which are not reachable from
any state of the form {p},p € Q. Construct M; = (Q1,X, p1,%1, f1). Let
S,51,52 € Q1, t1SaS; = m and p1SaS2 = m. By the definition of y,
p#15aS; = m, which implies that S; = {g € Q | upag = m,p € S}.

Similarly, #1SaS; = m andsoS; = {g € Q | upag = m,p € S}.
Therefore S; = S. Hence p; is a fuzzy function from @, x I x [0, 1] into
Q.. Therefore M, is an uffsa. Now, we can easily prove that, for p,p’ € Q,
pxpzp’ = *{p}zS,p’ € S.
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Let Las, be the fuzzy language accepted by M. Now for z € £*
Lu(z) = V{{iw) A pepzg A f(a) | € Q) | p € Q}
= v{ir({p}) Am{plaS A (V (@) g € $) 1P € Q}

= v{{ir({p}) AmH{p}sS A Fi(S) | S € Qu} | {ph € Q1
= LM1 (:L‘)
Therefore Ly, = L. Hence the theorem. |

Example 3.4. Consider the ffsa M = (Q, Z, i, i, f), where @ = {q1, g2,
43:91,95}, = = {a,b},p : @ x T x Q — [0,1] is shown in the following
transition diagram:

i:Q — [0,1] such that i(q:) = 0.7, i(g2) = 0.1, i(gq) = 0.8 and

J:@Q — [0,1] such that f(g3) = 0.2, f(gs) =04.

11/0.8 “/0'9
a/0.8 ~~ /0.5
anCaanC

b/0.3
af0.4
b/0.8
Figure 1

The language then accepted by M is Ly : £* — [0, 1], where

(0.2, if z e {a,b}*aa{a,b}*
0.1, if ze€a{a,b}"

04, if ze€ {a,b}"bb{a,b}"*
0.3, i =z € {a,b}*ab{a,b}"
04, if ze€ b{a,b}*

|0,  otherwise

Ly(z) = <

By Theorem 3.3 we obtain the following uffsa My = (@1, X, 1,11, f1) where
@1 = {{a} {e} {a3} {aa}: (a5}, {qr. @2} {a, au}} 1 : Qi xTx QL —
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[0,1] is shown in the following fuzzy transition diagram.:
i1: Q1 — [0,1] by in({@m}) = 0.7, i1 ({g2}) = 0.1, i1({qa}) = 0.8 and
f1:Q1—[0,1] by f1({gs}) = 0.2, A1({gs}) =04.

The fuzzy language accepted by M is the same as Lyy.

Figure 2

4 Closure Properties of Fuzzy Regular
Languages

Now we consider some of the closure properties of fuzzy regular languages,
such as, union, intersection, concatenation (product) and Kleene’s closure.
For union and intersection the system required can be defined in the clas-
sical way and the related theorems can be proved accordingly [6, 10]. We
design new systems for concatenation and Kleene’s closure and the theo-
rems are proved in this section.

Definition 4.1.  Let M; = (Q1, %, p1, %1, f1) and Mz = (Q2, I, 2, 82, f2)
be two uffsa’s, Q1NQ2 = ¢. The union of My and M; is the uffsa MyUM: =
(Q, =, 1,1, f), where Q = Q1UQ2, i : QxEXQ — [0, 1] is defined as follows:
Vp,g€Q,
mpag, if g€
ppaq = { pepaq, if p,q € Q2
0, otherwise
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i:Q = [0,1] is defined by i(p) = {::((2 :; z:g: and
Hl), if pe@
fz(p)a "'f pPE Q2

Theorem 4.2. Let Ml = (Ql) 2) H1, ila fl) and M2 = (Q21 z’ #2,i2, f2)
be two uffsa’s with the fuzzy reqular languages Ly and Lo respectively. Then
L is a fuzzy regular language accepted by M = M1UM,, where L = LU L,.

Definition 4.3. Let My = (Qly 2, #1,‘i1, f]_) end M, = (Qz, 2, M2, ig, f2)
be uffsa’s, Q1NQ2 = ¢. Then the ffsa MiNMy = (Q1 X Q2, I, 1 A2, 11 Aig,
fL A fa2), where py A pg 2 (Q1 X Q2) X T x (Q1 X Q2) — [0,1] 4s defined by
(1 Ap2) (1, p2), @, (01,02)) = paprags A papaags. i1 Adg : Q1 X Q2 — [0,1]
is defined by (i1 Ai2)(p1,p2) = i1(p1) Nia(p2)- i A fa: Q1 X Q2 —[0,1] s
defined by (fi A f2)(p1,p2) = f1(p1) A fa(p2).

