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Abstract

An orthogonal double cover (ODC) of the complete graph K, is
a collection § = {G1,G2,...,Gxn} of n subgraphs of K, such that
every edge of K, belongs to exactly two of the G/s and every pair of
G/s intersect in exactly one edge. If G; 2 G for all i € {1,2,...,n},
then G is an ODC of K, by G. An ODC of K, is cydic (CODC) if
the cyclic group of order n is a subgroup of its automorphism group.
In this paper, we find CODCs of complete graphs by the complete
multipartite graphs K2 r s, K1,1,r,s and Ki,1,1,1,r.
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1 Introduction

Let K, be the complete graph on an nelement vertex set V. A collection
G = {G;:i € V} of n subgraphs of K, is an orthogonal double cover
(briefly ODC) of K, if it has the following properties:

1. Double cover property

Every edge of K, belongs to exactly two of the subgraphs.
2. Orthogonality property

Any two distinct subgraphs intersect in exactly one edge.

The subgraphs G;, i € V, are called pages of G, and if all the pages
are isomorphic to some graph G, then G is called an ODC of K, by G. An
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ODC G of K, by G is called cyclic (CODC) if the cyclic group of order n
is a subgroup of the automorphism group of G.

Let V(K,) = Z, = {0,1,...,n — 1}, the set of integers modulo n.
The length of an edge zy, =, y € Z,, is defined as {(zy) = min{|z—y|,
n—|z-yl}

Consider two edges e1 = {z1,71} and ez = {z2,¥%2}, z1,%1,%2,%2 €
Zyn, with £(e;) = {(ez). Their rotationdistance r(ey,ez) is defined to be
the shorter one of the two rotation mappings e; onto ey, i.e., r(e;,e2) =
min{ry, r2 : {1+, + 11} = {22, 42}, {22 + 12y 12 + 12} = {z1,1}},
where 4+ is addition modulo n. If ¢(e;) = #(e2) = k, then we denote
r(e1, e2) by (k).

Al-1mapping¢:V — Z,ofagraphG = (V,E)with| E| = n—1
is called an orthogonal labelling (OL) of G if the following conditions are
satisfied:

1. For every & € {1,2,...,|25%]}, G contains exactly two edges of
length k.

2. The set of all rotation-distances form a permutation of {1,2,...,
|23}
=1}

The following theorem by Gronau, Mullin and Rosa relates CODCs and
OLs.

Theorem 1.1. {1} A CODC of K, by a graph G exists if and only if there
ezists an OL of G.

It is natural to ask for OLs of complete graphs. In general, one can ask
ODC's of complete graphs by complete graphs. But this question turns out
to be hard. For every n = (§) + 1, an ODC of K, by K}, corresponds to a
biplane with block size k, that is, a symmetric (n, k, 2) block design. So far,
biplanes are only known for k € {1, 2, 3, 4, 5, 6, 9, 11, 13}. In particular,
there is no biplane with block size 7.

The complete k-partite graph in which partite sets are of sizes ny, ng, .
ni is denoted by Ky n,,.. o and let us denote the vertices of the z-th
partite set of Kn, ny,...n, by ¥i,05,...,05,,4 € {1,2,...,k}.

More generally, one can ask for OLs of complete k-pa;rtlte graphs and
ODC's of complete graphs by complete k-partite graphs. In [2], Sampathku-
mar and Simaringa obtained OLs for the complete bipartite graph K. , and
for the complete tripartite graph K, s. In this paper, we find OLs for the
complete multipartite graphs K35, K1,1,r,s and Kj,1,1,1,»-

The join G V H of disjoint graphs G and H is the graph obtained from
G U H by joining each vertex of G to each vertex of H.

The complement of the simple graph G is denoted by G*°.
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2 Results

Theorem 2.1. Let G be a simple graph with n vertices, m edges and
n < m+ 1. If there exists a CODC of Knny1 by G, then for any positive
integer t, there exists a CODC of K(my1)1+1) by (GU(m+1-n)K1)VKE.