Theorem 4.4. Let Ml = (Qla Ea M1, ila fl) and M2 = (Q21 23 M2, i21 f2)
be uffsa’s with Ly and L, as the fuzzy regular languages respectively. Then L
is the fuzzy regular language accepted by an uffsa M such that L = Ly N L.

fiQ—*[O,l]isdeﬁnedbyf(p)={

From the Definition 4.3, we need not have M; N M, be uffsa, but by
using Theorem 3.3 we can obtain the uffsa M.

Theorem 4.5. Let A and B be recognizable sets over ¥* with fuzzy
regular languages L, and Lo, which are accepted by uffsa’s My and M,
respectively. Then the set AB is recognizable with fuzzy regular language L,
accepted by an uffsa M such that L = L L.

P?"OOf. Let Ml = (Qla 27“1,i13f1) and M2 = (Q2a21ﬂ2ai2’f2)’ Ql N
Q2 = ¢, with the fuzzy regular languages be L, and L, respectively.

i.e, L):X* —[0,1]such that L;(z) >0Vz e A.
Ly : ¥* — [0,1] such that La(x) > 0Vz € B.

Let @ = @1 U Q2. Define fisa M3 = (Q,Z, 1, %, f), where u : Q x T x Q —
[0, 1] is defined as follows:

(i) Vp, g € Qu, pupaq = p1paq
(ii) Vp, g € Q2, upaq = p2paq

(iii) Vp € Q1, ¢ € Q2 and if f1(p) > 0,7 € Q2 with ia(r) > 0 and porag > 0
then
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_ ) fa(p) Aia(r) A porag
Hpag = {O, otherwise

. _ _ ulp), if pe
i:Q — [0, 1] is defined by i(p) = 01 ) oth:rwiil

£:Q —[0,1] is defined by f(p) = {fz(p), if peQ,

0, otherwise

For L3(w) = 0 the result is obvious.

Let Lg(w) > 0. Lg(w) = V{{i(p) A prpwg A f(9) | g € Q} | » € Q}
Since Q is finite and w is of finite length, from definition of M, there exists
T = aa2---an € A, y= b1b2"'bm S Ba w=2xy and Po,P1,D2,. -+ Pn,
@1, -,dm € Q such that L3(w) = i(po)Aupoarpr AupraspaA. . .AiPn_1GnPn
Aupnbigy A pgibagz A .. A uprm—1bm@m A f(gm) Each term is non-negative,
therefore there exists go € Q2 such that ppp,bi1g1 = f1(pn)Ai2(go) Apagodrqa.
Therefore,

L3(w) = i(po) A ppocrp1 A pprazpz A -+ A ppn—1GnPn
A fi(pn) Aiz(go) A p2gobrga A pgrbaga A - -
A Hgm—-1bmgm A f(gm)
= (i1(po) A papoaapy A puprazpa A -+
A p1Pr—16nPn A f1(Pr))
A (i2(go) A p2gobrgr A paqibagz A - -
A p2Gm—1bmgm A fZ(Qm))

< ( V {i1(po) A p1poarpy A maprazpa A -+
A 11Pn=18nPn A f1(Pn) | Po,P1,-.-Pa € Q1}
A (V {i2(qo) A p2gobrn A p2qiboga A - -
A p2gm-1bmgm A f2(qm) | 90,91, - --14m € Qz})
= L1(z) A L2(y)

Therefore, L3(w) < Ly(z) A L2(y). This is true for any w such that w = zy.
Thus
Ly(w) < V{Li(z) AL2(y) |w ==y, z€ A, y € B} (1)

Let = € A, and y € B. Therefore Ly(z) > 0 and La(y) > 0.
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Ly(z) = V{i1(po) A p1poarpr A p1p182P2 A - .. A f1Pn-18nPn
A fi(pn) | PosP1, -+ D0 € Q1 }
Since @, is finite, there exists po,p1,.--,Pn € @1 such that
L1(z) = i1(po) A prpoarpy A piprazpe A - .. A p1Pn—1GnPn
A fi(pn), where i1(po) > 0, fi(pn) > 0,z =a1a2--ap
Similarly

La(y) = V{i2(qo) A p2gobrqr A peqibage A ... A t12Gm—-1bm@m
A f2(gm) | 90,915+, Gm € @2}
Since Q- is finite, there exists gg, g1, .- .,qm € @2 such that

La(y) = i2(go) A p2gobray A paqib2gz A . .. A pa@m—1bm@m A f2(gm),
where i3(go) > 0, fa(gm) > 0, y = biby -+ - bm.

Ly(x) A La(y) = i1(po) A p1poa1py A p1p1@2pz A -+ - 1Pn—1GnPn
A fi(pn) Ad2(go) A p2gobiqr A poqibaga A - -
A U2@m—10m@m A f2(gm)
Since f1(pn) > 0, i2(g0) > 0 and pi2gobr91 > 0, we have up.bigr = f1(ps) A
i2(go) N p2gob1g1. Therefore,
Ly (x) A Lo(y)
= i(po) A ppoarp A pprazpe A ... A 4Pn—1GnPaA
EPabrqy A pgrbage Ao A pigm—1bm@m A fgm)
< V{i(po) A ppoa1p1 A pp182p2 A . .. A tipn—1GnprA
EPnb1q1 A pgibaga Ao A pgm—1bmm A f(gm) |
P0sP1s-+-Pny G1y---Gm € Q
= L3(a1az -+ Gnb1bs - + - bm)
= L3(zy)
Therefore, Li(z) A La(y) < La(w). This is true for any z € A, y € B, such
that w = zy. Thus
V{Li(z) A Lo(y) | w = zy, = € A,y € B} < L3(w) (2)

From (1) and (2), L3(w) = V{{L1(z) A L2(y)} | w = zy,z € A,y € B}.
Hence AB is a recognizable set over ¥* with fuzzy regular language L3
which is accepted by M3. By Theorem 3.3 there exists an equivalent uffsa
M with fuzzy regular language L such that L = L3. Therefore L(w) =
V{Li(z) A L2(y) | w = zy, z € A,y € B}.

Hence L = Ly L». O
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Theorem 4.6. Let A C X* be a recognizable set with fuzzy regular lan-
guage Ly, which is accepted by an uffsa My. Then A* is recognizable with
fuzzy regular language L, accepted by an uffsa M such that L = L3.

Proof. Let My = (Q1, X, p1,11, f1) be an uffsa with L, being the language
accepted by it. We have Ly(z) > 0 V2 € A. Define fisa M, = (Q, L, 11,1, f)
with fuzzy language Lo, where @ = Q1, 4 : Q@ X £ X Q — [0,1] is defined
as follows:
(i) ppaq=ppag¥p, g€ Q1,0 € X
(ii) For p, g € Q, if r € @1, 41(g) > 0, and fi(r) > 0, prpar > 0 then
include ppaq = papar A fi(r) Air(g)-
i:Q — [0,1] is defined by i(g) = 41(q) Vp € Q1,
f:Q — [0,1] is defined by f(g) = f1(g) Vg € Q1.
For La(w) = 0, the result is obvious. Let w € A*, Lo(w) > 0. La2(w) =
V{{i(p) Auspwg Af(g) | g€ Q) | p € Q}. Since Q is finite and w is of
finite length, we have

La(w) = i(p1) A pprannpi A pp11aizpiz A -+ - A pprp, —1Q1n, P2
UP2a21P21 A pp21822P2a2 A -+ A P2, —1G2n, P3N

UPmOm1Pm1 N UPm1Gm2Pm2 A ... A Upman, -10mn, Pm+1

A f(Pm+1)-

where p;, PijsPm+1 € Q,i=12,....m, j= 1,2,...,(1’1.,- - 1) and z; =
Qi Qi+ Qin, € A (n; is the least integer from 1 satisfying this), and
W = T\ &3 - - - Trn. From definition of M, there exists pin, € Q1, f1(Pin;) > 0,
i1(piy1) > O such that ppin,—18in.Pi+1 = P1Pini—1GinPin; A f1(Pins) A
il(pi-i-l)’ 1= 1,2, ceea T — 1.