Proof. Let H=(GU(m+1-n)K1)VK{.Givenan OL ¢ : V(G) = Zm+1
of G, we define an injection ¥ : V(H) — Zn41)+1) as follows:

U(v) = (t+1)@(v), if v e V(G);

T(V((m+1-n)Ky)) = {0, +1,2(t +1),...,mE + D}\{¥(v): v €
V(G)}

Case 1. m is even.
Let A = {(t+1),2(t+1),...,2(t+1)}. For every k € A, H contains
exactly two edges, of G, of length k. Also {r(k) : k € A} = A.

Case 2. m is odd.

Let A = {(t+1),2(t+1),...,(B52)(t+1)}. For every k € A, H contains
exactly two edges, of G, of length k and it contains exactly one edge, of G,
of length (Z41)(¢ + 1). Further {r(k) : k € A} = A.

Table 1. Verification of ¥ to be an OL of H.

New edges Length Rotation-
distance

Fori € {1,2,...,t}, i t+1-14

{0,i}, {t+1—14,t+1}

Fori € {1,2,...,t} and G+1(E+1) | jE+1)+i

i€ {1,2,...,|22} —i

{i, G+ 1+ D}

{t+1—i,(m+1-35)(¢+1)}
For j € {[=H],[28],...,m-1} [ (m-5)(Et+1) | (m—7+1)

and i € {1,2,...,t}, +i t+1)—1
{, G+ 1)+ 1)}
{t+1—i,(m+1—3)(+1)}
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New edges Length Rotation-
distance
For m even, j = 3 and (m—7)(t+1) | jE+1)+4
ie{L2...,|%} +i
{i,(+1)E+ 1}
{t+1-i,(m+1-7)(t+1)}
For m even, j = 2, mitmriys
and for t odd, i = %,
{i, G+ D@+ 1)}
The lengths and rotation distances for the new edges are given in Table 1.

O

Corollary 2.1. If there exist a CODC of Kp,41 by an (m + 1)-vertez

tree T, then, for any positive integer t, there exist @ CODC of K(my1)t+1)
by TV K}.

Corollary 2.2. If there ezists a CODC of Kmy1 by Py, then there
exists a CODC of Kopmy2 by the fan Py V K.

Corollary 2.3. [2]

There ezists a CODC of Krsir+s+1 by the complete
tripartite graph K, , 5.

Theorem 2.2. The complete tripartite graph Ko, 5 has an OL.

Proof.  Without loss of generality, assume that r < s. Define ¢ : V(K3 ,.s)
— Zrs42r+2s+1 DY ¢(v%) =0, ¢('U%) =s+1, ¢('U?) = (7' + 1)(3 + 1) +i—-1,
i€ {l,...,r} and $(v3) = j,j € {1,...,8}. See Table 2 for verification.

Table 2. Verification of ¢ to be an OL of K, ,.

Edges Length Rotation-distance
For j € {1,...,,s},

{od, 03}, fod, 24 ) j s+1-j

Fori€{l,..., 5]}

{U%’U?}a{v%$v3+l—i} i(s+2) +s i(8+2) -1
Forie {|Z2],...,r}, [rs+2r+s+1 T8+ 2r + 25+ 2

{v%aviz}v{v%,vg+1—i} —i(S + 2) —i(s + 2)
Forroddand i=2%, | rs+2r+s+1

{v%,v?}v{v%vvz+l-i} —i(s +2) i(s+2)-1
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Edges Length Rotation-distance

Fori € (L., 5]}

and j € {1,...,s},
{vZ,v3}, {”3+]:—irv2+1—1'} i(s+2)+s—j i(s+2)+j5-1

Forie {|Z=],...,7}

and j € {1,...,s8}, rs+2r+s+1 s+ 2r +2s
{2, v?}, {v?._',l_,-, v§+1_,-} —i(s+2)+j —-i(s+2)—7+2

For r odd, i = &5~

and 1<j <[],
{v?,v3}, {023} |i(s+2)+s—] i(s+2)+j-1
If both r and s are odd,

{U‘é;-_l_’v:z_}!.} r821+1.+s

Theorem 2.3.