Therefore

La(w) = i1(p1) A mpraapra A -« A B1P1n; —1610, P1ny A f1(P1a,)A
i1(p2) A pap2a21p2a1 A . . . A 1P2ny—182n,P2n, A f1(D20,)A

11(Pm) A 1Pmbm, Pmy A+ A 1 Pmnm—18mn, Pm+1 A 1 (Pm+1)
< (V {i1(p1) A p1pr@11P11 A -+ * A f1P1ny 1810, Piny A

f1(P1n,) | P1, 1 €CL, 5= 1,2,...,n1})
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A ( \% {il (p2) A pap2a21p21 A -+ - A 1P2n, 1020, P20, A f1(D2n,)

Ip21p2j eQl’ .7 =1a2"°'3n2})

A ( V {i1(Pm) A 11Pmam1Pm1 A - * A 1Pmnpm—~18mnm Pm+1 A

fl(Pm+1) |Pm:pm+1:pmj € Ql) J = 1’27' vyl — 1})
= Li(z1) A Li(z2) A -+ - A L1(zpm)-

Therefore La(w) < Li(z1) ALi(z2) A+ -ALi(Zm), T € A, i =1,2,...,m,
which is true for any z;, Zz,...,Zm such that w = 2,22 - - - Z,,. Therefore

Ly(w) S V{Li(z1) ALi(z2) A+ A L1(2m) | w = 2172 - -+ Tom,
z;,€A,i=12,...,m} (3)

Let z; € A, therefore Li(z;) > 0, ¢ = 1,2,...,m. Therefore Li(z;) =
V{{il(P) Apr*pzig A fi(g) g€ Qu} |pe Ql}- Since @, is finite, we have
Ly (x;) = 41(p:) A papica pin A p1pin@izPiz A - - - A 1 Pin; —18in Ping A f1 (Pin, ),
where p;, pi; € Q1,1 = 1,2,...,m, j = 1,2,...,n; and each factor is
non-negative. Also z; = a;1¢i2+*+ Gin,
Now Ll(:vl) A Ll(a}z) A A Ll(xm)
= (il(Pl) Apipranpi A pipngiapia A -+ -
A $1P1n,-101n,P1n, A f1(P1,, ))
A (il(Pz) A papaazipa A papaiagepaz A«

A 11D2n, 182020, A h (pan ))

A (il(Pm) A 1 Pm@m1Pm1 A B1Pm1@m2Pm2 A - -
A ﬂlpmnm—lamnmpmnm A fl (pmnm))

From the definition of M, ti1Din,—1 @in,Pin; A f1(Din;) Ai1(Di+1) = UPin,—1
Qin;Pi+1, ¢ = 1,2,...m — 1. Therefore
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Ly(z1) A Li(z2) A+ -+ A Ly (%)
=41(p1) A ppranpi A pprigi2piz A -+ A ppin, —181n, P2
A pp2a21pay A up2i@zepae A - -+ A iPan,—162n,P3

A UPmAm1Pm1 N fPm18m2Pm2 N *** A Pmn,, —18mn, Pmnm,

A f(pmnm)
< V{i(Pl) Aupraipin A pp11aizpiz A A fpia, —1010, P2 A
Bp2a21p21 A pp21a22pa2 A - -+ A iPan,—102n, P3N

BPmOm1Pm1 A Pm18m2Pm2 A - - A UPmn,, —10mnp Pmnn N
f(Pmnm) lpiﬁpiji i= 1’21--°7m’ J=12,...,m; € Q}

=Ly (011012 **+Q1n, 21022 """ A2ny ** ' AMm1Am2° " amn,,.)
= La(2122 -+ Tmm)
= Lo(w), where w =21Z2 - Tm

Therefore, L1(z1) A La(z2) A -+ - A L1(Tm) < Lo(w). Varying z1, %2, ..., Zm
such that w = 2129+ - - £, We get

\Y {Ll(zl) AL (z2) A ALi(Zm) |w=2Z1Z2 - T,y
zi€Ai=12,..,m}
< Lo(w) (4)
From (3) and (4),
La(w) = V{Li(z2) A Ly(m2) A+~ A Ly(@m) | w = 2122 - Zm,
zi€Ai=12...,m}

Hence A* is a recognizable set over £* with fuzzy regular language Ly which
is accepted by M,. By Theorem 3.3, there exists an equivalent uffsa M with
fuzzy regular language L such that L = La.

L(w) = V{Ll(a:l) ALy (z2) A ALi(zy) | w =122+ - Tpn,
z; €A, i= 1,2,...,m}
Hence L = L3. O
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