The complete 4-partite graph K 1. has an OL.

Proof. 'Without loss of generality, assume that r < s. Define
& : V(K1,1,r,8) = Zrst+2r+2s+2 DY

¢(v}) =0,
$(v) =s+1,

d(vf)=(G+1)(s+1)+4,¢ € {1,...,r} and
o) =3, 5 € {1,....s}

See Table 3 for verification.

Table 3. Verification of ¢ to be an OL of K 1 r .

Edges Length Rotation-distance
For j € {1,...,8},
{vi, v}, {vd, v5sr s} J s+1-j
{vi,v{}, {vi, v2} s+1 s+1
Forie{l,...,|5=|}
{v}, 03}, {v,v3_;} |i(s+2)+s+1| i(s+2)+s+1
Forie {L,..., 5]},
{v},v3}, (v}, 03, ;} i(s+2)+s i(s+2)
Fori=[T£], rs+2r+s8+2
{v‘lt’v?}a {v%vvg-n—i} —i(s +2) i(s +2)
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Edges Length Rotation-distance

For r odd,

i="1f! and s > 4,

{v, v3}, {v3,43,,_:} i(s+2)+s i(s+2) .
For r odd,

i="= and s <3, rs+2r+s+2
{v‘}, vg}’ {v%a v§+1—i} —i(s +2) i(s+2)
For i € {|2%=],...,7}, rs+2r+s+2 rs+2r+2s8 42
{vt, 3}, {vd, 03, i} —i(s +2) —i(s +2)

Forie{1,..., (%]}
and j € {2,...,s},

{v?’v?}’{”2+l-iav:+2-1‘} i(s+2)—j+s+1 i(s+2)+j—1
Forie {|==],...,7}

and j € {2,...,s}, rs+2r+s+1 rs+2r+2s+3
{vd, v} {8y -0 v342-;} —i(s+2)+J —i(s+2)—j

For r odd, i = &+~

and 2<j < =],

(v}, v1} {21 vliny} | i(s+2)—j+s+1| i(s+2)+j—1
If » is odd and s is even,

{v‘g%_,,v‘ﬁ_;l} Bir+s+1
Ifriseven,{v},v%_} B4r+s+1l

a

Theorem 2.4.  The complete 5-partite graph Ki,1,1,1,» has an OL.

Proof. Define ¢ : V(Kl,l,l,l,r) — Zyr+7 bY ¢(’U%) = 0, ¢(v?) =r+1,
#(v?) = 2r +2, ¢(v}) = 3r +4 and ¢(v?) =4, i € {l,...,7}. See Tables
4(a) and 4(b) for verification.

Table 4(a). Verification of ¢ to be an OL of K;1,1.11

Edges Length | Rotation-distance
{v},v3}, {vf, v} 1 1
{v},v$}, {v§, 43} 2 2
{v v}, {vi, v} 3 3
{'v ) v ]|" "rv] ,’U‘ } 4 4
{vla'v 1|', {v‘lyva} 5 5
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Table 4(b). Verification of ¢ to be an OL of K111, 7 2 2.

Edges Length | Rotation-distance

Forie€ {1,..,r}, {vi,v?}, {v, v 1} i r+1-—i
{v1,v$}, {vf,vi} r+1 r+1
{v},vi}, {3,032} r+2 r+2
{vi,vt}, {vi,v2_1} r+3 2r+2

Fori € {1,...,r—2} and r > 3,

{v}, 07}, {03, v i} r+3+i 2r+2—i
{vr,v3}, {vif, v2_1} 2r+2 r+3
{v1,v1}, {vf, 27} 2r+3 2r+3

(]

Corollary 2.4.
1. There erxists a CODC of Kory2s+rs+1 by Ka,r s
2. There exists a CODC of Kori2s4rs+2 by K1,1,rs-
3. There exists a CODC of Kyry7 by K1,1,1,1,r

In conclusion, we propose the following problem.

Problem 2.1. Which complete k-partite graphs K, n,,...n, admit an
OL?
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